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1. Introduction

Theorem 1. [33]Let f : I −→ R be a differentiable mapping on I◦ and
a1, a2 ∈ I◦ with a1 < a2. If |f ′(x)| ≤ L, ∀x ∈ [a1, a2], then∣∣∣∣∣f(x)− 1

a2 − a1

∫ a2

a1

f(t)dt

∣∣∣∣∣ ≤ L(a2 − a1)

[
1

4
+

(
x− a1+a2

2

)2
(a2 − a1)2

]
,(1)

∀x ∈ [a1, a2].

For other recent results concerning Ostrowski type inequalities, see [2]-[4],
[14]-[18], [23], [26], [27], [31]-[34], [36]-[38], [41], [43], [45], [46], [48], [50]. Os-
trowski inequality is playing a key role in all the fields of mathematics, see
[11]-[13]. In recent years, a number of integral inequalities are introduced by
many authors involving various fractional operators like, Katugampola, con-
formable fractional integral operators etc., see [1], [6]-[10], [28]-[30], [40], [42],
[44]. Ostrowski inequality provides the bounds for many numerical quadra-
ture rules, see [20],[21]. In recent decades Ostrowski, Hermite-Hadamard
and Simpson type inequalities are studied in fractional calculus and gener-
alized invexity analysis point of view by many mathematicians, see [5], [19],
[22], [24], [25], [35], [39], [47], [49].

Now, let us evoke some basic definitions.
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Definition 1. Let f ∈ L[a1, a2]. The Riemann-Liouville integrals Jα
a1+f

and Jα
a2−f where α > 0 with a1 ≥ 0 are

Jα
a1+f(x) =

1

Γ(α)

∫ x

a1

(x− t)α−1f(t)dt, x > a1

and

Jα
a2−f(x) =

1

Γ(α)

∫ a2

x
(t− x)α−1f(t)dt, a2 > x.

Here J0
a1+f(x) = J0

a2−f(x) = f(x).

Definition 2 ([5]). A set P ⊆ Rn is called invex with ς : P ×P −→ Rn,
if x+ tς(y, x) ∈ P for every x, y ∈ P and t ∈ [0, 1].

Convex set is invex for ς(y, x) = y − x, see [5], [47].

Definition 3 ([39]). A function f defined on the invex set P ⊆ Rn is
called preinvex with ς, if for all x, y ∈ P and t ∈ [0, 1], we have that

f (x+ tς(y, x)) ≤ (1− t)f(x) + tf(y).

Let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing func-
tion and differentiable on (a1, a2).

Definition 4 ([19]). A function f : [a1, a2] −→ R will be called composite-
g−1 convex (concave) on [a1, a2] if the composite function f◦g−1 : [g(a1), g(a2)]
−→ R is convex (concave) in the usual sense on [g(a1), g(a2)].

In this way, any concept of convexity (log-convexity, harmonic convexity,
trigonometric convexity, hyperbolic convexity, h-convexity, quasi-convexity,
s-convexity, s-Godunova-Levin convexity etc.) can be extended to the corre-
sponding composite-g−1 convexity. The details however will not be presented
here.

If f : [a1, a2] −→ R is composite-g−1 convex on [a1, a2] then we have the
inequality

(2) f ◦ g−1((1− λ)u1 + λv1) ≤ (1− λ)f ◦ g−1(u1) + λf ◦ g−1(v1)

for any u1, v1 ∈ [g(a1), g(a2)] and λ ∈ [0, 1].
This is equivalent with condition

(3) f ◦ g−1((1− λ)g(t) + λg(s)) ≤ (1− λ)f(t) + λf(s)

for any t, s ∈ [a1, a2] and λ ∈ [0, 1].
Further, assume that f : [a1, a2] −→ I and k : I −→ R a continuous

function on I that is strictly increasing (decreasing) on I.
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Definition 5 ([19]). A function f : [a1, a2] −→ I is k-composite convex
(concave) on [a1, a2] if k ◦ f is convex (concave) on [a1, a2].

In this way, any concept of convexity as mentioned above can be extended
to the corresponding k-composite convexity. The details however will not be
presented here.

Definition 6 ([19]). A function f : [a1, a2] −→ I is k-composite-g−1

convex (concave) on [a1, a2] if k◦f ◦g−1 is convex (concave) on [g(a1), g(a2)].

This is equivalent with condition

(4) k ◦ f ◦ g−1((1− λ)g(t) + λg(s)) ≤ (≥) (1− λ)(k ◦ f)(t) + λ(k ◦ f)(s)

for any t, s ∈ [a1, a2] and λ ∈ [0, 1].
If k : I −→ R is strictly increasing (decreasing) on I, then the condition (4)
is equivalent to:

(5) f ◦ g−1((1− λ)g(t) + λg(s)) ≤ (≥)k−1
[
(1− λ)(k ◦ f)(t) + λ(k ◦ f)(s)

]
for any t, s ∈ [a1, a2] and λ ∈ [0, 1].

The purpose of this article is to find some Ostrowski inequalities using
two identities given in Section 2 for some new classes of functions called
composite and k-composite preinvex functions via fractional integrals. Also
some new special cases will be given.

2. Main results

Firstly, we give some new definitions about composite and k-composite
preinvex functions.

Definition 7. Let P ⊆ R be an open invex set and ς : P×P −→ R. Also,
let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing function
that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are contin-
uous. A function f : P −→ R is called composite-g−1-(h1, h2)-preinvex,
if

(6) f ◦ g−1(g(t) + λς(g(s), g(t))) ≤ h1(λ)f(t) + h2(λ)f(s)

for any t, s ∈ [a1, a2] and λ ∈ [0, 1].

