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1. Introduction

The following notations are used throughout this paper. We use I to
denote an interval on the real line R = (−∞,+∞) and I◦ to denote the
interior of I. For any subset K ⊆ Rn,K◦ is used to denote the interior of K.
The set of integrable functions on the interval [a, b] is denoted by L1[a, b].

The following inequality, named Hermite-Hadamard inequality, is one of
the most famous inequalities in the literature for convex functions.

Theorem 1. Let f : I ⊆ R −→ R be a convex function on I and a, b ∈ I
with a < b. Then the following inequality holds:

(1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x)dx ≤ f(a) + f(b)

2
.
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In recent years, various generalizations, extensions and variants of such
inequalities have been obtained. For other recent results concerning Hermite-
Hadamard type inequalities through various classes of convex functions, (see
[35]-[20], [25], [28], [30], [41]). For some applications to special means of this
foundamental inequalities (see [29], [36]-[38]). Fractional calculus [21], was
introduced at the end of the nineteenth century by Liouville and Riemann,
the subject of which has become a rapidly growing area and has found
applications in diverse fields ranging from physical sciences and engineering
to biological sciences and economics.

Definition 1. Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f
and Jαb−f of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a
(x− t)α−1f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x
(t− x)α−1f(t)dt, b > x,

where Γ(α) =

∫ +∞

0
e−uuα−1du. Here J0

a+f(x) = J0
b−f(x) = f(x). In the

case of α = 1, the fractional integral reduces to the classical integral.

Let us recall some special functions and evoke some basic definitions as
follows.

Definition 2. The Euler beta function is defined for a, b > 0 as

β(a, b) =

∫ 1

0
ta−1(1− t)b−1dt =

Γ(a)Γ(b)

Γ(a+ b)
.

Definition 3. For k ∈ R+ and x, y ∈ C, the k-beta function with two
parameters x and y is defined as

(2) βk(x, y) =
1

k

∫ 1

0
t
x
k
−1(1− t)

y
k
−1dt.

For k = 1, (2) gives integral representation of beta function.

Definition 4. For k ∈ R+ and x ∈ C, the k-gamma function is defined
by

(3) Γk(x) = lim
n−→∞

n!kn(nk)
x
k
−1

(x)n,k
.

Its integral representation is given by

(4) Γk(α) =

∫ ∞
0

tα−1e−
tk

k dt.
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One can note that
Γk(α+ k) = αΓk(α).

For k = 1, (4) gives integral representation of gamma function.

Theorem 2. Let x, y > 0. Then, for k-gamma and k-beta function the
following equality holds:

(5) βk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
.

Definition 5 ([23]). Let f ∈ L1[a, b]. Then, k-fractional integrals of
order α, k > 0 with a ≥ 0, are defined as

Iα,ka+ f(x) =
1

kΓk(α)

∫ x

a
(x− t)

α
k
−1f(t)dt, x > a

and

Iα,kb− f(x) =
1

kΓk(α)

∫ b

x
(t− x)

α
k
−1f(t)dt, b > x.

For k = 1, k-fractional integrals give Riemann-Liouville integrals.

Definition 6 ([40]). A set Mϕ ⊆ Rn is said to be a relative convex
(ϕ-convex) set, if and only if, there exists a function ϕ : Rn −→ Rn such
that,

tϕ(x) + (1− t)ϕ(y) ∈Mϕ, ∀ x, y ∈ Rn : ϕ(x), ϕ(y) ∈Mϕ, t ∈ [0, 1].(6)

Definition 7 ([40]). A function f is said to be a relative convex (ϕ-convex)
function on a relative convex (ϕ-convex) set Mϕ, if and only if, there exists
a function ϕ : Rn −→ Rn such that,

f(tϕ(x) + (1− t)ϕ(y)) ≤ tf(ϕ(x)) + (1− t)f(ϕ(y)),(7)

∀ x, y ∈ Rn : ϕ(x), ϕ(y) ∈Mϕ, t ∈ [0, 1].

Definition 8 ([1]). A set K ⊆ Rn is said to be invex with respect to the
mapping η : K × K −→ Rn, if x + tη(y, x) ∈ K for every x, y ∈ K and
t ∈ [0, 1].

Notice that every convex set is invex with respect to the mapping η(y, x) =
y − x, but the converse is not necessarily true (see [1], [39]).

Definition 9 ([27]). The function f defined on the invex set K ⊆ Rn
is said to be preinvex with respect η, if for every x, y ∈ K and t ∈ [0, 1], we
have that

f (x+ tη(y, x)) ≤ (1− t)f(x) + tf(y).



