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1. Introduction and preliminaries

In 1922, Banach proved a remarkable and powerful result on the existence
of fixed points in complete metric spaces, called the Banach contraction prin-
ciple. Because of its fruitful applications, a lot of authors ([3], [5], [6], [12],
[15], [16]) established generalizations and extensions of it in many directions.

In 1977, Jaggi [13] introduced a new type of contractions involving ra-
tional expressions and proved the existence of fixed points of such map-
pings. The latest development in this direction are Hieu and Dung [9],
Haung, Ansari, Diana Dolicanin-Dekic, and Radenovic [10], and Huang,
Deng, Chen, Radenovic [11].

In 1997, Alber and Guerre-Delabriere [2] introduced the notion of weakly
contractive maps in Hilbert spaces and proved that any weakly contrac-
tive map defined on Hilbert spaces has a unique fixed point. Rhoades [20]
reintroduced the notion of weakly contractive maps in the setting of metric
spaces and proved that any weakly contractive map defined on complete
metric spaces has a unique fixed point. In 2008, Dutta and Choudhury [8]
introduced (v, ¢)-weakly contractive maps and proved the existence of fixed
points in complete metric spaces. Interestingly, Doric [7] extended it to a
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pair of generalized (1), p)-weakly contractive maps. Recently, Singh, Kamal,
Sen and Chugh [22] further generalized Doric [7] result in complete spaces.

On the other direction, Wardowski [23] introduced a new contraction
called F-contraction and proved a fixed point result as a generalization of
the Banach contraction principle. Many authors ([24], [19], [1]) studied fixed
point results for F-contraction type maps. Recently Piri and Kumam [18§]
proved some Wardowski and Suzuki type fixed point results in metric spaces.

Throughout this paper, N denotes the set of all natural numbers.

Now, we begin with some basic well-known definitions and results which
will be used in the rest of this paper.

Samet, Vetro and Vetro [21] introduced the concept of a-admissible map-
pings in the following.

Definition 1 ([21]). Let T : X — X be a mapping and let o : X X
X — [0,00) be a function. We say that T is an a-admissible mapping if
z,y € X,a(z,y) 21 = a(Tz,Ty) > 1.

Definition 2 ([14]). Let T : X — X and a : X x X — [0,00). We say
that T is a triangular a-admissible mapping if

(1) T is a-admissible mapping and

(1) a(z,y) 21 and a(y,2) 21 = alz,z) 21, z,y,z € X.

Lemma 1 ([14], Lemma 7). Let T be a triangular a-admissible mapping.
Assume that there exists xg € X such that a(xg,Txo) > 1. We define a
sequence {xn} by xpt1 = Txp. Then oz, x,) = 1 for all myn € N with
m < n.

Definition 3 ([12]). Let (X, d) be a metric space and a : X x X — [0, 00)
be a mapping. A metric space X is said to be a-complete if every Cauchy
sequence {xyp} in X with a(xy,xn11) = 1 for alln € N converges in X.

If X is a complete metric space, then X is also an a-complete metric
space, but its converse is not true ([17], Example 1.8).

Theorem 1 ([8], Theorem 2.1). Let (X,d) be a complete metric space
and T : X — X be a selfmap of X. Suppose that

(1) P(d(Tx, Ty)) < ¢(d(z,y)) — (d(z,y)) for all z,y € X,

where 1, : [0,00) — [0,00) is continuous, non-decreasing and p(t) = 0 if
and only if t =0, and ¢ : [0,00) — [0,00) is continuous, non-decreasing and
©(t) =0 if and only if t =0. Then T has a unique fixed point.

Doric [7] proved the following result as an extension of Theorem 1.
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Theorem 2 ([7], Theorem 2.2). Let (X,d) be a complete metric space
and let T : X — X be a selfmap satisfying the inequality

(2) P(d(Tx, Ty)) < p(M(z,y)) — (M (z,y)),

d(x,T" d(y,Tx

where M(x,y) = max{d(z,y), d(x, Tx),d(y, Ty), “=TIFATE}, 4 - [0, 00)
— [0,00) is continuous, non-decreasing and ¥ (t) = 0 if and only if t = 0,
and ¢ :[0,00) — [0,00) is lower semi-continuous function with ¢(t) =0 if
and only if t = 0. Then T has a unique fized point.

