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Abstract. In this paper, we investigate the uniqueness and value
distribution of q-shift difference differential polynomials of entire
and meromorphic functions with zero order and obtain some re-
sults which improve and generalizes the previous results of Harina
P. Waghamore and Sangeetha Anand [1].
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1. Introduction and main results

In this article, we use some basic results and symbols of Nevanlinna’s
value distribution theory of meromorphic functions in C such as the first
and second main theorems, and the common notations such as the char-
acteristic function T (r, f), the proximity function m(r, f) and the counting
functions N(r, f) (with multiplicities) and N(r, f) (without multiplicities);
S(r, f) denotes any quantity satisfying S(r, f) = o(T (r, f)) as r → ∞ except
possibly on a set of finite Lebesgue measure, not necessarily the same at each
occurence.

Let f and g be two non-constant meromorphic functions defined in the
open complex plane C. If for some a ∈ C ∪ {∞}, f − a and g − a have
the same set of zeros with the same multiplicities, we say that f and g
share the value a CM (counting multiplicities), and if we do not consider
the multiplicities then f and g are said to share the value a IM (ignoring
multiplicities).

Definition 1. Linear differential polynomial is defined as

L(f) =
k∑

i=0

bi(z)f
(i)(z),
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where b1(z), b2(z), ..., bk(z) are small functions of f(z).

In 2011, Liu et al. [2] considered uniqueness of difference polynomials
of meromorphic functions, corresponding to uniqueness theorems of mero-
morphic functions sharing values (see, e.g.,[5]) and obtained the following
results.

Theorem A. Let f(z) and g(z) be two transcendental meromorphic func-
tions with finite order. Suppose that c is a non-zero complex constant and
n is an integer. If n ≥ 14 and fn(z)f(z+ c) and gn(z)g(z+ c) share 1 CM,
then f(z) ≡ tg(z) or f(z)g(z) = t, where tn+1 = 1.

Theorem B. Under the conditions of Theorem A, if n ≥ 26 and fn(z)f(z
+c) and gn(z)g(z+ c) share 1 IM, then f(z) ≡ tg(z) or f(z)g(z) = t, where
tn+1 = 1.

In 2013, Liu et al. [4], considered the case of q-shift difference polynomials
and extended the Theorem A as follows:

Theorem C. Let f(z) and g(z) be two transcendental meromorphic
functions with ρ(f) = ρ(g) = 0. Suppose that q and c are two non-zero
complex constants and n is an integer . If n ≥ 14 and fn(z)f(qz + c)
and gn(z)g(qz + c) share 1 CM, then f(z) ≡ tg(z) or f(z)g(z) = t, where
tn+1 = 1.

Theorem D.Under the conditions of Theorem C, if n ≥ 26 and fn(z)f(qz
+c) and gn(z)g(qz+c) share 1 IM, then f(z) ≡ tg(z) or f(z)g(z) = t, where
tn+1 = 1.

Theorem E. Let f(z) and g(z) be two transcendental entire functions
with ρ(f) = ρ(g) = 0 , let q and c be two non-zero complex constants, let
P (z) = anz

n + an−1z
n−1 + ... + a1z + a0 be a non-zero polynomial, where

an(̸= 0), an−1, ..., a0, are complex constants and k denotes the number of the
distinct zero of P (z). If n > 2k+1 and P (f(z))f(qz+c) and P (g(z))g(qz+c)
share 1 CM, then one of the following results holds:

a). f(z) ≡ tg(z) for a constant t such that td = 1, where
d = GCD{λ0, λ1, ..., λn} and

λj =

{
n+ 1, aj = 0,

j + 1, aj ̸= 0,

b). f(z) and g(z) satisfy the algebraic equation R(f(z), g(z)) = 0, where

R(w1, w2) = P (w1)w1(qz + c)− P (w2)w2(qz + c).

In 2016, Harina P. Waghamore and Sangeetha Anand [1] investigated the
value distribution for q-shift polynomials of transcendental meromorphic and
entire functions with zero order and obtained the following results.



Some results on uniqueness and value . . . 89

Theorem F. Let f(z) and g(z) be two transcendental meromorphic func-
tions with ρ(f) = ρ(g) = 0. Let q and c be two non-zero complex constants,
n an integer and Pm(z) = amzm+am−1z

m−1+ ...+a1z+a0. If n ≥ 5m+19
and fn(z)Pm(f(qz+ c))f

′
(z) and gn(z)Pm(g(qz+ c))g

′
(z) share 1 CM, then

f(z) ≡ tg(z) or f(z)g(z) = t, where td = 1, d = GCD(n + m + 1, n +
m, ..., n+m+ 1− i, ..., n+ 1),am−i ̸= 0, for some i = 0, 1, ...m.