62 Artion Kashuri and Rozana Liko

The concept of preinvexity is more general than convexity since every
convex function is preinvex with respect to the mapping η(y, x) = y−x, but
the converse is not true.

Definition 10 ([22]). Let h : [0, 1] −→ R be a non-negative function
and h 6= 0. The function f on the invex set K is said to be h-preinvex with
respect to η, if

(8) f
(
x+ tη(y, x)

)
≤ h(1− t)f(x) + h(t)f(y)

for each x, y ∈ K and t ∈ [0, 1] where f(·) > 0.

Definition 11 ([32]). Let h : J ⊆ R→ R be a positive function, h 6≡ 0.
We say that f : I ⊆ R → R is h-convex, if f is non-negative and for all
x, y ∈ I and t ∈ (0, 1), one has

f
(
tx+ (1− t)y

)
≤ h(t)f(x) + h(1− t)f(y).(9)

Definition 12 ([31]). Let f : K ⊆ R −→ R be a non-negative function,
we say that f : K −→ R is a tgs-convex function on K if the inequality

f
(

(1− t)x+ ty
)
≤ t(1− t)[f(x) + f(y)](10)

holds for all x, y ∈ K and t ∈ (0, 1). We say that f is tgs-concave if (−f) is
tgs-convex.

Definition 13 ([24]). A function: f : I ⊆ R −→ R is said to be
m-MT -convex, if f is positive and for ∀x, y ∈ I, and t ∈ (0, 1), with
m ∈ [0, 1], satisfies the following inequality

(11) f
(
tx+m(1− t)y

)
≤

√
t

2
√

1− t
f(x) +

m
√

1− t
2
√
t

f(y).

Definition 14 ([26]). Let K ⊆ R be an open m-invex set with respect
to η : K × K × (0, 1] −→ R and h1, h2 : [0, 1] −→ [0,+∞). A function
f : K −→ R is a generalized (m,h1, h2)-preinvex with respect to η, if

(12) f
(
mx+ tη(y, x,m)

)
≤ mh1(t)f(x) + h2(t)f(y)

is valid for all x, y ∈ K and t ∈ [0, 1], with m ∈ (0, 1]. If the inequality (12)
reverses, then f is said to be (m,h1, h2)-preincave on K.

Definition 15 ([11]). A set K ⊆ R is named as m-invex with respect
to the mapping η : K × K × (0, 1] −→ R for some fixed m ∈ (0, 1], if
mx+ tη(y,mx) ∈ K grips for each x, y ∈ K and any t ∈ [0, 1].
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Remark 1. In Definition 15, under certain conditions, the mapping
η(y,mx) could reduce to η(y, x). For example when m = 1, then the m-invex
set degenerates an invex set on K.

We are in position to introduce the notion of generalized relative semi-(r;m,
p, q, h1, h2)-preinvex functions.

Definition 16. Let K ⊆ R be an open m-invex set with respect to the
mapping η : K ×K × (0, 1] −→ R. Suppose h1, h2 : [0, 1] −→ [0,+∞) and
ϕ : I −→ K are continuous functions. A function f : K −→ (0,+∞) is said
to be generalized relative semi-(r;m, p, q, h1, h2)-preinvex, if

(13) f
(
mϕ(x) + tη(ϕ(y), ϕ(x),m)

)
≤Mr(h1(t), h2(t);mf(x), f(y), p, q)

holds for all x, y ∈ I and t ∈ [0, 1], for p, q > −1 and some fixed m ∈ (0, 1],
where

Mr(h1(t), h2(t);mf(x), f(y), p, q)

:=


[
mhp1(t)f

r(x) + hq2(t)f
r(y)

] 1
r
, if r 6= 0[

mf(x)
]hp1(t)[f(y)

]hq2(t), if r = 0,

is the weighted power mean of order r for positive numbers f(x) and f(y).

Remark 2. In Definition 16, if we choose r = p = q = 1 and ϕ(x) = x,
then we get Definition 14. If we choose r = p = q = 1, ϕ(x) = x, ∀x ∈ I

and h1(t) =

√
1− t
2
√
t
, h2(t) =

m
√
t

2
√

1− t
, then we get MTm-preinvex function

(see [12], [13]).

Remark 3. For r = p = q = 1, let us discuss some special cases in
Definition 16 as follows.

(I) If taking h1(t) = (1 − t)s, h2(t) = ts for s ∈ (0, 1], then we get
generalized relative semi-(m, s)− Breckner-preinvex functions.

(II) If taking h1(t) = h2(t) = 1, then we get generalized relative semi-(m,P )-
preinvex functions.

(III) If taking h1(t) = (1−t)−s, h2(t) = t−s for s ∈ (0, 1], then we get gen-
eralized relative semi-(m, s)-Godunova-Levin-Dragomir-preinvex functions.