Recently, Singh, Kamal, Sen and Chugh [22] obtained the following result
as a generalization of Theorem 2.

Theorem 3 ([22], Theorem 2.1). Let X be a complete metric space and
T:X — X be a selfmap of X such that for every x,y € X,

(3) %d(a;,Ta;) < d(x,y) implies

where M(x,y) = max{d(z,y),d(z,Tx),d(y, Ty), W}, ¥ : [0, 00)
— [0,00) is continuous, non-decreasing and ¥ (t) = 0 if and only if t = 0,
and ¢ :[0,00) — [0,00) is lower semi-continuous function with ¢(t) =0 if
and only if t = 0. Then T has a unique fized point.

On the other hand, Piri and Kumam [18] proved the following fixed point
results in metric spaces.

Theorem 4 ([18], Theorem 2.2). Let X be a complete metric space and
T:X — X be a selfmap of X. Assume that there exists T > 0 such that for
all z,y € X with Tx # Ty,

%d(:c,T:n) <d(z,y) — T+ Fd(Tz,Ty)) < F(d(z,y))

where F: (0,00) = (—00,00) is continuous strictly increasing and inf F' =
—00.
Then T has a unique fized point z € X and for every x € X, the sequence
{T"x} converges to z.

We denote
U = {4 :]0,00) — [0,00)| ¥ is continuous and non-decreasing function},
& ={¢p:]0,00) = [0,00)| limyy00 #(tn) =0 = limy_s00 tp, = 0} and
Uy = {¢1:[0,00)% — [0,00)| () 91 is continuous and non-decreasing
in each coordinate, (ii) ¥1(t1,te,t3,t4,t5,t6) = 0 implies
t1=to=13=14 =15 =16 = 0 and (ZZZ) 1/)1(t,t,t,t,t,t) <t for
all ¢ > 0}.
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Remark 1. If ¢ € & then ¢(t) =0 = t=0.

Motivated by the works of Piri and Kumam [18] and Singh, Kamal, Sen
and Chugh [22], we now introduce a generalized («, 1, ¢)-rational contractive
mappings in metric spaces in the following.

Definition 4. Let (X,d) be a metric space and o : X x X — [0,00) be a
given map. Let T : X — X be a selfmap of X. If there exist v € ¥, ¢ € ®
and Y1 € ¥y such that

1
(4)  for all z,y € X with id(m,Tx) <d(z,y) and a(z,y) = 1 implies

B(d(T2, Ty)) < (My, (2,9)) — 6(My, (2,9)),
where
(5) My, (z,y) = ¢ﬂd@3yﬁd@;Tx%d@hT@%d@xTy»;d@thx

d(y,Ty)[1 + d(z,Tx)] d(y,Tz)[l+ d(x, Ty)])
1+d(z,y) ' 1+d(z,y) ,

then we say that T is a generalized (av, 1, ¢)-rational contractive mapping.

Example 1. Let X = [0,10) with the usual metric. We define T : X

— X by
T — 32 if z €[0,1]
z if z € (1,10)

and a : X x X — [0,00) by
2 if]; z € [0,1]
«a $7 = .
(@) { 0 otherwise.
Since a(z,y) > 1 if and only if z,y € [0, 1], we verify the inequality (4) for
z,y € [0,1] with %d(l’,Tl‘) < d(x,y). For this purpose, we choose
2if t=0
Xift#0
and 1y : [0,00)% — [0,00) by ¥1(t1,t2,t3, 4, t5,t6) = max{t1,ta, 3, s, 5.6}
Let z,y € [0,1]. We assume without loss of generality that x < y. Let
sd(z,Tz) < d(z,y) ie., 22 <y. Now,
8 x
d(Tz, Ty)) = b(d(E — (|2 2y o2 2T
Y(d(Tz,Ty)) = $ld(—, <)) =¥l =73l | =y — =
8 )
< M¢1(x’y) = 7M¢1 — M 1(x,y),

3 3
= P(My, (2,9)) = ¢(My, (2,y))-

Hence T is a generalized («, v, ¢)-rational contractive mapping.