Remark 1. In Definition 7, if h1(λ) = 1−λ, h2(λ) = λ and ς(g(s), g(t))
= g(s)− g(t), we get inequality (3).

Definition 8. Let P ⊆ R be an open invex set and ς : P × P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
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function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞)
are continuous. Further, assume that f : P −→ I and k : I −→ R a
continuous function on I that is strictly increasing on I. A function f is
k-composite-g−1-(h1, h2)-preinvex on P if k ◦ f ◦ g−1 is preinvex on P .

This is equivalent with condition

(7) k ◦ f ◦ g−1(g(t) + λς(g(s), g(t))) ≤ h1(λ)(k ◦ f)(t) + h2(λ)(k ◦ f)(s)

for any t, s ∈ [a1, a2] and λ ∈ [0, 1].

Remark 2. In Definition 8, if h1(λ) = 1−λ, h2(λ) = λ and ς(g(s), g(t)) =
g(s)− g(t), we get inequality (4).

Definition 9. Let P ⊆ R be an open invex set and ς : P×P −→ R. Also,
let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing function
that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are continu-
ous. A function f : P −→ (0,+∞) is called composite-g−1-(r;h1, h2)-prein-
vex, if

(8) f ◦ g−1(g(t) + λς(g(s), g(t))) ≤
[
h1(λ)f

r(t) + h2(λ)f
r(s)

] 1
r

for any t, s ∈ [a1, a2], λ ∈ [0, 1] and r > 0.

Remark 3. In Definition 9 if r = 1, we get Definition 7.

Definition 10. Let P ⊆ R be an open invex set and ς : P × P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are
continuous. Further, assume that f : P −→ (0,+∞) and k : (0,+∞) −→
(0,+∞) a continuous function on (0,+∞) that is strictly increasing on
(0,+∞). A function f is k-composite-g−1-(r;h1, h2)-preinvex on P if k◦f ◦
g−1 is preinvex on P .

This is equivalent with condition

(9) k◦f ◦g−1(g(t)+λς(g(s), g(t))) ≤
[
h1(λ)(k◦f)r(t)+h2(λ)(k◦f)r(s)

] 1
r

for any t, s ∈ [a1, a2], λ ∈ [0, 1] and r > 0.

Remark 4. In Definition 10, if we choose r = 1, we get Definition 8.

In order to give some Ostrowski inequalities for composite and k-composite
preinvex functions using fractional integrals, we claim two identities.

Lemma 1. Suppose P ⊆ R be an open invex subset and ς : P ×P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
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function that is differentiable on (a1, a2). Let f : P −→ R be a differ-
entiable on P ◦ and (f ◦ g−1)′ ∈ L[g(a1), g(a1) + ς(g(a2), g(a1))], where
ς(g(a2), g(a1)) > 0. Then, for α > 0 we have the following equality for
fractional integrals:(

ςα(g(a2), g(x))− (ς(g(a2), g(a1))− ς(g(a2), g(x)))
α

ςα(g(a2), g(a1))

)
(10)

×
(
f ◦ g−1

)
(g(a1) + ς(g(a2), g(x)))

− Γ(α+ 1)

ςα(g(a2), g(a1))

[
Jα
(g(a1)+ς(g(a2),g(x)))−

f(g(a1))

− Jα
(g(a1)+ς(g(a2),g(x)))+

f(g(a1) + ς(g(a2), g(a1)))
]

= ς(g(a2), g(a1))

∫ 1

0
p(t)

(
f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt,

where ϖx = ς(g(a2),g(x))
ς(g(a2),g(a1))

, and

p(t) :=

{
tα, if t ∈ [0, ϖx];
(1− t)α, if t ∈ (ϖx, 1].

Throughout this paper we denote

(11) I1 := ς(g(a2), g(a1))

∫ 1

0
p(t)

(
f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt.

Proof.

I1 = ς(g(a2), g(a1))

×

[∫ ϖx

0
tα

(
f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt

+

∫ 1

ϖx

(1− t)α
(
f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt

]
.

Integrating by parts, we get

I1 = ς(g(a2), g(a1))

[
tα(f ◦ g−1)(g(a1) + tς(g(a2), g(a1)))

ς(g(a2), g(a1))

∣∣∣∣∣
ϖx

0

− α

ς(g(a2), g(a1))

∫ ϖx

0
tα−1(f ◦ g−1)(g(a1) + tς(g(a2), g(a1)))dt

+
(1− t)α(f ◦ g−1)(g(a1) + tς(g(a2), g(a1)))

ς(g(a2), g(a1))

∣∣∣∣∣
1

ϖx
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+
α

ς(g(a2), g(a1))

∫ 1

ϖx

(1− t)α−1(f ◦ g−1)(g(a1) + tς(g(a2), g(a1)))dt

]

=

(
ςα(g(a2), g(x))− (ς(g(a2), g(a1))− ς(g(a2), g(x)))

α

ςα(g(a2), g(a1))

)
×

(
f ◦ g−1

)
(g(a1) + ς(g(a2), g(x)))

− Γ(α+ 1)

ςα(g(a2), g(a1))

[
Jα
(g(a1)+ς(g(a2),g(x)))−

f(g(a1))

− Jα
(g(a1)+ς(g(a2),g(x)))+

f(g(a1) + ς(g(a2), g(a1)))
]
.