(IV) If taking h1(t) = h(1 − t), h2(t) = h(t), then we get generalized
relative semi-(m,h)-preinvex functions.

(V) If taking h1(t) = h2(t) = t(1 − t), then we get generalized relative
semi-(m, tgs)-preinvex functions.

(VI) If taking h1(t) =

√
1− t
2
√
t
, h2(t) =

√
t

2
√

1− t
, then we get generalized

relative semi-m-MT -preinvex functions.
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It is worth to mention here that to the best of our knowledge all the
special cases discussed above are new in the literature.

Motivated by the above literatures, the main objective of this article is to
establish some new estimates on generalizations to Hermite-Hadamard type
inequalities via k-fractional integrals associated with differentiable general-
ized relative semi-(r;m, p, q, h1, h2)-preinvex mappings on m-invex set. It is
pointed out that some new special cases will be deduced from main results
of the article.

2. Main results

In this section, in order to prove our main results regarding some general-
izations of Hermite-Hadamard type inequalities for differentiable generalized
relative semi-(r;m, p, q, h1, h2)-preinvex functions via k-fractional integrals,
we need the following new integral identity:

Lemma 1. Let ϕ : I −→ K be a continuous function. Suppose K ⊆ R
be an open m-invex subset with respect to η : K × K × (0, 1] −→ R for
some fixed m ∈ (0, 1] and let η(ϕ(b), ϕ(a),m) > 0. Assume that f : K =
[mϕ(a),mϕ(a) + η(ϕ(b), ϕ(a),m)] −→ R be a differentiable function on K◦

and f ′ ∈ L1(K). Then for any α, k > 0, λ, µ ∈ R and r ∈ [0, 1], the
following integral identity holds:

η(ϕ(b), ϕ(a),m)

4

{
(r + 1)

(
λ
[
f
(
mϕ

(
a+b
2

))
η
(
ϕ(a), ϕ

(
a+b
2

)
,m
)(14)

−
f

(
mϕ

(
a+b
2

)
+

η(ϕ(a),ϕ(a+b2 ),m)
r+1

)]
− f

(
mϕ

(
a+b
2

)))
η
(
ϕ(a), ϕ

(
a+b
2

)
,m
)

+
(r + 1)

α
k
+1Γk(α+ k)

η
α
k
+1
(
ϕ(a), ϕ

(
a+b
2

)
,m
)Iα,k(

mϕ(a+b2 )+
η(ϕ(a),ϕ(a+b2 ),m)

r+1

)

− f
(
mϕ

(
a+ b

2

))

+

(r + 1)

(
µ

[
f

(
mϕ(b) +

η(ϕ(a+b2 ),ϕ(b),m)
r+1

)
− f (mϕ(b))

]
η
(
ϕ
(
a+b
2

)
, ϕ(b),m

)
−
f

(
mϕ(b) +

η(ϕ(a+b2 ),ϕ(b),m)
r+1

))
η
(
ϕ
(
a+b
2

)
, ϕ(b),m

)



Some new Hermite-Hadamard type . . . 65

+
(r + 1)

α
k
+1Γk(α+ k)

η
α
k
+1
(
ϕ
(
a+b
2

)
, ϕ(b),m

)Iα,k(
mϕ(b)+

η(ϕ(a+b2 ),ϕ(b),m)
r+1

) − f (mϕ(b))

}

=
η(ϕ(b), ϕ(a),m)

4

{∫ 1

0

(
1− λ− t

α
k

)
× f ′

(
mϕ

(
a+ b

2

)
+

(
t

r + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

))
dt

+

∫ 1

0

(
µ− t

α
k

)
f ′
(
mϕ(b) +

(
t

r + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

))
dt

}
.

Proof. Integrating by parts and changing variables of definite integrals
yield

η(ϕ(b), ϕ(a),m)

4

{∫ 1

0

(
1− λ− tαk

)
f ′
(
mϕ

(
a+ b

2

)
+

(
t

r + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

))
dt

+

∫ 1

0

(
µ− tαk

)
f ′
(
mϕ(b) +

(
t

r + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

))
dt

}

=
η(ϕ(b), ϕ(a),m)

4

{
(r + 1)

(
1− λ− tαk

)
η
(
ϕ(a), ϕ

(
a+b
2

)
,m
)f (mϕ(a+ b

2

)

+

(
t

r + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

)) ∣∣∣∣∣
1

0

+
α(r + 1)

kη
(
ϕ(a), ϕ

(
a+b
2

)
,m
)

×
∫ 1

0

t
α
k−1f

(
mϕ

(
a+ b

2

)
+

(
t

r + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

))
dt

+
(r + 1)