3z 3y Jy 3z Jy 3
8

8 8
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In Section 2, we prove our main results in which we study the exis-
tence of fixed points of generalized («, v, ¢)-rational contractive mappings
in a-complete metric spaces. We provide corollaries and examples in support
of our results in Section 3.

The following lemma is useful in our subsequent discussion.

Lemma 2 ([4], Lemma 1.4). Suppose (X,d) is a metric space. Let {xy}
be a sequence in X such that d(zn, Tp+1) — 0 as n — oco. If {x,} is not a
Cauchy sequence then there exists an € > 0 and sequences of positive integers
{my} and {ny} with ng, > my > k such that d(my,ny) > €. For each k > 0,
corresponding to my, we can choose ny to be the smallest positive integer
such that d(Tm,,, Tn,) = €, A(Tm,,, Tn,—1) < € and

(4) limp—so0 d(ny,, Tmy+1) = €,

(1) img—yoo d(Zp,, Tm,,) = €,

(791) limp—yo0 d(Tmy—1,Tn,) = € and

(1) limg oo d(Tp,,, Tmy+1) = €.

2. Main results

Theorem 5. Let (X, d) be a metric space andT : X — X be a generalized
(v, 0, @)-rational contractive mapping. Suppose that the following conditions

hold:
(1) (X,d) is a-complete metric space,
(i) T is a triangular a-admissible mapping,
(7i1) there exists xo € X such that a(xo, Txo) > 1, and
(iv) T is continuous.
Then T has a fized point in X.

Proof. By hypotheses (iii), we have xg € X is such that a(zg, T'zg) > 1.
With this zp € X as an initial point, we define an iterative sequence {x,}
by p41 = Txy for n = 0,1,2,.... If zy,41 = zp, for some ng € NU {0},
we have Tz, = Tpo+1 = Tn,, s0 that x,, is a fixed point of T" and we are
through.

Hence, without loss of generality, we assume that z,11 # x, for all n €
N U {0}. Since T is a-admissible mapping and «a(zg, z1) = a(xg, Txo) > 1,
we deduce that o(z1,22) = a(T'zg,Tz1) > 1. On continuing this process,
we get that

(6) a(Tp, Tny1) 21 for all n € NU{0}.

First we show that lim, o d(zn,Znt1) = 0. Since a(xy, Tp41) = 1 for
all n € NU{0}, and 3d(zy, Tzyn) < d(zn, T2y) = d(zpn, Tny1), and hence by
(4), we have

(7) ¢(d(T$mT9«“n+1)) ¢(Mw1 (ﬂjmxn-&-l)) ¢(M1/,1 (xnafxn—&-l)))
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where

My, (Tn, Tnt1) = Y1(d(Tn,Zns1), d(@n, Tn), d(Tng1, TTny),

d(xn, Twpi1) + d(@ngr, Tay)

9 )
d(xpi1, Teps1)[1 + d(xy, Txy)]
1+ d(z,xzp41)
(i1, Tzn)[1 + d(2n, Trpg1)] )
1+ d(zp, Tpa1) ’
=11 (d(xn,xn+1), d(xm xn-i-l)? d(xn-f—la xn+2)7
(X, Tnt2)
2

9

’ d(l‘nJrlv $n+2)a 0)

Now, if d(zpn, Tnt1) < d(Tp41, Tnye) for some n € NU{0}, from property (7)
of ¢ we have My, (2, Zpnt1) < d(Zpt1, Tnyo), and hence from (7) we have

Y(d(Tnt1, Tnt2)) = Y(A(Try, TTni1))

< ¢(M1Z)1 (SEn, anrl)) - ¢(M1Z11 (l‘nv anrl))v

= ¢(d($n+1, xn-i-?)) - d)(M?/Jl (xm $n+1)),
which implies that ¢(My, (2p, y4+1)) = 0, which further implies that My, (z,
$n+1) =01ie., ¢ (d(SCn, xn-i-l)v d(xnv xn-i-l)v d(xn-i-ly $n+2), Wa d(anrla

