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1. Introduction

Integral and integro-differential equations are important in many appli-
cations of applied mathematics. Since the analytical solution of these equa-
tions is difficult to find, hence it is important to develop a numerical methods
to approach their solutions. Several numerical methods are used for that,
for example: meshless method [4], radial basis functions (RBFs) [5, 15], via
Bell polynomials [9], modification of hat functions (MHFs) [10], operational
matrix method [11], collocation method [12].

An important kind of integral and integro-differential equations is the
Volterra-Fredholm type arising in many physical and biological problems,
for instance: epidemic development in a population living in a habitat, also,
we can find this type of equations in the parabolic boundary value problems
[3, 8]. The mathematical theory of these problems is still under construction,
where we can mention the work of [2] and [19].

So far, we propose a general equations type, by considering the follow-
ing integro-differential nonlinear Volterra-Fredholm equation with a weakly
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singular kernels

u(t) = f(t) +

∫ t

a
p1(t− s)K1(t, s, u(s), u

′(s)) ds(1)

+

∫ b

a
p2(| t− s |)K2(t, s, u(s), u

′(s)) ds, t ∈ [a, b],

where, the unknown is u ∈ C1([a, b]) and f is a given function in the same
space.

Recently, in[7] the authors studied a Volterra type equation similar to
equation (1) with K2 = 0, and in [17] the authors studied a Fredholm type
equation similar to equation (1) for K1 = 0. Notice that the derivative of
the unknown u′ appear inside the integral so, we need to join the equation
(1) with another equation contains more information about the solution u,
so if we derive the both sides of equation (1) we get the following equation:

u′(t) = f ′(t) +

∫ t

a
p′1(t− s)K1(t, s, u(s), u

′(s)) ds(2)

+

∫ t

a
p1(t− s)

∂K1

∂t
(t, s, u(s), u′(s)) ds

+

∫ b

a
γ p′2(| t− s |)K2(t, s, u(s), u

′(s)) ds

+

∫ b

a
p2(| t− s |)∂K2

∂t
(t, s, u(s), u′(s)) ds.

Where γ represents the sign of (t− s) as follow:

γ = sign(t− s) =


1 t > s,
−1 t < s,
0 t = s.

We take into consideration from [7], that the singularity came from the
derivative of functions p1(s) and p2(s) as the following form:

(H1)

∥∥∥∥∥∥∥∥∥∥∥

(1) pm ∈ W 1,1(0, b− a), m = 1, 2,

(2) p1(0) = 0,

(3) lims→t p
′
1(t− s) = +∞,

(4) lims→0+ p′2(s) = +∞,

where the Banach space:

W 1,1(0, b− a) = {p ∈ L1(0, b− a), p′ ∈ L1(0, b− a)}



Solving a nonlinear Volterra-Fredholm . . . 157

is equipped with the norm:

∥p∥W 1,1(0,b−a) = ∥p∥L1(0,b−a) + ∥p′∥L1(0,b−a).

In this paper, firstly we investigate the existence and uniqueness of equa-
tion (1), then we develop an iterative scheme to find its approximate solu-
tion.

2. Analytical study

We suppose that Km,m = 1, 2, satisfy the following hypotheses:

(H2)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

(1) f ∈ C1([a, b],R),
∂Km

∂t
∈ C0([a, b]2 × R2), m = 1, 2.

(2)

∃A, B, Ā, B̄, C, D, C̄, D̄ > 0,
∀t, s ∈ [a, b], ∀x, y, x̄, ȳ ∈ R, such that :

|K1(t, s, x, y)−K1(t, s, x̄, ȳ)| ≤ A|x− y|+B|x̄− ȳ|,
|K2(t, s, x, y)−K2(t, s, x̄, ȳ)| ≤ C|x− y|+D|x̄− ȳ|,∣∣∣∣∂K1

∂t
(t, s, x, y)− ∂K1

∂t
(t, s, x̄, ȳ)

∣∣∣∣ ≤ Ā|x− y|+ B̄|x̄− ȳ|,∣∣∣∣∂K2

∂t
(t, s, x, y)− ∂K2

∂t
(t, s, x̄, ȳ)

∣∣∣∣ ≤ C̄|x− y|+ D̄|x̄− ȳ|.