(
µ− tαk

)
η
(
ϕ
(
a+b
2

)
, ϕ(b),m

)f (mϕ(b) +

(
t

r + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

))∣∣∣∣∣
1

0

+
α(r + 1)

kη
(
ϕ
(
a+b
2

)
, ϕ(b),m

)
×
∫ 1

0

t
α
k−1f

(
mϕ(b) +

(
t

r + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

))
dt

}

=
η(ϕ(b), ϕ(a),m)

4

{ (r + 1)

(
λ

[
f
(
mϕ

(
a+b
2

))
η
(
ϕ(a), ϕ

(
a+b
2

)
,m
)

−
f

(
mϕ

(
a+b
2

)
+

η(ϕ(a),ϕ( a+b2 ),m)
r+1

)]
− f

(
mϕ

(
a+b
2

)))
η
(
ϕ(a), ϕ

(
a+b
2

)
,m
)
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+
(r + 1)

α
k+1Γk(α+ k)

η
α
k+1

(
ϕ(a), ϕ

(
a+b
2

)
,m
)Iα,k(

mϕ( a+b2 )+
η(ϕ(a),ϕ( a+b2 ),m)

r+1

)

− f
(
mϕ

(
a+ b

2

))
+

(r + 1)

(
µ

[
f

(
mϕ(b) +

η(ϕ( a+b2 ),ϕ(b),m)
r+1

)
η
(
ϕ
(
a+b
2

)
, ϕ(b),m

)

−
f (mϕ(b))

]
− f

(
mϕ(b) +

η(ϕ( a+b2 ),ϕ(b),m)
r+1

))
η
(
ϕ
(
a+b
2

)
, ϕ(b),m

)
+

(r + 1)
α
k+1Γk(α+ k)

η
α
k+1

(
ϕ
(
a+b
2

)
, ϕ(b),m

)Iα,k(
mϕ(b)+

η(ϕ( a+b2 ),ϕ(b),m)
r+1

) − f (mϕ(b))

}
.

So, the proof of this lemma is completed. �

Remark 4. In Lemma 1, if we choose α = k = m = 1, r = 0, η(ϕ(y),
ϕ(x),m) = ϕ(y)−mϕ(x) and ϕ(x) = x, ∀x ∈ I, we get ([35], Lemma 2.1).

Throughout this paper we denote

If,η,ϕ(λ, µ, α, k, r,m, a, b) :=
η(ϕ(b), ϕ(a),m)

4

{∫ 1

0

(
1− λ− t

α
k

)
(15)

× f ′
(
mϕ

(
a+ b

2

)
+

(
t

r + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

))
dt

+

∫ 1

0

(
µ− t

α
k

)
f ′
(
mϕ(b) +

(
t

r + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

))
dt

}
.

Using relation (15), the following results can be obtained for the correspond-
ing version for power of the first derivative.

Theorem 3. Let α, k > 0, λ, µ, r1 ∈ [0, 1], 0 < r ≤ 1 and p1, p2 > −1.
Let K ⊆ R be an open m-invex subset with respect to η : K×K×(0, 1] −→ R
for some fixed m ∈ (0, 1]. Suppose h1, h2 : [0, 1] −→ [0,+∞) and ϕ : I −→ K
are continuous functions. Assume that f : K −→ (0,+∞) be a differentiable
function on K◦, where η(ϕ(b), ϕ(a),m) > 0. If f ′(x)q is generalized relative
semi-(r;m, p1, p2, h1, h2)-preinvex functions, q > 1, p−1 + q−1 = 1, then the
following inequality holds:

∣∣If,η,ϕ(λ, µ, α, k, r1,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4

{
A

1
p

1 (λ, α, k, p)(16)
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×

[
mf ′

(
a+ b

2

)rq
Ir(h1(t); r, r1, p1) + f ′(a)rqIr(h2(t); r, r1, p2)

] 1
rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rqIr(h1(t); r, r1, p1)

+ f ′
(
a+ b

2

)rq
Ir(h2(t); r, r1, p2)

] 1
rq
}
,

where

A1(λ, α, k, p) :=

∫ 1

0

∣∣∣1− λ− tαk ∣∣∣pdt, A2(µ, α, k, p) :=

∫ 1

0

∣∣∣µ− tαk ∣∣∣pdt
and

I(hi(t); r, r1, pi) :=

∫ 1

0
h
pi
r
i

(
t

r1 + 1

)
dt, ∀ i = 1, 2.