ZTnt2),0) = 0. Hence from property (iz) of ¢1 we have d(x,,zn+1) = 0, a
contradiction since x,, # x,+1. Therefore d(zy,, Tnt1) = d(Tpiy1, Tpye) for all
n € NU{0}. Hence the sequence {d(zn,xn+1)} is decreasing and bounded
from below. Thus there exists 7 > 0 such that lim, oo d(2p, Tpy1) = 7.
Now, from (7) we have

(8) ¢(d($n+la xn+2)) = ¢(d(T$na Tl'nJrl))
< Y(d(zn, Tpy1)) — (Z)(Mdu (Tn, Tny1))-

Since d(xy, Xn+1) and d(zp41, Tnt2) are bounded, and d(xy,, Tpy2) < d(xy,
Tnt1)+d(XTpi1, Tnye) for all n € NU{0}, we have {d(z, zp42)} is a bounded
sequence. Hence there exists a subsequence {d(zp, , Tn,+2)} converges to s
(say), and s > 0. Corresponding to this subsequence and using (8) we have

9)  Y(d(@nt1, Tnys2)) = Y(d(Tan,, Tin,11))
w(d($nk?xnk+1)) - ¢(M¢1 (xnmxnk-i—l))
w(d(xnk7xnk+1))'

NN

On letting £ — oo in (9) and using the continuity of ¢, we have the first
and last terms of (9) converge to the same limit (), and hence it follows
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that limy o0 (V(d(2ny,, Tnjpt1)) — O(My, (Tn,, Tny+1))) exists and is equal to
b(r).

Now ¢(M7/)1 (l’nk,l’nk+1)) = (¢(M¢1 ("Enka:bn;ﬁrl)) - ¢(d($nk,l’nk+1))) +
Y(d(zn,, Tn,+1)), and on letting k — oo, we get

klggo ¢(M1/11 (xnk ) xnk+1)) = khjgo(qb(Mih (xnlw xnk+1)) - w(d(xnk ’ $nk+1)))

= —¢(r) +4(r) =0,

and it implies that limp oo My, (Zn,, Zn,+1) = 0. Now by using the con-
tinuity property of vy it follows that ty(r,r,r,7,7,5,0) = 0. Hence from
property (i) of 11, we have r =0 and s = 0.

Therefore
(10) lim d(xy,znt+1) =0.

n—o0

We now prove that {x,} is a Cauchy sequence. Suppose that {x,} is not
a Cauchy sequence. Then by Lemma 2, there exist ¢ > 0 and sequences of
positive integers {ny} and {my} with ny > my > k satisfying

(11) d(xpm,, Tn,) = €.

Let us choose the smallest ny satisfying (11). Then we have ny > my > k
with d(zp,, Tn,) = €, d(Xm,,, Tn,—1) < € and (i)-(iv) of Lemma 2 hold.

From Lemma 1, we have o(zpm, ,%n,) > 1 and from (10), we can choose
ni € NU {0} such that $d(zm,, T2m,) < 3€ < d(Tm,, Ty, ). Hence from (4)
for every k > n; we have

(12) Y(d(@my+1, Tnyt1)) = Y(A(TTm,, Ton,))
< ¢(M¢1($mk7 l’nk)) - ¢(M¢1($mk’ :L'nk)),

where

(13)Mw1 (‘kavxnk> = w1<d(xmk7 xnk)7d(xmk7 Txmk)’ d(mnm Txnk)v
ATy, Tn,)+ d(@m,, Tan,)
2 M
d(@nys T, )[4+ d(@my, TTm,)]
1+ d(xn,, Tm,)
A(TTm,,, Tn,)[1 + d(Tmy, Tn, )] )
14 d(zmy,, Tn, ) ’
= wl(d(xmka .:Unk),d(l’mk, xmk+1)7 d(xnka xnk—l-l)a
d(xmk-i-h .Tnk) + d(xmk7 ank+1)
2 )

)




20 G.V. RAVINDRANADH BABU AND M. DuLA TOLERA

d(xnkvxnk-i-l)[l + d(xmk7xmk+1)]
1+ d(n,, Tm,)

d(xmk+17 xnk)[l + d(Imk,Can+1)])
1+ d(zm,,, Tn, ) ’

I

On taking limits as £k — oo in (13) and using (¢)-(iv) of Lemma 2, we have

(14) kli_)rlolo My, (2, Tn,) = 1¥1(€,0,0,€,0,€) <e.