Now, to prove the existence and uniqueness of the solution of (1), we
define for all f ∈ C1([a, b]) the functional Tf by:

∀t ∈ [a, b], Tf : C1([a, b]) −→ C1([a, b])

ξ 7−→ Tf (ξ)(t) = f(t) +

∫ t

a
p1(| t− s |)K1(t, s, u(s), u

′(s)) ds

+

∫ b

a
p2(| t− s |)K2(t, s, u(s), u

′(s)) ds.

For all ξ ∈ C1([a, b]) equipped with norm ∥ξ∥C1([a,b]) = ∥ξ∥∞ + ∥ξ′∥∞ such
functional Tf is continuous from C1([a, b]) into itself, because it is the sum
of three well defined operators (see [7]).

Theorem 1. According to hypotheses (H1), (H2) and if we suppose that
there exist ϱ > 0 such that, for all t ∈ [a, b]

max{A,B, Ā, B̄}
∫ b

a
|p1(t− s)| ds

+ max{C,D, C̄, D̄}
∫ b

a
|p2(| t− s |)| ds ≤ ϱ <

1

3
,

max{A,B}
∫ b

a

∣∣p′1(t− s)
∣∣ ds+max{C,D}

∫ b

a

∣∣p′2(| t− s |)
∣∣ ds ≤ ϱ <

1

3
,

then the solution u of (1) exists and unique in C1([a, b]).
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Proof. We apply the Banach fixed point theorem on the functional Tf

in the space C1([a, b]) equipped with the norm defined above.
For all t ∈ [a, b], we have:

|Tf (u1(t))− Tf (u2(t))|

≤
∫ t

a
|p1(t− s)||K1(t, s, u1(s), u

′
1(s))−K1(t, s, u2(s), u

′
2(s))| ds

+

∫ b

a
|p2(| t− s |)||K2(t, s, u1(s), u

′
1(s))−K2(t, s, u2(s), u

′
2(s))| ds

≤ A

∫ t

a
|p1(t− s)||u1(s)− u2(s)| ds+B

∫ t

a
|p1(t− s)||u′1(s)− u′2(s)| ds

+ C

∫ b

a
|p2(| t− s |)||u1(s)− u2(s)| ds

+ D

∫ b

a
|p2(| t− s |)||u′1(s)− u′2(s)| ds

≤ A

∫ t

a
|p1(t− s)| ds∥u1 − u2∥∞ +B

∫ t

a
|p1(t− s)| ds∥u′1 − u′2∥∞

+ C

∫ b

a
|p2(| t− s |)| ds∥u1 − u2∥∞ +D

∫ b

a
|p2(|t− s|)| ds∥u′1 − u′2∥∞

≤
(
max{A,B, Ā, B̄}

∫ b

a
|p1(t− s)| ds

+ max{C,D, C̄, D̄}
∫ b

a
|p2(|t− s|)| ds

)
∥u1 − u2∥C1([a,b]),

then

(3) ∥Tf (u1)− Tf (u2)∥∞ ≤ ϱ ∥u1 − u2∥C1([a,b]).

In the same way, we get

||T ′
f (u1(t))− T ′

f (u2(t))||

≤
(
max{A,B}

∫ b

a

∣∣p′1(t− s)
∣∣ ds+max{A,B, Ā, B̄}

∫ b

a
|p1(t− s)| ds

+ max{C,D}
∫ b

a

∣∣p′2(| t− s |)
∣∣ ds

+ max{C,D, C̄, D̄}
∫ b

a
|p2(| t− s |)| ds

)
∥u1 − u2∥C1([a,b]),

then

(4) ∥T ′
f (u1)− T ′

f (u2)∥∞ ≤ 2ϱ∥u1 − u2∥C1([a,b]).
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Therefore, from (3) and (4) we deduce that

∥Tf (u1)− Tf (u2)∥C1([a,b]) ≤ 3ϱ∥u1 − u2∥C1([a,b]).