The proof of Lemma 1 is completed. �

Lemma 2. Let P ⊆ R be an open invex subset and ς : P×P −→ R. Also,
let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing function
that is differentiable on (a1, a2). Suppose f : P −→ R is a differentiable on
P ◦ and (k◦f◦g−1)′ ∈ L[g(a1), g(a1)+ς(g(a2), g(a1))], where ς(g(a2), g(a1)) >
0 and k : I −→ R a continuous function on I that is strictly increasing on
I. Then, for α > 0(

ςα(g(a2), g(x))− (ς(g(a2), g(a1))− ς(g(a2), g(x)))
α

ςα(g(a2), g(a1))

)
(12)

×
(
k ◦ f ◦ g−1

)
(g(a1) + ς(g(a2), g(x)))−

Γ(α+ 1)

ςα(g(a2), g(a1))

×
[
Jα
(g(a1)+ς(g(a2),g(x)))−

k ◦ f(g(a1))

− Jα
(g(a1)+ς(g(a2),g(x)))+

k ◦ f(g(a1) + ς(g(a2), g(a1)))
]

= ς(g(a2), g(a1))

∫ 1

0
p(t)

(
k ◦ f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt,

where ϖx and p(t) are defined as in Lemma 1.
Throughout this paper we denote

(13) I2 := ς(g(a2), g(a1))

∫ 1

0
p(t)

(
k ◦ f ◦ g−1

)′
(g(a1) + tς(g(a2), g(a1)))dt.

Proof. See Lemma 1. �

By using Lemmas 1 and 2, we get the following.

Theorem 2. Suppose P ⊆ R be an open invex subset and ς : P ×
P −→ R. Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly
increasing function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→
[0,+∞) are continuous. Let f : P −→ R be a differentiable on P ◦ and
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(f ◦ g−1)′ ∈ L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0. If
|f ′|q is composite-g−1-(h1, h2)-preinvex function, q > 1 and p−1 + q−1 = 1,
then for α > 0∣∣I1∣∣ ≤ ς(g(a2), g(a1))(14)

×

{
p
√
A q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qJ1 + ∣∣(f ◦ g−1)′(g(a2))

∣∣qJ2
+

p
√
B q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qG1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qG2

}
,

where

(15) A :=

∫ ϖx

0
tpαdt =

ϖpα+1
x

pα+ 1
, B :=

∫ 1

ϖx

(1− t)pαdt =
(1−ϖx)

pα+1

pα+ 1

and

(16) Ji :=

∫ ϖx

0
hi(t)dt, Gi :=

∫ 1

ϖx

hi(t)dt, ∀ i = 1, 2.

Proof. From Lemma 1, composite-g−1-(h1, h2)-preinvexity of |f ′|q, Hölder
inequality and properties of the modulus, we have∣∣I1∣∣ ≤ |ς(g(a2), g(a1))|

[∫ ϖx

0

tα
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt
+

∫ 1

ϖx

(1− t)α
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt]
≤ ς(g(a2), g(a1))

×

[(∫ ϖx

0

tpαdt

) 1
p
(∫ ϖx

0

∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))
∣∣qdt) 1

q

+

(∫ 1

ϖx

(1− t)pαdt

) 1
p
(∫ 1

ϖx

∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))
∣∣qdt) 1

q

]
≤ ς(g(a2), g(a1))

×

[
p
√
A

(∫ ϖx

0

[∣∣(f ◦ g−1)′(g(a1))
∣∣qh1(t) +

∣∣(f ◦ g−1)′(g(a2))
∣∣qh2(t)

]
dt

) 1
q

+
p
√
B

(∫ 1

ϖx

[∣∣(f ◦ g−1)′(g(a1))
∣∣qh1(t) +

∣∣(f ◦ g−1)′(g(a2))
∣∣qh2(t)

]
dt

) 1
q

]

= ς(g(a2), g(a1))

{
p
√
A q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qJ1 + ∣∣(f ◦ g−1)′(g(a2))

∣∣qJ2
+

p
√
B q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qG1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qG2

}
.
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The proof of Theorem 2 is completed. �

Corollary 1. In Theorem 2 if
∣∣(f ◦ g−1)′

∣∣ ≤ K, we get

∣∣I1∣∣ ≤ K

ς
p(α−1)+1

p (g(a2), g(a1))

p

√
1

pα+ 1
(17)

×

{
ς

pα+1
p (g(a2), g(x))

q
√

J1 + J2

+ (ς(g(a2), g(a1))− ς(g(a2), g(x)))
pα+1

p q
√
G1 +G2

}
.

If one takes
∣∣(f ◦ g−1)′

∣∣ ≤ K and ς(g(a2), g(x)) = g(a2)− g(x) for all x,
we have

(18)
∣∣I1∣∣ =

∣∣∣∣∣
(
(g(a2)− g(x))α − (g(x)− g(a1))

α

(g(a2)− g(a1))α

)

×
(
f ◦ g−1

)
(g(a1) + g(a2)− g(x))− Γ(α+ 1)

(g(a2)− g(a1))α

×
[
Jα
(g(a1)+g(a2)−g(x))−f(g(a1))− Jα

(g(a1)+g(a2)−g(x))+f(g(a2))
]∣∣∣∣∣

≤ K

(g(a2)− g(a1))
p(α−1)+1

p

p

√
1

pα+ 1

×

{
(g(a2)− g(x))

pα+1
p q

√
J∗
1 + J∗

2 + (g(x)− g(a1))
pα+1

p q
√
G∗

1 +G∗
2

}
,

where

(19) J∗
i :=

∫ g(a2)−g(x)
g(a2)−g(a1)

0
hi(t)dt, G∗

i :=

∫ 1

g(a2)−g(x)
g(a2)−g(a1)

hi(t)dt, ∀ i = 1, 2.