Now, using the continuity and non-decreasing property of ¢, from (12) and
(14) we have

1/)(6) = lim ¢(d('xmk+17 xnk—i-l)) < klggoiﬁ(d(Mwl (mkv xn}g))

k—o00

- klggo ¢(M¢1 (*ka’ Ly, )

< 1/J(€) ¢(M¢’1 (xmk7 ‘rnk))7

— lim
k—o0
and hence limy_,o0 ¢(My, (Tm,,, Zn,)) =0, which implies that

lim My, (Zm,, Tn,) = ¥1(€,0,0,€,0,¢€) = 0.
k—o0
Hence from property (ii) of ¢1, we have ¢ = 0, a contradiction. So we
conclude that {x,} is a Cauchy sequence in X.
Since a(zy, Tnt+1) = 1 for all n and (X, d) is a-complete, it follows that
there exists z € X such that lim,,_, z, = 2.
Since T' is continuous, we have lim,, ., Tx,, = Tz, so that

Tz=T lim z, = lim Tx, = lim x,11 = 2.
n—o0 n—o0 n—0o0

Theorem 6. Let (X, d) be a metric space andT : X — X be a generalized
(a, 1, ¢)-rational contractive mapping. Suppose that the following conditions
hold:

(1) (X,d) is a-complete metric space,

(13) T is a triangular a-admissible mapping,

(1it) there exists xo € X such that a(xo, Txo) > 1 and

(i) if {xn} is a sequence in X such that x, — z and o(Ty, Tpt1) = 1
for alln € NU {0}, then a(zy,z) = 1 for alln € NU{0}.

Then T has a fixed point in X.

Proof. From the similar arguments as in the proof of Theorem 5, we
obtain that the sequence {z,} is Cauchy and a(xy,,zp4+1) > 1 for all n €
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NU{0}. Since (X, d) is an a-complete metric space, there exists z € X such
that lim,, oo 5, = 2. From (iv) we have a(xy,2) > 1 for all n € NU {0}.
Now, we show that z is a fixed point of T. We claim that

(15) %d(mn,Txn) < d(zp,z) or
%d(xnﬂ,nnﬂ) <d(Tzn,2), WneNU{O}.
Suppose not, i.e., there exists m € N U {0} such that %d(xm,Tmm) >
d(pm, 2) and $d(Tm41, TTmi1) > d(TTm, z). We now consider
d( X, Txm) < d(Tm, 2) +d(z, Txy,)

1 1
< id(mm, Txm) + 5d($m+1, TZm+i1)

1 1
< §d(3:m, Txp) + §d(xm, Try) = d(@m, Trp),

a contradiction. Hence (15) holds. Suppose $d(zy, T2y) < d(y, 2), then by
(4), we have

(16) @Z)(d(Txna TZ)) < w(MTZn (l‘n, Z)) - ¢(M'¢J1 (CCn, Z))’
where

(17) My, (2, 2) = Y1(d(zn, 2), d(xn, Try),d(2,T2),
d(xp, Tz) + d(z, Txy)

2 )
d(z, T2)[1 + d(zp, Txy,)] d(z,Txy)[1 + d(zp, TZ)])
1+ d(zp, 2) ’ 1+ d(zp, 2) ’

On taking limits as n — oo and using the continuity of ; in (17), we have

d(z,T
lim My, (zp,2) = ¢1(0,0,d(2,Tz), (2, T2)

n—o0

,d(z,T2),0) < d(z,Tz),
and also on letting n — oo and using the continuity of ¢ in (16), we obtain

< w(d(zv TZ) - nh_EI;O ¢(M1ZJ1 (.’L‘n, Z))v

which implies that lim,, o ¢(My, (2n, 2)) = 0. Now by using the property of

¢, we have limy, oo My, (zn,2) = Y1 (0,0,d(z,Tz), d(zéTZ),d(z,Tz),O) =0,

which implies that d(z,Tz) = 0. Hence Tz = z [
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Theorem 7. In addition to the hypotheses of Theorem 5 ( Theorem 6) if
a(u,z) 2 1 for all u,z € F(T), where F(T') is the set of all fized points of
T. Then T has a unique fized point.