Proof. Suppose that q > 1, λ, µ, r1 ∈ [0, 1] and 0 < r ≤ 1. From Lemma
1, generalized relative semi-(r;m, p1, p2, h1, h2)-preinvexity of f ′(x)q, Hölder
inequality, Minkowski inequality and properties of the modulus, we have

∣∣If,η,ϕ(λ, µ, α, k, r1,m, a, b)| ≤
η(ϕ(b), ϕ(a),m)

4

{∫ 1

0

∣∣∣1− λ− tαk ∣∣∣∣∣∣∣∣
×f ′

(
mϕ

(
a+ b

2

)
+

(
t

r1 + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

)) ∣∣∣∣∣dt
+

∫ 1

0

∣∣∣µ− tαk ∣∣∣∣∣∣∣∣f ′
(
mϕ(b) +

(
t

r1 + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

)) ∣∣∣∣∣dt
}

≤ η(ϕ(b), ϕ(a),m)

4

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣pdt) 1
p

×
(∫ 1

0

(
f ′
(
mϕ

(
a+ b

2

)
+

(
t

r1 + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

)))q
dt

) 1
q

+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣pdt) 1
p

×
(∫ 1

0

(
f ′
(
mϕ(b) +

(
t

r1 + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

)))q
dt

) 1
q

}

≤ η(ϕ(b), ϕ(a),m)

4
×

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣pdt) 1
p

×

∫ 1

0

[
mhp11

(
t

r1 + 1

)
f ′
(
a+ b

2

)rq
+ hp22

(
t

r1 + 1

)
f ′(a)rq

] 1
r

dt


1
q
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+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣pdt) 1
p

×

∫ 1

0

[
mhp11

(
t

r1 + 1

)
f ′(b)rq + hp22

(
t

r1 + 1

)
f ′
(
a+ b

2

)rq ] 1
r

dt


1
q }

≤ η(ϕ(b), ϕ(a),m)

4
×

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣pdt) 1
p

×

[(∫ 1

0

m
1
r f ′
(
a+ b

2

)q
h
p1
r
1

(
t

r1 + 1

)
dt

)r

+

(∫ 1

0

f ′(a)qh
p2
r
2

(
t

r1 + 1

)
dt

)r ] 1
rq

+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣pdt) 1
p

×

[(∫ 1

0

m
1
r f ′(b)qh

p1
r
1

(
t

r1 + 1

)
dt

)r

+

(∫ 1

0

f ′
(
a+ b

2

)q
h
p2
r
2

(
t

r1 + 1

)
dt

)r ] 1
rq
}

=
η(ϕ(b), ϕ(a),m)

4

{
A

1
p

1 (λ, α, k, p)

×

[
mf ′

(
a+ b

2

)rq
Ir(h1(t); r, r1, p1) + f ′(a)rqIr(h2(t); r, r1, p2)

] 1
rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rqIr(h1(t); r, r1, p1)

+ f ′
(
a+ b

2

)rq
Ir(h2(t); r, r1, p2)

] 1
rq
}
.

So, the proof of this theorem is completed. �

We point out some special cases of Theorem 3.

Corollary 1. In Theorem 3 for r1 = 0, h1(t) = h(1−t) and h2(t) = h(t),
we have the following inequality for generalized relative semi-(r;m, p1, p2, h)-
preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)| ≤ η(ϕ(b), ϕ(a),m)

4

{
A

1
p

1 (λ, α, k, p)(17)

×

[
mf ′

(
a+ b

2

)rq
Ir(h(1− t); r, 0, p1) + f ′(a)rqIr(h(t); r, 0, p2)

] 1
rq
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+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rqIr(h(1− t); r, 0, p1)

+ f ′
(
a+ b

2

)rq
Ir(h(t); r, 0, p2)

] 1
rq
}
.

Corollary 2. In Theorem 3 for r1 = 0, h1(t) = (1− t)s, h2(t) = ts, we
have the following inequality for generalized relative semi-(r;m, p1, p2, s)-
Breckner-preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)| ≤ η(ϕ(b), ϕ(a),m)

4
(18)

×

{
A

1
p

1 (λ, α, k, p)

[
mf ′

(
a+ b

2

)rq ( r

r + sp1

)r

+ f ′(a)rq
(

r

r + sp2

)r ] 1
rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rq

(
r

r + sp1

)r

+ f ′
(
a+ b

2

)rq ( r

r + sp2

)r ] 1
rq
}
.