Hence the functional Tf has a one fixed point, which conclude the proof of
the theorem. �

3. Numerical results

In general, to solve the equations (1) and (2), there are many numerical
methods which based on the construction of a nonlinear algebraic system
according to the exact equations. In our paper, we interest on the method
described in [18] to study the following nonlinear Volterra-Fredholm integral
equation defined by:

x(t) = f(t) + λ1

∫ t

a
K1(t, s, x(s)) ds+ λ2

∫ b

a
K2(t, s, x(s)) ds, a ≤ t ≤ b,

with λ1, λ1 ∈ R, K1,K2 ∈ C1([a, b]). The method based on the transforma-
tion of the equation into a discretized form using Newton-Cotes integration
formula, then, with some conditions authors proved that the solution of the
discretized form in conjunction with an iterative scheme converges to the
exact solution.

Throughout this section, following the idea mentioned above, we give an
iterative scheme to approach the solution of our equations (1) and (2), wish
is more difficult due to the derivative and weakly singularity of some terms.

First; let N ∈ N∗, consider the equidistance partition ∆N by:

∆N =

{
ti = a+ ih, h =

b− a

N
, i = 0 · · ·N

}
.

For any partition ∆N , if we denote u(ti) = ui, u′(ti) = u′i, f(ti) = fi,
f ′(ti) = f ′

i and for all i = 0 · · ·N , then according to equations (1) and (2),
we can write:

ui = fi +

∫ ti

a
p1(ti − s)K1(ti, s, u(s), u

′(s)) ds(5)

+

∫ b

a
p(|ti − s|)K2(ti, s, u(s), u

′(s)) ds,

u′i = f ′
i +

∫ ti

a
p′1(ti − s)K1(ti, s, u(s), u

′(s)) ds(6)

+

∫ ti

a
p1(ti − s)

∂K1

∂t
(ti, s, u(s), u

′(s)) ds
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+

∫ b

a
γi p

′
2(| ti − s |)K2(ti, s, u(s), u

′(s)) ds

+

∫ b

a
p2(| ti − s |)∂K2

∂t
(ti, s, u(s), u

′(s)) ds.

Where γi = sign(ti−s). In our case, as the functions p1(s), p2(s) satisfy the
hypothesis (H1), so to approach the integral terms of (5) and (6), we use the
product integration method (see [1, 16]), the concept of this method is only

approximate the well-behaved part Km and
∂Km

∂t
for m = 1, 2 on ∆N using

the piecewise linear functions in every subinterval [tj , tj+1], j = 0 · · ·N , then
we obtain:

Km(ti, s, u(s), u
′(s)) ≃

(
s− tj
h

)
Km(ti, tj+1, uj+1, u

′
j+1)

+

(
tj+1 − s

h

)
Km(ti, tj , uj , u

′
j), s ∈ [tj , tj+1],

∂Km

∂t
(ti, s, u(s), u

′(s)) ≃
(
s− tj
h

)
∂Km

∂t
(ti, tj+1, uj+1, u

′
j+1)

+

(
tj+1 − s

h

)
∂Km

∂t
(ti, tj , uj , u

′
j), s ∈ [tj , tj+1].

Then, for all i = 0 · · ·N , equations (5) and (6) can be written as follow:

(7) ui = fi +
i∑

j=0

αjK1(ti, tj , uj , u
′
j) +

N∑
j=0

αjK2(ti, tj , uj , u
′
j) +O1(h),

u′i = f ′
i +

i∑
j=0

βjK1(ti, tj , uj , u
′
j) + αj

∂K1

∂t
(ti, tj , uj , u

′
j)(8)

+
N∑
j=0

βjK2(ti, tj , uj , u
′
j) + αj

∂K2

∂t
(ti, tj , uj , u

′
j) +O2(h),

where, O1(h), O2(h) are the convergence orders of the product integration
rule and αj , βj , αj , βj are given by:

α0 =
1

h

∫ t1

a
(t1 − s)p1(ti − s) ds,

αj =
1

h

(∫ tj

tj−1

(s− tj−1)p1(ti − s) ds+

∫ tj+1

tj

(tj+1 − s)p1(ti − s) ds

)
,

j = 1 . . . i− 1,
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αi =
1

h

∫ ti

ti−1

(s− ti−1)p1(ti − s) ds,

β0 =
1

h

∫ t1

a
(t1 − s)γi p

′
1(ti − s) ds,

βj =
1

h

(∫ tj

tj−1

(s− tj−1)γi p
′
1(ti − s) ds+

∫ tj+1

tj

(tj+1 − s)γi p
′
1(ti − s) ds

)
,

j = 1 . . . i− 1,

βi =
1

h

∫ ti

ti−1

(s− ti−1)γi p
′
1(ti − s) ds.