Proof. Let u and z be a fixed points of T. By hypothesis we have
a(u,2) =1 and 0 = 2d(u, Tu) < d(u, 2). Hence, from (4) we have

(18) ¢(d(u’ Z)) = 1/J(TU7TZ) < ¢(M'¢J1 (u’ Z)) - ¢(MTZJ1 (u’ Z))
where

My, (u,2) = 1 (d(u, 2), d(u, Tu), d(z, T=), L T?) ;d(z’ Tu),
d(z, T2)[1 4+ d(u, Tu)] d(z,Tu)[1 + d(u, Tz)])

1+ d(u,z) ’ 1+ d(u,z) ’

= ¢1(d(u, 2),0,0,d(u, 2),0,d(u, 2)) < d(u, z).

Now, by using the inequality (18), we have

w(d(ua Z)) < ’QD(M¢1 (u7 Z)) - ¢(M¢1 (u’ Z)) < ¢(d(ua Z)) - ¢(M¢1 (u7 Z)),

which implies that ¢(My, (u, z)) = 0 and hence My, (u, z) = 0. i.e., P1(d(u, 2),
0,0,d(u, 2),0,d(u, z)) = 0. Now, from property (iz) of 11 we have d(u, z) =
0. Hence u = z.

Therefore T has a unique fixed point. |

The following theorems can be proved easily by the similar arguments
that are given in the proofs of Theorem 5 (Theorem 6) and Theorem 7.

Theorem 8. Let (X,d) be a metric space. Let T : X — X be a selfmap-
ping on X and a: X x X — [0,00) be a given mapping. Assume that there
erist p € U and ¢ € ® such that

1
(19) for all x,y € X, §d($,Tm) <d(z,y) and a(x,y) > 1 implies

$(d(Te, Ty)) < D(a(d(e, ), de, o), d(y, fy), Lo TY) ; (v, Tz),

~ Blald(a.).d(a, o). d(y, fy), WTV AT,

where 1o : [0,00)* — [0,00) is continuous and non-decreasing in each coor-
dz’nate, 1/12(t1,t2,t3,t4) =0 = tl = tQ = t3 == t4 =0 and l/lg(t,t,t, t) < t,
for allt > 0.
Further, suppose that the following conditions hold:
(1) (X,d) is a-complete metric space,
(13) T is a triangular a-admissible mapping,
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(#i7) there exists xo € X such that a(xg, Txg) > 1.
Assume that one of the following conditions holds:
(a) T is continuous,
(b) if {xn} is a sequence in X such that x,, — z and o(zy, Tpi1) =1
for alln € NU {0}, then a(xy,z) > 1 for alln € NU{0}.
Then T has a fixed point in X.

Theorem 9. In addition to the hypotheses of Theorem 8, if a(u,z) > 1
for all u,z € F(T), where F(T) is the set of all fixred points of T. Then T

has a unique fixed point.

3. Corollaries and examples

Corollary 1. Let (X,d) be a complete metric space and T : X — X be
a selfmapping of X. If there exist v € ¥, ¢ € & and 1)1 € ¥y such that

(20) for all =,y € X with %d(x,Ta:) < d(z,y) implies
w(d(T% Ty)) < 1/1(Mw1 (x7 y)) - ¢(M1/)1 (x7 y))?

where My, is defined as in (5), then T' has a unique fized point in X.

Proof. By choosing a(z,y) = 1 for all z,y € X, clearly the inequality
(20) implies the inequality (4) and hence by Theorem 7, the conclusion of
the corollary follows. |

Corollary 2. Let (X,d) be a complete metric space and T : X — X be
a selfmapping of X. If there exist v € ¥, 7 > 0 and 11 € V1 such that

1
(21) for all z,y € X with §d(:1c,Tx) < d(x,y) implies
T+ Y(d(Tz, Ty)) < b(My, (2,9)),

where My, is defined as in (5), then T has a unique fized point in X.