Corollary 2. In Theorem 2 for h1(t) = h(1 − t) and h2(t) = h(t), we
get ∣∣I1∣∣ ≤ ς(g(a2), g(a1))(20)

×

{
p
√
A q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qJ1 + ∣∣(f ◦ g−1)′(g(a2))

∣∣qJ2
+

p
√
B q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qG1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qG2

}
,
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where

(21) J1 :=

∫ 1

1−ϖx

h(t)dt, J2 :=

∫ ϖx

0
h(t)dt

and

(22) G1 :=

∫ 1−ϖx

0
h(t)dt, G2 :=

∫ 1

ϖx

h(t)dt.

Corollary 3. In Theorem 2 for h1(t) = h2(t) = t(1− t), we get∣∣I1∣∣ ≤ ς(g(a2), g(a1))
[

p
√
A

q
√
J∗ +

p
√
B

q
√
G∗

]
(23)

× q

√∣∣(f ◦ g−1)′(g(a1))
∣∣q + ∣∣(f ◦ g−1)′(g(a2))

∣∣q,
where

(24) J∗ :=

∫ ϖx

0
t(1− t)dt =

ϖ2
x

2
− ϖ3

x

3

and

(25) G∗ :=

∫ 1

ϖx

t(1− t)dt =
1−ϖ2

x

2
− 1−ϖ3

x

3
.

Theorem 3. Suppose P ⊆ R be an open invex subset and ς : P ×
P −→ R. Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly
increasing function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→
[0,+∞) are continuous. Let f : P −→ R be a differentiable on P ◦ and
(f ◦ g−1)′ ∈ L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0. If
|f ′|q is composite-g−1-(h1, h2)-preinvex function, q ≥ 1, then for α > 0∣∣I1∣∣ ≤ ς(g(a2), g(a1))(26)

×

{
C

1− 1
q q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qH1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qH2

+ D
1− 1

q q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qM1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qM2

}
,

where

(27) C :=

∫ ϖx

0
tαdt =

ϖα+1
x

α+ 1
, D :=

∫ 1

ϖx

(1− t)αdt =
(1−ϖx)

α+1

α+ 1

and

(28) Hi :=

∫ ϖx

0
tαhi(t)dt, Mi :=

∫ 1

ϖx

(1− t)αhi(t)dt, ∀ i = 1, 2.
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Proof. From Lemma 1, composite-g−1-(h1, h2)-preinvexity of |f ′|q, power
mean inequality and properties of the modulus, we get

∣∣I1∣∣ ≤ |ς(g(a2), g(a1))|

[∫ ϖx

0

tα
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt
+

∫ 1

ϖx

(1− t)α
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt] ≤ ς(g(a2), g(a1))

×

[(∫ ϖx

0

tαdt

)1− 1
q
(∫ ϖx

0

tα
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣qdt) 1
q

+

(∫ 1

ϖx

(1− t)αdt

)1− 1
q

×
(∫ 1

ϖx

(1− t)α
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣qdt) 1
q

]
≤ ς(g(a2), g(a1))

×

[
C1− 1

q

(∫ ϖx

0

tα
[∣∣(f ◦ g−1)′(g(a1))

∣∣qh1(t) +
∣∣(f ◦ g−1)′(g(a2))

∣∣qh2(t)
]
dt

) 1
q

+ D1− 1
q

×
(∫ 1

ϖx

(1− t)α
[∣∣(f ◦ g−1)′(g(a1))

∣∣qh1(t) +
∣∣(f ◦ g−1)′(g(a2))

∣∣qh2(t)
]
dt

) 1
q

]

= ς(g(a2), g(a1))

{
C1− 1

q
q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qH1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qH2

+ D1− 1
q

q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qM1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qM2

}
.

The proof of Theorem 3 is completed. �

Remark 5. Using Theorems 2 and 3, for different choices of function g,
for example g(t) = et, ln t,−1

t and tp where p > 0, we can get some Ostrowski
inequalities for composite preinvex functions using fractional integrals. For
α = 1, we derive some Ostrowskiinequalities for composite preinvex func-
tions using classical integrals.

Corollary 4. In Theorem 3 if
∣∣(f ◦ g−1)′

∣∣ ≤ K, we get

∣∣I1∣∣ ≤ Kς(g(a2), g(a1))

((α+ 1)ςα+1(g(a2), g(a1)))
1− 1

q

(29)

×

{
ς
(α+1)

(
1− 1

q

)
(g(a2), g(x))

q
√
H1 +H2
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+ (ς(g(a2), g(a1))− ς(g(a2), g(x)))
(α+1)

(
1− 1

q

)
q
√
M1 +M2

}
.

If one takes
∣∣(f ◦ g−1)′

∣∣ ≤ K and ς(g(a2), g(x)) = g(a2)− g(x) for all x,
we have ∣∣I1∣∣ ≤ K(g(a2)− g(a1))

((α+ 1)(g(a2)− g(a1))α+1)
1− 1

q

(30)

×

{
(g(a2)− g(x))

(α+1)
(
1− 1

q

)
q
√
H∗

1 +H∗
2

+ (g(x)− g(a1))
(α+1)

(
1− 1

q

)
q
√
M∗

1 +M∗
2

}
,

where

H∗
i :=

∫ g(a2)−g(x)
g(a2)−g(a1)

0
tαhi(t)dt,(31)

M∗
i :=

∫ 1

g(a2)−g(x)
g(a2)−g(a1)

(1− t)αhi(t)dt, ∀ i = 1, 2.