α0 =
1

h

∫ t1

a
(t1 − s)p2(|ti − s|) ds,

αj =
1

h

(∫ tj

tj−1

(s− tj−1)p2(|ti − s|) ds+
∫ tj+1

tj

(tj+1 − s)p2(|ti − s|) ds

)
,

j = 1 . . . N − 1,

αN =
1

h

∫ b

tN−1

(s− tN−1)p2(|ti − s|) ds,

β0 =
1

h

∫ t1

a
(t1 − s)γi p

′
2(|ti − s|) ds,

βj =
1

h

(∫ tj

tj−1

(s− tj−1)γi p
′
2(|ti − s|) ds+

∫ tj+1

tj

(tj+1 − s)γi p
′
2(|ti − s|) ds

)
,

j = 1 . . . N − 1,

βN =
1

h

∫ b

tN−1

(s− tN−1)γi p
′
2(|ti − s|) ds.

If we neglect the error terms O1(h) and O2(h) in (7) and (8), we obtain the
following nonlinear approached equations:

(9) vi = fi +

i∑
j=0

αjK1(ti, tj , vj , wj) +

N∑
j=0

αjK2(ti, tj , vj , wj) ,

wi = f ′
i +

i∑
j=0

βjK1(ti, tj , vj , wj) + αj
∂K1

∂t
(ti, tj , vj , wj)(10)

+

N∑
j=0

βjK2(ti, tj , vj , wj) + αj
∂K2

∂t
(ti, tj , vj , wj) ,

where, the couple (v, w) = (v0, . . . , vN , w0, . . . , wN ) is the solution of (9) and
(10) respectively.
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Before studying our system (9) and (10), we mention that our numerical
process is clear, simple and easy to structure. In addition, in spite of we al-
ready injected it with another iterative scheme presented below, the process
remains rapid in the execution. On the other hand, our scheme remains very
effective, because we don’t need to add of another conditions to confirm its
convergence, but we have taken the same analytical conditions proposed in
the first.

3.1. System study

Theorem 2. The system (9)-(10) has a unique solution, for 0 < ϱ < 1
3 .

Proof. In order to facilitate the formulas, we use a functional de-
noted by Ψ(V ) to equip the system (9)-(10) as V = Ψ(V ), where, V =
(v0, . . . , vN , w0, . . . , wN ) is the unknown vector in R2N+2, withe the following
norm:

∥V ∥R2N+2 = max
0≤i≤N

{|vi|}+ max
0≤i≤N

{|wi|}.

Directly, it is clear that:

|Ψ(V )−Ψ(V̄ )| ≤ max{A,B}
∫ ti

a
|p1(ti − s)| ds∥V − V̄ ∥R2N+2

+ max{C,D}
∫ b

a
|p2(|ti − s|)| ds∥V − V̄ ∥R2N+2 .

+

(
max{A,B,A,B}

∫ ti

a
|p1(ti − s)|

+ max{A,B}
∫ b

a
|p′1(ti − s)| ds

)
∥V − V̄ ∥R2N+2 .

+

(
max{C,D,C,D}

∫ ti

a
|p2(|ti − s|)|

+ max{C,D}
∫ ti

a
|p′2(|ti − s|)| ds

)
∥V − V̄ ∥R2N+2 .

Finally

∥Ψ(V )−Ψ(V̄ )∥R2N+2 ≤ 3ϱ∥V − V̄ ∥R2N+2 ,

With Banach fixed point theorem, we obtain the result. �

3.2. Convergence analysis

Now, we are going to show that (v, w) converges to (u, u′) when h is small
enough.
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Proposition 1. Under the hypotheses (H1), (H2) and for 0 < ϱ < 1
3 ,

we have:

∥u− v∥∞ + ∥u′ − w∥∞ ≤ O1(h) +O2(h)

1− 3ϱ
.