Proof. The result follows by choosing a(z,y) = 1 for all z,y € X and
o(t) = 7 > 0, clearly the inequality (21) implies the inequality (4) and hence
by Theorem 7, the conclusion of the corollary follows. |

Remark 2. If we choose 7 : [0,00)% — [0,00), ¥1(t1,to,t3,t4,t5,t6) =
max{t1, 2, t3, t4, 5, ts}, by nondecreasing property of ¢, we have 7+ (d(T'x,
Ty)) < ¥(d(z,y)) < Y(My,(z,y)). Hence Theorem 4 follows as a corollary
to Corollary 2.
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Corollary 3. Let (X,d) be a metric space. Let T : X — X be a self
mapping of X and o : X x X — [0,00) be a given mapping. Assume that
there exist ¥ € ¥, ¢ € & and 11 € V1 such that

(22)  for all z,y € X with %d(az,T:L’) <d
a(z,y)P(d(Tz, Ty)) < P(My, (2,y)) = ¢(My, (2,9)),

where My, is defined as in (5). Further, suppose that the following condi-
tions hold:
(1) (X,d) is a-complete metric space,
(13) T is a triangular a-admissible mapping,
(731) there exists xo € X such that a(xo, T'xo) > 1.
Assume that one of the following conditions hold:
(a) T is continuous,
(b) if {zn} is a sequence in X such that x, — z and a(Tp, Tpy1) =1
for alln € NU {0}, then a(xy,z) > 1 for alln € NU{0}.
Then T has a fixed point in X.

Proof. Let z,y € X with a(z,y) > 1. Then, from (22) we have

(23) ¥(d(Tz,Ty)) < alz,y)y(d(Tz, Ty)) < P(My, (2,y)) — ¢(My, (,y)),

which is the inequality (4). Hence the inequality (22) implies (4). Hence by
applying Theorem 5 (Theorem 6) T has a fixed point. |

(z,y) implies

Corollary 4. Let (X,d) be a complete metric space andT : X — X be a
selfmapping of X . If there exist v € ¥ and ¢ € ® such that for all x,y € X

(24) %d(%Tiﬂ) <d(z,y) = (T, Ty)) <P(M(z,y)) — d(M(2,y)),

where M (xz,y = max{d(z,y),d(z,Tx),d(y, Ty), W}, then T has
a unique fized point in X.

Proof. By choosing a(z,y) = 1 for all z,y € X and defining v :
[0,00)* = [0,00) by 2 (t1, 2, 3, ta) = max{ty, ta, 13, ta}, we have 1a(d(z, y),
da 2),d(5. 1) T L T2)) — (e, y). d(. f).d(y. fy), 50 +
y 7)1 5o that the inequality (24) implies the inequality (19) and T sat1sﬁes
all the hypotheses of Theorem 9 and hence by Theorem 9, the conclusion of
the corollary follows. |

Remark 3. Since {¢ : [0,00) — [0,00)| ¢ is lower semi-continuous
function with ¢(¢) = 0 if and only if ¢ = 0} C ®, we have Theorem 3 follows
as a corollary to Corollary 4.
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The following is an example in support of Theorem 5.

Example 2. Let X = [0,00) with the usual metric d. We define T :
X — X by

T — if x €0,2]
20 — 3 if x € [2,00)

and a : X x X — [0,00) by

(2.7) 2 if x€][0,1]
alz,y) =
Y 0 otherwise.

ool8

Since for any =,y € X with a(r,y) > 1 <= z,y € [0,1] where ¢ =
Tz, Ty = § € [0,1], and hence o(Tz,Ty) > 1. Let a(x,y) > 1 and
a(y,z) = 1for x,y,z € X this implies that z,y, z € [0, 1], so that a(z, 2) > 1.
Therefore T is a triangular a-admissible mapping. Clearly for any zo € [0, 1],
a(zg, Txo) = 1.