Corollary 5. In Theorem 3 for h1(t) = h(1 − t) and h2(t) = h(t), we
get ∣∣I1∣∣ ≤ ς(g(a2), g(a1))(32)

×

{
C

1− 1
q q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qH1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qH2

+ D
1− 1

q q

√∣∣(f ◦ g−1)′(g(a1))
∣∣qM1 +

∣∣(f ◦ g−1)′(g(a2))
∣∣qM2

}
,

where

(33) H1 :=

∫ ϖx

0
tαh(1− t)dt, H2 :=

∫ ϖx

0
tαh(t)dt

and

(34) M1 :=

∫ 1

ϖx

(1− t)αh(1− t)dt, M2 :=

∫ 1

ϖx

(1− t)αh(t)dt.

Corollary 6. In Theorem 3 for h1(t) = h2(t) = t(1− t), we get∣∣I1∣∣ ≤ ς(g(a2), g(a1))
[
C

1− 1
q

q
√
H∗ +D

1− 1
q

q
√
M∗

]
(35)

× q

√∣∣(f ◦ g−1)′(g(a1))
∣∣q + ∣∣(f ◦ g−1)′(g(a2))

∣∣q,
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where

(36) H∗ :=

∫ ϖx

0
tαt(1− t)dt =

ϖα+2
x

α+ 2
− ϖα+3

x

α+ 3

and

(37) M∗ :=

∫ 1

ϖx

(1− t)αt(1− t)dt =
(1−ϖx)

α+2

α+ 2
− (1−ϖx)

α+3

α+ 3
.

Theorem 4. Suppose P ⊆ R be an open invex subset and ς : P×P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are
continuous. Let f : P −→ R be a differentiable on P ◦ and (k ◦ f ◦ g−1)′ ∈
L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0 and k : I −→
R a continuous function on I that is strictly increasing on I. If |f ′|q is
k-composite-g−1-(h1, h2)-preinvex function, q > 1 and p−1 + q−1 = 1, then
for α > 0∣∣I2∣∣ ≤ ς(g(a2), g(a1))(38)

×

{
p
√
A q

√∣∣(k ◦ f ◦ g−1)′(g(a1))
∣∣qJ1 + ∣∣(k ◦ f ◦ g−1)′(g(a2))

∣∣qJ2
+

p
√
B q

√∣∣(k ◦ f ◦ g−1)′(g(a1))
∣∣qG1 +

∣∣(k ◦ f ◦ g−1)′(g(a2))
∣∣qG2

}
,

where A, B, J1, J2, G1 and G2 are defined as in Theorem 2.

Proof. See Theorem 2 using Lemma 2. �

Theorem 5. Suppose P ⊆ R be an open invex subset and ς : P×P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are
continuous. Let f : P −→ R be a differentiable on P ◦ and (k ◦ f ◦ g−1)′ ∈
L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0 and k : I −→
R a continuous function on I that is strictly increasing on I. If |f ′|q is
k-composite-g−1-(h1, h2)-preinvex function, q ≥ 1, then for α > 0∣∣I2∣∣ ≤ ς(g(a2), g(a1))(39)

×

{
C

1− 1
q q

√∣∣(k ◦ f ◦ g−1)′(g(a1))
∣∣qH1 +

∣∣(k ◦ f ◦ g−1)′(g(a2))
∣∣qH2

+ D
1− 1

q q

√∣∣(k ◦ f ◦ g−1)′(g(a1))
∣∣qM1 +

∣∣(k ◦ f ◦ g−1)′(g(a2))
∣∣qM2

}
,

where C, D, H1, H2, M1 and M2 are defined as in Theorem 3.
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Proof. See Theorem 3 using Lemma 2. �

Remark 6. Using Theorems 4 and 5, for different choices of function g,
for example g(t) = et, ln t,−1

t and tp where p > 0 and for different choices
of function k, for example k(t) = ln t and 1

t , we can get some Ostrowski
inequalities for k-composite preinvex functions using fractional integrals.
Also, for functions h1, h2 as we taked above, we can get some Ostrowski
inequalities for k-composite preinvex functions using fractional integrals.
For α = 1, we get some Ostrowski inequalities for k-composite preinvex
functions using classical integrals.

Theorem 6. Suppose P ⊆ R be an open invex subset and ς : P ×
P −→ R. Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly
increasing function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→
[0,+∞) are continuous. Let f : P −→ (0,+∞) be a differentiable on P ◦

and (f ◦ g−1)′ ∈ L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0.
If f ′q is composite-g−1-(r;h1, h2)-preinvex function, 0 < r ≤ 1, q > 1 and
p−1 + q−1 = 1, then for α > 0∣∣I1∣∣ ≤ ς(g(a2), g(a1))(40)

×

{
p
√
A rq

√
((f ◦ g−1)′(g(a1)))

rq Jr
1,r + ((f ◦ g−1)′(g(a2)))

rq Jr
2,r

+
p
√
B rq

√
((f ◦ g−1)′(g(a1)))

rq Gr
1,r + ((f ◦ g−1)′(g(a2)))

rq Gr
2,r

}
,

where

(41) Ji,r :=

∫ ϖx

0
h

1
r
i (t)dt, Gi,r :=

∫ 1

ϖx

h
1
r
i (t)dt, ∀ i = 1, 2

and A, B are defined as in Theorem 2.