Proof. First, we can see that there exists q, r ∈ {0 . . . N} such that:

∥u− v∥∞ + ∥u′ − w∥∞ = |uq − vq|+ |u′r − wr|,

thus we have:

|uq − vq|+ |u′r − wr|

≤
i∑

j=0

|αj ||K1(tq, tj , uj , u
′
j)−K1(tq, tj , vj , wj)|

+ |βj ||K1(tr, tj , uj , u
′
j)−K1(tr, tj , vj , wj)|

+ |αj |
∣∣∣∣∂K1

∂t
(tr, tj , uj , u

′
j)−

∂K1

∂t
(tr, tj , vj , wj)

∣∣∣∣+O1(h)

+

N∑
j=0

|αj ||K2(tq, tj , uj , u
′
j)−K2(tq, tj , vj , wj)|

+ |βj ||K2(tr, tj , uj , u
′
j)−K2(tr, tj , vj , wj)|

+ |αj |
∣∣∣∣∂K2

∂t
(tr, tj , uj , u

′
j)−

∂K2

∂t
(tr, tj , vj , wj)

∣∣∣∣+O2(h).

According hypothesis (H2) we obtain

|uq − vq|+ |u′r − wr|

≤
i∑

j=0

(|αj |+ |βj |)(A|uj − vj |+B|u′j − wj |)

+ |αj |(Ā|uj − vj |+ B̄|u′j − wj |)

+
N∑
j=0

(|αj |+ |βj |)(C|uj − vj |+D|u′j − wj |)

+ |αj |(C̄|uj − vj |+ D̄|u′j − wj |) +O1(h) +O2(h).

Therefore

|uq − vq|+ |u′r − wr|

≤
{
max{A,B}

(∫ tq

a
|p1(tq − s)| ds+

∫ tq

a

∣∣p′1(tq − s)
∣∣ ds)

+ max{Ā, B̄}
∫ tr

a
|p1(tr − s)| ds

}
(|uq − vq|+ |u′r − wr|)
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+

{
max{C,D}

(∫ b

a
|p2(|tq − s|)| ds+

∫ b

a

∣∣p′2(|tq − s|)
∣∣ ds)

+ max{C̄, D̄}
∫ b

a
|p(|tr − s|)| ds

}
(|uq − vq|+ |u′r − wr|)

+ O1(h) +O2(h),

≤ 3ϱ(|uq − vq|+ |u′r − wr|) +O1(h) +O2(h).

Which implies that

∥u− v∥∞ + ∥u′ − w∥∞ ≤ O1(h) +O2(h)

1− 3ϱ
.

Finally, if h converges to 0, then (v, w) converges to (u, u′). �

In practice, it is clear that, the solution (v, w), can not be found ex-
actly. For that we need to approach them using the iterative scheme of the
successive approximation method defined by the formula: for all i = 0 . . . N ,

(11) vk+1
i = fi +

i∑
j=0

αjK1(ti, tj , v
k
j , w

k
j ) +

N∑
j=0

αjK2(ti, tj , v
k
j , w

k
j ),

wk+1
i = f ′

i +

i∑
j=0

βjK1(ti, tj , v
k
j , w

k
j ) + αj

∂K1

∂t
(ti, tj , v

k
j , w

k
j )(12)

+
N∑
j=0

βjK2(ti, tj , v
k
j , w

k
j ) + αj

∂K2

∂t
(ti, tj , v

k
j , w

k
j ).

In the next theorem we will prove that the iterative solution

(vk+1, wk+1) = (vk+1
0 , . . . , vk+1

N , wk+1
0 , . . . , wk+1

N )

of (11) and (12) successively converges to (v, w) when k → ∞.

Theorem 3. Under the assumptions (H1), (H2) and for any arbitrary
initial vector (v0, w0), we have:

∥vk+1 − v∥∞ + ∥wk+1 − w∥∞ ≤ (3ϱ)k+1(∥v0 − v∥∞ + ∥w0 − w∥∞).