Corollary 3. In Theorem 3 for r1 = 0, h1(t) = (1−t)−s, h2(t) = t−s and
r > max

{
sp1, sp2

}
, we have the following inequality for generalized relative

semi-(r;m, p1, p2, s)-Godunova-Levin-Dragomir-preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)| ≤ η(ϕ(b), ϕ(a),m)

4
(19)

×

{
A

1
p

1 (λ, α, k, p)

[
mf ′

(
a+ b

2

)rq ( r

r − sp1

)r

+ f ′(a)rq
(

r

r − sp2

)r ] 1
rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rq

(
r

r − sp1

)r

+ f ′
(
a+ b

2

)rq ( r

r − sp2

)r ] 1
rq
}
.
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Corollary 4. In Theorem 3 for r1 = 0, h1(t) = h2(t) = t(1− t), we have
the following inequality for generalized relative semi-(r;m, p1, p2, tgs)-preinvex
functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)| ≤ η(ϕ(b), ϕ(a),m)

4
(20)

×

{
A

1
p

1 (λ, α, k, p)

[
mf ′

(
a+ b

2

)rq
βr
(p1
r

+ 1,
p1
r

+ 1
)

+ f ′(a)rqβr
(p2
r

+ 1,
p2
r

+ 1
)] 1

rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rqβr

(p1
r

+ 1,
p1
r

+ 1
)

+ f ′
(
a+ b

2

)rq
βr
(p2
r

+ 1,
p2
r

+ 1
)] 1

rq
}
.

Corollary 5. In Theorem 3 for r1 = 0, h1(t) =

√
1− t
2
√
t
, h2(t) =

√
t

2
√

1− t
and r > max{p1,p2}

2 , we have the following inequality for generalized relative
semi-(r;m, p1, p2)-MT -preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)| ≤ η(ϕ(b), ϕ(a),m)

4
(21)

×

{
A

1
p

1 (λ, α, k, p)

[
mf ′

(
a+ b

2

)rq (1

2

)p1
βr
(

1− p1
2r
, 1 +

p1
2r

)

+ f ′(a)rq
(

1

2

)p2
βr
(

1− p2
2r
, 1 +

p2
2r

)] 1
rq

+ A
1
p

2 (µ, α, k, p)

[
mf ′(b)rq

(
1

2

)p1
βr
(

1− p1
2r
, 1 +

p1
2r

)

+ f ′
(
a+ b

2

)rq (1

2

)p2
βr
(

1− p2
2r
, 1 +

p2
2r

)] 1
rq
}
.

Theorem 4. Let α, k > 0, λ, µ, r1 ∈ [0, 1], 0 < r ≤ 1 and p1, p2 > −1.
Let K ⊆ R be an open m-invex subset with respect to η : K×K×(0, 1] −→ R
for some fixed m ∈ (0, 1]. Suppose h1, h2 : [0, 1] −→ [0,+∞) and ϕ :
I −→ K are continuous functions. Assume that f : K −→ (0,+∞) be
a differentiable function on K◦, where η(ϕ(b), ϕ(a),m) > 0. If f ′(x)q is
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generalized relative semi-(r;m, p1, p2, h1, h2)-preinvex functions, q ≥ 1, then
the following inequality holds:∣∣If,η,ϕ(λ, µ, α, k, r1,m, a, b)

∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(22)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br(h1(t); r, r1, λ, α, k, p1)

+ f ′(a)rqBr(h2(t); r, r1, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr(h1(t); r, r1, µ, α, k, p1)

+ f ′
(
a+ b

2

)rq
Cr(h2(t); r, r1, µ, α, k, p2)

] 1
rq
}
,

where

B(hi(t); r, r1, λ, α, k, pi) :=

∫ 1

0

∣∣∣1− λ− tαk ∣∣∣h piri ( t

r1 + 1

)
dt,

C(hi(t); r, r1, µ, α, k, pi) :=

∫ 1

0

∣∣∣µ− tαk ∣∣∣h piri ( t

r1 + 1

)
dt, ∀ i = 1, 2

and A1(λ, α, k, 1) and A2(µ, α, k, 1) are defined as in Theorem 3, for p = 1.

Proof. Suppose that q ≥ 1, λ, µ, r1 ∈ [0, 1] and 0 < r ≤ 1. From
Lemma 1, generalized relative semi-(r;m, p1, p2, h1, h2)-preinvexity of f ′(x)q,
power mean inequality, Minkowski inequality and properties of the modulus,
we have∣∣If,η,ϕ(λ, µ, α, k, r1,m, a, b)| ≤

η(ϕ(b), ϕ(a),m)

4

{∫ 1

0

∣∣∣1− λ− tαk ∣∣∣
×

∣∣∣∣∣f ′
(
mϕ

(
a+ b

2

)
+

(
t

r1 + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

)) ∣∣∣∣∣dt
+

∫ 1

0

∣∣∣µ− tαk ∣∣∣∣∣∣∣∣f ′
(
mϕ(b) +

(
t

r1 + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

)) ∣∣∣∣∣dt
}

≤ η(ϕ(b), ϕ(a),m)