Theorem G. Under the conditions of Theorem F, if n ≥ 11m + 31,
fn(z)Pm(f(qz+ c))f

′
(z) and gn(z)Pm(g(qz+ c))g

′
(z) share 1 IM, then con-

clusion of Theorem F still holds.

Theorem H. Let f(z) and g(z) be two transcendental entire functions
with ρ(f) = ρ(g) = 0, q and c are two non-zero complex constants and k de-
note the number of distinct zeros of Pm(z). If m > n+2k+4, fn(z)Pm(f(qz+
c))f

′
(z) and gn(z)Pm(g(qz+ c))g

′
(z) share 1 CM, then one of the following

results holds:
a). f(z) ≡ tg(z) for a constant t such that td = 1, where

d = GCD(n+m+ 1, n+m, ..., n+m+ 1− i, ..., n+ 1).

am−i ̸= 0, for some i = 0, 1, ...,m.

b). f(z) and g(z) satisfy the algebraic equation R(f, g) ≡ 0 where

R(w1, w2) = wn+1
1

[
amwm

1

n+m+ 1
+

am−1w
m−1
1

n+m
+ ...+

a0
n+ 1

]
− wn+1

2

[
amwm

2

n+m+ 1
+

am−1w
m−1
2

n+m
+ ...+

a0
n+ 1

]
.

By considering Definition 1, we obtain results on the uniqueness and value
distribution of q-shift difference differential polynomials of transcendental
entire and meromorphic functions of the form fn(z)Pm(f(qz + c))L(f) and
gn(z)Pm(g(qz + c))L(g). Our results improve and generalize the results due
to [1].

Theorem 1. Let f(z) and g(z) be two transcendental meromorphic
functions with ρ(f) = ρ(g) = 0. Let q and c be two non-zero complex
constants, n an integer and Pm(z) = amzm + am−1z

m−1 + ... + a1z + a0.
If n ≥ 3m + 5k + 14 and fn(z)Pm(f(qz + c))L(f) and gn(z)Pm(g(qz +
c))L(g) share 1 CM, then f(z) ≡ tg(z) or f(z)g(z) = t, where td = 1,
d = GCD({n+m,n+m− 1, ..., n+m− i, ..., n}, {n+m+ 1, n+m, ...,
n+m+ 1− i, ..., n+ 1},..., {n+m+ k, n+m+ k − 1, ..., n+m+ k − i, ,
..., n+ k}), am−i ̸= 0, for some i = 0, 1, ...,m.

Theorem 2. Under the conditions of Theorem 1, if n ≥ 9m + 11k +
20, fn(z)Pm(f(qz + c))L(f) and gn(z)Pm(g(qz + c))L(g) share 1 IM, then
conclusion of Theorem 1 still holds.
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Theorem 3. Let f(z) and g(z) be two transcendental entire functions
with ρ(f) = ρ(g) = 0, q and c are two non-zero complex constants and tm
denote the number of distinct zeros of Pm(z). If m > n + 2tm + k + 1,
fn(z)Pm(f(qz+ c))L(f) and gn(z)Pm(g(qz+ c))L(g) share 1 CM, then one
of the following results holds:

a). f(z) ≡ tg(z) for a constant t such that td = 1, where

d = GCD({n+m+ 2, n+m+ 1, ..., n+m+ 2− i, ..., n+ 2},
{n+m+ 1, ..., n+m, ..., n+m+ 1− i, ..., n+ 1}, ...,
{n+m+ k − 1, n+m+ k − 2, ..., n+m+ k − i, ..., n+ k − 1}).

am−i ̸= 0, for some i = 0, 1, ...,m.

b). f(z) and g(z) satisfy the algebraic equation R(f, g) ≡ 0 where

R(w1, w2) = wn+2
1

[
amb0w

m
1

n+m+ 2
+ ...+

a0b0
n+ 2

]
+ wn+1

1

[
amb1w

m
1

n+m+ 1
+ ...+

a0b1
n+ 1

]
+ ...

+ wn+k−1
1

[
ambkw

m
1 (k − 1)

n+m+ k − 1
+ ...+

a0bk(k − 1)

n+ k − 1

]
−

{
wn+2
2

[
amb0w

m
2

n+m+ 2
+ ...+

a0b0
n+ 2

]
+ wn+1

2

[
amb1w

m
2

n+m+ 1
+ ...+

a0b1
n+ 1

]
+ ...