Proof. By using (9), (10), (11) and (12) we have for all i = 0 · · ·N :

vk+1
i − vi =

i∑
j=0

αj(K1(ti, tj , v
k
j , w

k
j )−K1(ti, tj , vj , wj))
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+

N∑
j=0

αj(K2(ti, tj , v
k
j , w

k
j )−K2(ti, tj , vj , wj)),

wk+1
i − wi =

i∑
j=0

βj(K1(ti, tj , v
k
j , w

k
j )−K1(ti, tj , vj , wj))

+ αj(
∂K1

∂t
(tr, tj , v

k
j , w

k
j )−

∂K1

∂t
(tr, tj , vj , wj))

+
N∑
j=0

βj(K2(ti, tj , v
k
j , w

k
j )−K2(ti, tj , vj , wj))

+ αj(
∂K2

∂t
(tr, tj , v

k
j , w

k
j )−

∂K2

∂t
(tr, tj , vj , wj)).

In the same manner that’s applied in the previous proposition, we obtain
directly

∥vk+1 − v∥∞ + ∥wk+1 − w∥∞ ≤ 3ϱ(∥vk − v∥∞ + ∥wk − w∥∞).

By induction, we get

∥vk+1 − v∥∞ + ∥wk+1 − w∥∞ ≤ (3ϱ)k+1(∥v0 − v∥∞ + ∥w0 − w∥∞).

Since 0 < ϱ < 1
3 , we have ∥vk+1 − v∥∞ + ∥wk+1 − w∥∞ vanishes when

k → ∞. �

4. Numerical examples

In the following examples we apply our numerical processes to calculate
vk+1 and wk+1 according schemes (11) and (12) successively, where the
arbitrary initial vector v0 = w0 = 0 and the stopping criterion on the
parameter k is taken as:

|vk+1 − vk|+ |wk+1 − wk| ≤ 10−7.

We denote that the error function EN computed using our numerical method
is given by:

EN = max
0≤i≤N

{|u(ti)− vk+1
i |+ |u′(ti)− wk+1

i |}.

We mention that numerical results are obtained by using Matlab com-
putation software, with a computer of type Intel Core i5 Duo processor 2.6
GHz and 4 GB RAM.
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Example 1. Consider the following integro-differential equation

u(t) =
1

4

∫ 1

0

√
|t− s| cos

(
e2s + arccos

(
s+ t

3

)
+ u(s)− u′(s)

)
ds

+
1

2

∫ t

0

√
(t− s) sin

(
e2s + arcsin

(
t− s

5

)
+ u(s)− u′(s)

)
ds

+ e2t − (7t+ 3)(1− t)3/2

90
− 53t5/2

450
, t ∈ [0, 1].

The exact solution is u(t) = e2t.

Table 1. Numerical Results of (1).

N EN

10 3.03E-3
50 3.00E-4
100 1.08E-4
200 3.92E-5
500 1.01E-5
1000 3.60E-6

Example 2. Consider the second equation

u(t) =
1

20

∫ 1

0

√
|t− s| cos

(
1− s+ arccos

(
s+ t

3

)
+ u(s)− u′(s)

)
ds

+

∫ t

0

√
(t− s)

ts2(1 + e−s + e−1)

1 + e−u(s) + e−u′(s)
ds

+ t− (7t+ 3)(1− t)3/2 + 7t5/2

450
− 16t9/2

105
, t ∈ [0, 1].

The exact solution is u(t) = t.

Table 2. Numerical Results of (2).

N EN

10 1.30E-2
50 1.28E-3
100 4.61E-4
200 1.66E-4
500 4.28E-5
1000 1.52E-5
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Table 1 and 2 shows us that the error function EN converges to zero
when N increase, that confirms the convergence of our method.

5. Conclusion

We have introduced a coherent numerical method for approximating a
nonlinear weakly singular Volterra-Fredholm integro-differential equation,
preserving the same condition that occurs in analytical study. As future
work, we will apply other iterative schemes with suitable conditions to im-
prove the convergence of the approached solutions.
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