4

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣dt)1− 1
q

×
(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣ (f ′(mϕ(a+ b

2

)
+

(
t

r1 + 1

)
η

(
ϕ(a), ϕ

(
a+ b

2

)
,m

)))q
dt

) 1
q
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+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣dt)1− 1
q
(∫ 1

0

∣∣∣µ− tαk ∣∣∣ (f ′ (mϕ(b)

+

(
t

r1 + 1

)
η

(
ϕ

(
a+ b

2

)
, ϕ(b),m

)))q
dt

) 1
q

}

≤ η(ϕ(b), ϕ(a),m)

4

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣dt)1− 1
q
(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣
×

[
mhp11

(
t

r1 + 1

)
f ′
(
a+ b

2

)rq
+ hp22

(
t

r1 + 1

)
f ′(a)rq

] 1
r

dt


1
q

+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣dt)1− 1
q

(∫ 1

0

∣∣∣µ− tαk ∣∣∣[mhp11 ( t

r1 + 1

)
f ′(b)rq

+ hp22

(
t

r1 + 1

)
f ′
(
a+ b

2

)rq ] 1
r

dt


1
q }

≤ η(ϕ(b), ϕ(a),m)

4
×

{(∫ 1

0

∣∣∣1− λ− tαk ∣∣∣dt)1− 1
q

×

[(∫ 1

0

m
1
r f ′
(
a+ b

2

)q ∣∣∣1− λ− tαk ∣∣∣h p1r1 (
t

r1 + 1

)
dt

)r

+

(∫ 1

0

f ′(a)q
∣∣∣1− λ− tαk ∣∣∣h p2r2 (

t

r1 + 1

)
dt

)r ] 1
rq

+

(∫ 1

0

∣∣∣µ− tαk ∣∣∣dt)1− 1
q

[(∫ 1

0

m
1
r f ′(b)q

∣∣∣µ− tαk ∣∣∣h p1r1 (
t

r1 + 1

)
dt

)r

+

(∫ 1

0

f ′
(
a+ b

2

)q ∣∣∣µ− tαk ∣∣∣h p2r2 (
t

r1 + 1

)
dt

)r ] 1
rq
}

=
η(ϕ(b), ϕ(a),m)

4

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br(h1(t); r, r1, λ, α, k, p1)

+ f ′(a)rqBr(h2(t); r, r1, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr(h1(t); r, r1, µ, α, k, p1)

+ f ′
(
a+ b

2

)rq
Cr(h2(t); r, r1, µ, α, k, p2)

] 1
rq
}
.
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So, the proof of this theorem is completed. �

We point out some special cases of Theorem 4.

Corollary 6. In Theorem 4 for r1 = 0, h1(t) = h(1−t) and h2(t) = h(t),
we have the following inequality for generalized relative semi-(r;m, p1, p2, h)-
preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(23)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br(h(1− t); r, 0, λ, α, k, p1)

+ f ′(a)rqBr(h(t); r, 0, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr(h(1− t); r, 0, µ, α, k, p1)

+ f ′
(
a+ b

2

)rq
Cr(h(t); r, 0, µ, α, k, p2)

] 1
rq
}
.

Corollary 7. In Theorem 4 for r1 = 0, h1(t) = (1− t)s, h2(t) = ts, we
have the following inequality for generalized relative semi-(r;m, p1, p2, s)-
Breckner-preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(24)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br((1− t)s; r, 0, λ, α, k, p1)

+ f ′(a)rqBr(ts; r, 0, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr((1− t)s; r, 0, µ, α, k, p1)

+ f ′
(
a+ b

2

)rq
Cr(ts; r, 0, µ, α, k, p2)

] 1
rq
}
.
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Corollary 8. In Theorem 4 for r1 = 0, h1(t) = (1 − t)−s, h2(t) = t−s,
we have the following inequality for generalized relative semi-(r;m, p1, p2, s)-
Godunova-Levin-Dragomir-preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(25)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br((1− t)−s; r, 0, λ, α, k, p1)

+ f ′(a)rqBr(t−s; r, 0, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr((1− t)−s; r, 0, µ, α, k, p1)

+ f ′
(
a+ b

2

)rq
Cr(t−s; r, 0, µ, α, k, p2)

] 1
rq
}
.

Corollary 9. In Theorem 4 for r1 = 0, h1(t) = h2(t) = t(1− t), we have
the following inequality for generalized relative semi-(r;m, p1, p2, tgs)-preinvex
functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(26)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br(t(1− t); r, 0, λ, α, k, p1)

+ f ′(a)rqBr(t(1− t); r, 0, λ, α, k, p2)

] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr(t(1− t); r, 0, µ, α, k, p1)

+f ′
(
a+ b

2

)rq
Cr(t(1− t); r, 0, µ, α, k, p2)

] 1
rq
}
.