Proof. From Lemma 1, composite-g−1-(r;h1, h2)-preinvexity of f
′q, Hölder

inequality, Minkowski inequality and properties of the modulus, we get

∣∣I1∣∣ ≤ |ς(g(a2), g(a1))|

[∫ ϖx

0

tα
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt
+

∫ 1

ϖx

(1− t)α
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt]
≤ ς(g(a2), g(a1))

×

[(∫ ϖx

0

tpαdt

) 1
p
(∫ ϖx

0

(
(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

)q
dt

) 1
q
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+

(∫ 1

ϖx

(1− t)pαdt

) 1
p
(∫ 1

ϖx

(
(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

)q
dt

) 1
q

]
≤ ς(g(a2), g(a1))

×

[
p
√
A

(∫ ϖx

0

[ (
(f ◦ g−1)′(g(a1))

)rq
h1(t) +

(
(f ◦ g−1)′(g(a2))

)rq
h2(t)

] 1
r

dt

) 1
q

+
p
√
B

(∫ 1

ϖx

[ (
(f ◦ g−1)′(g(a1))

)rq
h1(t) +

(
(f ◦ g−1)′(g(a2))

)rq
h2(t)

] 1
r

dt

) 1
q

]

≤ ς(g(a2), g(a1))

{
p
√
A

[(∫ ϖx

0

(
(f ◦ g−1)′(g(a1))

)q
h

1
r
1 (t)dt

)r

+

(∫ ϖx

0

(
(f ◦ g−1)′(g(a2))

)q
h

1
r
2 (t)dt

)r
] 1

rq

+
p
√
B

[(∫ 1

ϖx

(
(f ◦ g−1)′(g(a1))

)q
h

1
r
1 (t)dt

)r

+

(∫ 1

ϖx

(
(f ◦ g−1)′(g(a2))

)q
h

1
r
2 (t)dt

)r
] 1

rq
}

= ς(g(a2), g(a1))

{
p
√
A rq

√
((f ◦ g−1)′(g(a1)))

rq
Jr
1,r + ((f ◦ g−1)′(g(a2)))

rq
Jr
2,r

+
p
√
B rq

√
((f ◦ g−1)′(g(a1)))

rq
Gr

1,r + ((f ◦ g−1)′(g(a2)))
rq

Gr
2,r

}
.

The proof of Theorem 6 is completed. �

Remark 7. For r = 1 in Theorem 6, we get Theorem 2.

Corollary 7. In Theorem 6 if (f ◦ g−1)′ ≤ K, we get

(42)
∣∣I1∣∣ ≤ Kς(g(a2), g(a1))

{
p
√
A rq

√
Jr
1,r + Jr

2,r +
p
√
B rq

√
Gr

1,r +Gr
2,r

}
.

If one takes (f ◦ g−1)′ ≤ K and ς(g(a2), g(x)) = g(a2) − g(x) for all x,
we have

(43)
∣∣I1∣∣ ≤ K(g(a2)−g(a1))×

{
p
√
A∗ rq

√
J

∗r
1,r + J

∗r
2,r+

p
√
B∗ rq

√
G

∗r
1,r +G

∗r
2,r

}
,

where

(44) A∗ :=

∫ g(a2)−g(x)
g(a2)−g(a1)

0
tpαdt =

(
g(a2)−g(x)
g(a2)−g(a1)

)pα+1

pα+ 1
,
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(45) B∗ :=

∫ 1

g(a2)−g(x)
g(a2)−g(a1)

(1− t)pαdt =

(
1− g(a2)−g(x)

g(a2)−g(a1)

)pα+1

pα+ 1

and

(46) J
∗
i,r :=

∫ g(a2)−g(x)
g(a2)−g(a1)

0
h

1
r
i (t)dt, G

∗
i,r :=

∫ 1

g(a2)−g(x)
g(a2)−g(a1)

h
1
r
i (t)dt, ∀ i = 1, 2.

Corollary 8. In Theorem 6 for h1(t) = h(1 − t) and h2(t) = h(t), we
get ∣∣I1∣∣ ≤ ς(g(a2), g(a1))(47)

×

{
p
√
A

rq

√
((f ◦ g−1)′(g(a1)))

rq J1,r
r
+ ((f ◦ g−1)′(g(a2)))

rq J2,r
r

+
p
√
B

rq

√
((f ◦ g−1)′(g(a1)))

rq G1,r
r
+ ((f ◦ g−1)′(g(a2)))

rq G2,r
r

}
,

where

(48) J1,r :=

∫ 1

1−ϖx

h
1
r (t)dt, J2,r :=

∫ ϖx

0
h

1
r (t)dt

and

(49) G1,r :=

∫ 1−ϖx

0
h

1
r (t)dt, G2,r :=

∫ 1

ϖx

h
1
r (t)dt.

Corollary 9. In Theorem 6 for h1(t) = h2(t) = t(1− t), we get∣∣I1∣∣ ≤ ς(g(a2), g(a1))
[

p
√
A q
√
J∗
r +

p
√
B q
√
G∗

r

]
(50)

× rq

√
((f ◦ g−1)′(g(a1)))

rq + ((f ◦ g−1)′(g(a2)))
rq,

where

(51) J∗
r :=

∫ ϖx

0

r
√

t(1− t)dt, G∗
r :=

∫ 1

ϖx

r
√
t(1− t)dt.