We now show that 7" is a generalized («, v, ¢)-rational contractive map-
ping. For this purpose, we choose

1 if¢t=0
), ¢ :[0,00) = [0,00) by ¥(t) =2t and <;5(t)—{é it 10,

and ¢ : [0,00)% = [0,00) by ¢1(t1, 12, 83,14, 5, t6) = max{t1,ta, 3, ta, t5.t6 }-
Since a(z,y) > 1if and only if z, y € [0, 1], we verify the inequality (4) for
z,y € [0,1] with 3d(z,Tz) < d(,y). Let 2,y € [0,1]. We assume without

loss of generality that x < y. Let %d(a:,Tx) < d(z,y) ie., %ZL’ < y. Now,
Yy x Yy T Yy x )
d(Tz,Ty)) = v(d L, 2y =L - Iy =22 - 21 < 2|y -
w(d(T, 7)) = w(d(L, D) =1L~ Th =2 — L)< Dy
5 5 1
- id(xﬂl/) < §M¢1 m,y) = 2M¢1 §Mw1 (x,y),

< (
= ¢(Mw1 ($,y)) - ¢(M¢1 ($7y))a

so that the inequality (4) holds. Hence T satisfies all the hypotheses of

Theorem 5, and x = 0 and = = % are two fixed points of T'.

The following example is in support of Theorem 7.

Example 3. Let X = [0,00) with the usual metric. We define T": X —
X by

T — 4 if z€[0,1]
x+4 if ze(1,00)
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and a: X x X — [0,00) by

a(x’y):{ 1 if z€lo,1]

0 otherwise.

It is easy to see that T is triangular a-admissible and for any xo € [0, 1],
a(zg, Txo) > 1.

Let {z,} be a sequence in X with a(zy,,z,+1) = 1 for all n € NU {0}
and z, — x as n — oo, by the definition of «, we have {z,} C [0,1].
Thereforex € [0, 1]. Hence a(z,,z) > 1 for all n € NU {0}.

We now show that 7" is a generalized («, v, ¢)-rational contractive map-
ping. For this purpose, we choose

4 2ift=0
,¢:10,00) = [0,00) b t) = =t and o¢(t) =
$,6:10,00) 0,00 by w(t) = 3¢ and H(0) {éi“#o
and ¢y : [0,00)% — [0,00) by Y1 (t1, b2, 3, ta, b5, t6) = max{ty, ta, 3, ta, ts5.t6}-
Since a(z,y) > 1if and only if z,y € [0, 1], we verify the inequality (4) for
z,y € [0,1] with 3d(z,Tz) < d(z,y). Let z,y € [0,1]. We assume without
loss of generality that x < y. Let %d(x,Ta:) < d(z,y) ie., %x < y. Now,

YT, Ty)) = w5 =y - 5 =312 - 5]

1
= gly*fﬂl <y — x| =d(z,y)

4 1
< M1ZJ1 (x,y) = g 1/11(1')3/) - gM 1(357:9))

= Y(My, (2, y)) = ¢(My, (2,y))-

Hence T satisfies all the hypotheses of Theorem 7 and x = 0 is the unique
fixed point of T

Here we observe that for z = 0 and y = 2, we have $d(0,70) =0< 2 =
20| = d(0,2) and M (0,2) = max{d(0, 2),d(0,T0),d(2,T2), XL +dCT0)
— 4, hence ¥(d(T0,T2)) = (d(0,6)) = (6) £ 1(4) £ ¥(4) — 6(4), for any
continuous and nondecreasing 1, and lower semi-continuous ¢ with ¢(t) =0
if and only if ¢t = 0. Hence Theorem 3 is not applicable.

Hence Example 3 and Remark 3 suggest that Corollary 4 is a generaliza-
tion of Theorem 3 which in turn Theorem 9 is a generalization of Theorem 3.

Similarly F'(d(T0,72)) = F(6) £ F(2) £ F(2) — 7 for any continuous
and strictly increasing map F and 7 > 0. Hence Theorem 4 is also not
applicable.

Hence Example 3 and Remark 2 suggest that Corollary 2 is a generaliza-
tion of Theorem 4 which in turn Theorem 7 is a generalization of Theorem 4.
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