Corollary 10. In Theorem 4 for r1 = 0, h1(t) =

√
1− t
2
√
t

, h2(t) =
√
t

2
√

1− t
, we have the following inequality for generalized relative semi-(r;m,
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p1, p2)-MT -preinvex functions:

∣∣If,η,ϕ(λ, µ, α, k, 0,m, a, b)
∣∣ ≤ η(ϕ(b), ϕ(a),m)

4
(27)

×

{
A

1− 1
q

1 (λ, α, k, 1)

[
mf ′

(
a+ b

2

)rq
Br

(√
1− t
2
√
t

; r, 0, λ, α, k, p1

)

+ f ′(a)rqBr

( √
t

2
√

1− t
; r, 0, λ, α, k, p2

)] 1
rq

+ A
1− 1

q

2 (µ, α, k, 1)

[
mf ′(b)rqCr

(√
1− t
2
√
t

; r, 0, µ, α, k, p1

)

+ f ′
(
a+ b

2

)rq
Cr
( √

t

2
√

1− t
; r, 0, µ, α, k, p2

)] 1
rq
}
.

Remark 5. For k = 1, we get some new Hermite-Hadamard type in-
equalities via fractional integrals associated with generalized relative semi-
(r;m, p1, p2, h1, h2)-preinvex functions.

Remark 6. Applying our Theorems 3 and 4, we can deduce some new in-
equalities using special means associated with generalized relative semi-(r;m,
p1, p2, h1, h2)-preinvex functions.

3. Conclusions

In this article, we first presented a new identity concerning differentiable
mappings defined on m-invex set via k-fractional integrals. By using the
notion of generalized relative semi-(r;m, p, q, h1, h2)-preinvexity and the ob-
tained identity as an auxiliary result, some new estimates with respect to
Hermite-Hadamard type inequalities via k-fractional integrals are estab-
lished. It is pointed out that some new special cases are deduced from
main results of the article. Motivated by this new interesting class of gener-
alized relative semi-(r;m, p, q, h1, h2)-preinvex functions we can indeed see
to be vital for fellow researchers and scientists working in the same domain.
We conclude that our methods considered here may be a stimulant for fur-
ther investigations concerning Hermite-Hadamard, Ostrowski and Simpson
type integral inequalities for various kinds of preinvex functions involving
local fractional integrals, fractional integral operators, Caputo k-fractional
derivatives, q-calculus, (p, q)-calculus, time scale calculus and conformable
fractional integrals.
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upper bound function with applications to Hersch-Pfluger distortion function,
Math. Inequal. Appl., 21(3)(2018), 629-648.

[35] Xi B.Y., Qi F., Inequalities of Hermite-Hadamard type for extended s-convex
functions and applications to means, arXiv:1406.5409v1 [math.CA], (2014),
1-17.

[36] Yang Z.-H., Qian W.-M., Chu Y.-M., Zhang W., On approximating the
error function, Math. Inequal. Appl., 21(2)(2018), 469-479.

[37] Yang Z.-H., Qian W.-M., Chu Y.-M., Zhang W., On approximating the



78 Artion Kashuri and Rozana Liko

arithmetic-geometric mean and complete elliptic integral of the first kind, J.
Math. Anal. Appl., 462(2)(2018), 1714-1726.

[38] Yang Z.-H., Zhang W., Chu Y.-M., Sharp Gautschi inequality for parame-
ter 0 < p < 1 with applications, Math. Inequal. Appl., 20(4)(2017), 1107-1120.

[39] Yang X.M., YangX.Q., Teo K.L., Generalized invexity and generalized
invariant monotonicity, J. Optim. Theory Appl., 117(2003), 607-625.

[40] Youness E.A., E-convex sets, E-convex functions, and E-convex program-
ming, J. Optim. Theory Appl., 102(1999), 439-450.

[41] Zhang X.M., Chu Y.M., Zhang X.H., The Hermite-Hadamard type in-
equality of GA-convex functions and its applications, J. Inequal. Appl., (2010),
Article ID 507560, 11 pages.

Artion Kashuri
Department of Mathematics

Faculty of Technical Science
University Ismail Qemali

Vlora,Albania

e-mail: artionkashuri@gmail.com

Rozana Liko
Department of Mathematics

Faculty of Technical Science
University Ismail Qemali

Vlora,Albania

e-mail: rozanaliko86@gmail.com

Received on 14.11.2017 and, in revised form, on 16.05.2018.