Theorem 7. Suppose P ⊆ R be an open invex subset and ς : P×P −→ R.
Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly increasing
function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→ [0,+∞) are
continuous. Let f : P −→ (0,+∞) be a differentiable on P ◦ and (f ◦
g−1)′ ∈ L[g(a1), g(a1) + ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0. If f ′q is
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composite-g−1-(r;h1, h2)-preinvex function, 0 < r ≤ 1 and q ≥ 1, then for
α > 0∣∣I1∣∣ ≤ ς(g(a2), g(a1))(52)

×

{
C

1− 1
q rq

√
((f ◦ g−1)′(g(a1)))

rq Hr
1,r + ((f ◦ g−1)′(g(a2)))

rq Hr
2,r

+ D
1− 1

q rq

√
((f ◦ g−1)′(g(a1)))

rq M r
1,r + ((f ◦ g−1)′(g(a2)))

rq M r
2,r

}
,

where

(53) Hi,r :=

∫ ϖx

0
tαh

1
r
i (t)dt, Mi,r :=

∫ 1

ϖx

(1− t)αh
1
r
i (t)dt, ∀ i = 1, 2

and C, D are defined as in Theorem 3.

Proof. From Lemma 1, composite-g−1-(r;h1, h2)-preinvexity of f
′q, power

mean inequality, Minkowski inequality and properties of the modulus, we
have ∣∣I1∣∣ ≤ |ς(g(a2), g(a1))|

[∫ ϖx

0

tα
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt
+

∫ 1

ϖx

(1− t)α
∣∣(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

∣∣dt]

≤ ς(g(a2), g(a1))

[(∫ ϖx

0

tαdt

)1− 1
q

×
(∫ ϖx

0

tα
(
(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

)q
dt

) 1
q

+

(∫ 1

ϖx

(1− t)αdt

)1− 1
q

×
(∫ 1

ϖx

(1− t)α
(
(f ◦ g−1)′(g(a1) + tς(g(a2), g(a1)))

)q
dt

) 1
q

]

≤ ς(g(a2), g(a1))

[
C1− 1

q

(∫ ϖx

0

tα
[ (

(f ◦ g−1)′(g(a1))
)rq

h1(t)

+
(
(f ◦ g−1)′(g(a2))

)rq
h2(t)

] 1
r

dt

) 1
q

+ D1− 1
q

(∫ 1

ϖx

(1− t)α
[ (

(f ◦ g−1)′(g(a1))
)rq

h1(t)

+
(
(f ◦ g−1)′(g(a2))

)rq
h2(t)

] 1
r

dt

) 1
q

]
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≤ ς(g(a2), g(a1))×

{
C1− 1

q

[(∫ ϖx

0

tα
(
(f ◦ g−1)′(g(a1))

)q
h

1
r
1 (t)dt

)r

+

(∫ ϖx

0

tα
(
(f ◦ g−1)′(g(a2))

)q
h

1
r
2 (t)dt

)r
] 1

rq

+ D1− 1
q

[(∫ 1

ϖx

(1− t)α
(
(f ◦ g−1)′(g(a1))

)q
h

1
r
1 (t)dt

)r

+

(∫ 1

ϖx

(1− t)α
(
(f ◦ g−1)′(g(a2))

)q
h

1
r
2 (t)dt

)r
] 1

rq
}

= ς(g(a2), g(a1))

×

{
C1− 1

q rq

√
((f ◦ g−1)′(g(a1)))

rq
Hr

1,r + ((f ◦ g−1)′(g(a2)))
rq

Hr
2,r

+ D1− 1
q rq

√
((f ◦ g−1)′(g(a1)))

rq
Mr

1,r + ((f ◦ g−1)′(g(a2)))
rq

Mr
2,r

}
.

The proof of Theorem 7 is completed. �

Remark 8. For r = 1 in Theorem 7, we get Theorem 3.

Remark 9. Using Theorems 6 and 7, for different choices of function
g, for example g(t) = et, ln t,−1

t and tp where p > 0, we can get some
Ostrowski type inequalities for composite preinvex functions using fractional
integrals. For α = 1, we get some Ostrowski inequalities for composite
preinvex functions using classical integrals.

Corollary 10. In Theorem 7 if (f ◦ g−1)′ ≤ K, we get

∣∣I1∣∣ ≤ Kς(g(a2), g(a1))

((α+ 1)ςα+1(g(a2), g(a1)))
1− 1

q

(54)

×

{
ς
(α+1)

(
1− 1

q

)
(g(a2), g(x)) rq

√
Hr

1,r +Hr
2,r

+ (ς(g(a2), g(a1))− ς(g(a2), g(x)))
(α+1)

(
1− 1

q

)
rq

√
M r

1,r +M r
2,r

}
.

If one takes (f ◦ g−1)′ ≤ K and ς(g(a2), g(x)) = g(a2) − g(x) for all x, we
have

∣∣I1∣∣ ≤ K(g(a2)− g(a1))

((α+ 1)(g(a2)− g(a1))α+1)
1− 1

q

(55)
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×

{
(g(a2)− g(x))

(α+1)
(
1− 1

q

)
rq

√
H∗r

1,r +H∗r
2,r

+ (g(x)− g(a1))
(α+1)

(
1− 1

q

)
rq

√
M∗r

1,r +M∗r
2,r

}
,

where

H∗
i,r :=

∫ g(a2)−g(x)
g(a2)−g(a1)

0
tαh

1
r
i (t)dt,(56)

M∗
i,r :=

∫ 1

g(a2)−g(x)
g(a2)−g(a1)

(1− t)αh
1
r
i (t)dt, ∀ i = 1, 2.

Corollary 11. In Theorem 7 for h1(t) = h(1− t) and h2(t) = h(t), we
get ∣∣I1∣∣ ≤ ς(g(a2), g(a1))(57)

×

{
C

1− 1
q

rq

√
((f ◦ g−1)′(g(a1)))

rq H1,r
r
+ ((f ◦ g−1)′(g(a2)))

rq H2,r
r

+ D
1− 1

q
rq

√
((f ◦ g−1)′(g(a1)))

rq M1,r
r
+ ((f ◦ g−1)′(g(a2)))

rq M2,r
r

}
,

where

(58) H1,r :=

∫ ϖx

0
tαh

1
r (1− t)dt, H2,r :=

∫ ϖx

0
tαh

1
r (t)dt

and

(59) M1,r :=

∫ 1

ϖx

(1− t)αh
1
r (1− t)dt, M2,r :=

∫ 1

ϖx

(1− t)αh
1
r (t)dt.

Corollary 12. In Theorem 7 for h1(t) = h2(t) = t(1− t), we get∣∣I1∣∣ ≤ ς(g(a2), g(a1))
[
C

1− 1
q q
√

H∗
r +D

1− 1
q q
√

M∗
r

]
(60)

× rq

√
((f ◦ g−1)′(g(a1)))

rq + ((f ◦ g−1)′(g(a2)))
rq,

where

(61) H∗
r :=

∫ ϖx

0
tα r
√

t(1− t)dt, M∗
r :=

∫ 1

ϖx

(1− t)α r
√
t(1− t)dt.
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Theorem 8. Suppose P ⊆ R be an open invex subset and ς : P ×
P −→ R. Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly
increasing function that is differentiable on (a1, a2) and h1, h2 : [0, 1] −→
[0,+∞) are continuous. Let f : P −→ (0,+∞) be a differentiable on P ◦

and (k◦f ◦g−1)′ ∈ L[g(a1), g(a1)+ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0
and k : (0,+∞) −→ (0,+∞) a continuous function on (0,+∞) that is
strictly increasing on (0,+∞). If f ′q is k-composite-g−1-(r;h1, h2)-preinvex
function, 0 < r ≤ 1, q > 1 and p−1 + q−1 = 1, then for α > 0

(62)
∣∣I2∣∣ ≤ ς(g(a2), g(a1))

×

{
p
√
A rq

√
((k ◦ f ◦ g−1)′(g(a1)))

rq
Jr
1,r + ((k ◦ f ◦ g−1)′(g(a2)))

rq
Jr
2,r

+
p
√
B rq

√
((k ◦ f ◦ g−1)′(g(a1)))

rq
Gr

1,r + ((k ◦ f ◦ g−1)′(g(a2)))
rq

Gr
2,r

}
,

where A, B are defined as in Theorem 2 and J1,r, J2,r, G1,r, G2,r are defined
as in Theorem 6.

Proof. See Theorem 6 using Lemma 2. �

Remark 10. For r = 1 in Theorem 8, we get Theorem 4.

Theorem 9. Suppose P ⊆ R be an open invex subset and ς : P ×
P −→ R. Also, let g : [a1, a2] −→ [g(a1), g(a2)] be a continuous strictly
increasing function that is differentiable on (a1, a2)and h1, h2 : [0, 1] −→
[0,+∞) are continuous. Let f : P −→ (0,+∞) be a differentiable on P ◦

and (k◦f ◦g−1)′ ∈ L[g(a1), g(a1)+ς(g(a2), g(a1))], where ς(g(a2), g(a1)) > 0
and k : (0,+∞) −→ (0,+∞) a continuous function on (0,+∞) that is
strictly increasing on (0,+∞). If f ′q is k-composite-g−1-(r;h1, h2)-preinvex
function, 0 < r ≤ 1 and q ≥ 1, then for α > 0

(63)
∣∣I2∣∣ ≤ ς(g(a2), g(a1))

×

{
C1− 1

q rq

√
((k ◦ f ◦ g−1)′(g(a1)))

rq
Hr

1,r + ((k ◦ f ◦ g−1)′(g(a2)))
rq

Hr
2,r

+ D1− 1
q rq

√
((k ◦ f ◦ g−1)′(g(a1)))

rq
Mr

1,r + ((k ◦ f ◦ g−1)′(g(a2)))
rq

Mr
2,r

}
,

where C,D are defined as in Theorem 3 and H1,r, H2,r, M1,r, M2,r are
defined as in Theorem 7.

Proof. See Theorem 7 using Lemma 2. �
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Remark 11. For r = 1 in Theorem 9, we get Theorem 5.

Remark 12. Using Theorems 8 and 9, for different choices of function
g, for example g(t) = et, ln t,−1

t and tp where p > 0 and for different choices
of function k, for example k(t) = ln t and 1

t , we can get some Ostrowski
inequalities for k-composite preinvex functions using fractional integrals.
Also, for functions h1, h2 as we taked above, we can get some Ostrowski
inequalities for k-composite preinvex functions using fractional integrals.
For α = 1, we get some Ostrowski inequalities for k-composite preinvex
functions using classical integrals.
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