+ wn+k−1
2

[
ambkw

m
2 (k − 1)

n+m+ k − 1
+ ...+

a0bk(k − 1)

n+ k − 1

]}
.

Remark 1. For i = 0, 1, .., k, if bi(z) = 0 for i ̸= 1 and b1(z) = 1 in L(f)
of Theorems 1, 2 and 3, then Theorems 1, 2 and 3 reduces to Theorems F,G
and H.

Remark 2. If k = 1 in Theorems 1 and 2, then Theorems 1 and 2
improve and generalize Theorems F and G.

Remark 3. If k = 1 and tm = k in Theorem 3, then Theorem 3 improve
and generalize Theorem H.

The following example shows that the conditions in Theorem 1 cannot
be removed.

Example 1. Let f(z) = sin z,g(z) = cos z, q = 1, k = 0, c = 2π,
n = 17 and m = 1. Hence we have n ≥ 17 and fn(z)Pm(f(qz + c))L(f) =
gn(z)Pm(g(qz+c))L(g). Therefore fn(z)Pm(f(qz+c))L(f) and gn(z)Pm(g(qz+
c))L(g) share 1 CM. Clearly, we get f = tg.
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Example 2. Let f(z) = ez, g(z) = −ez, q = 1, k = 3, c = 1, n = 32
and m = 1. Hence we have n > 31. Here L(f) = f + f (1) + f (2) +
f (3) = 4ez, L(g) = g + g(1) + g(2) + g(3) = −4ez and fn(z)Pm(f(qz +
c))L(f) = gn(z)Pm(g(qz + c))L(g). Therefore fn(z)Pm(f(qz + c))L(f) and
gn(z)Pm(g(qz+ c))L(g) share 1 CM. Then we get f = tg, where t is dth root
of unity.

Example 3. Let f(z) = ez, g(z) = e−z, q = 1, k = 4, c = 1, n = 37
and m = 1. Hence we have n > 36. Here L(f) = f (4) + f (3) − f (2) − f (1) −
f = −ez, L(g) = g(4) + g(3) − g(2) − g(1) − g = −e−z and fn(z)Pm(f(qz +
c))L(f) = gn(z)Pm(g(qz + c))L(g). Therefore fn(z)Pm(f(qz + c))L(f) and
gn(z)Pm(g(qz + c))L(g) share 1 CM. Then we get f(z)g(z) = t, where t is
dth root of unity.

2. Some lemmas

For the proof of our main results, we need the following lemmas.

Lemma 1 ([8]). Let f(z) be a non-constant meromorphic function and
an(̸= 0), an−1, ..., a0 be small functions with respect to f(z). Then

T (r, anf
n + an−1f

n−1 + ...+ a1f + a0) = nT (r, f) + S(r, f)

Lemma 2 ([6]). Let f(z) be a transcendental meromorphic function of
finite logarithmic order and q, η be two non-zero complex constants. Then
we have

T (r, f(qz + η)) = T (r, f) + S(r, f),

N(r, f(qz + η)) = N(r, f) + S(r, f),

N

(
r,

1

f(qz + η)

)
= N(r,

1

f
) + S(r, f).

Lemma 3 ([8]). Let f(z) be a non-constant meromorphic function in
the complex plane. Then

1. m
(
r, L(f)f

)
= S(r, f).

2. T (r, L(f)) ≤ T (r, f) + kN(r, f) + S(r, f).

Lemma 4 ([3]). Let f(z) be a non-constant meromorphic function and
p, k be positive integers. Then
1. T (r, fk) ≤ T (r, f) + kN(r, f) + S(r, f)

2. Np

(
r, 1

f (k)

)
≤ T (r, fk)− T (r, f) +Np+k

(
r, 1

f

)
+ S(r, f)

3. Np

(
r, 1

f (k)

)
≤ Np+k

(
r, 1

f

)
+ kN(r, f) + S(r, f)

4. N
(
r, 1

f (k)

)
≤ N

(
r, 1

f

)
+ kN(r, f) + S(r, f).
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Lemma 5 ([7]). Let F (z) and G(z) be two non-constant meromorphic
functions. If F (z) and G(z) share 1 CM, then one of the following three
cases holds:

1. T (r, F ) + T (r,G) ≤ 2

{
N2

(
r,

1

F

)
+N2(r, F )N2

(
r,

1

G

)
+N2(r,G)

}
+ S(r, F ) + S(r,G),

2. F ≡ G,

3. FG ≡ 1.

Lemma 6 ([5]). Let F and G be two non-constant meromorphic func-
tions. Let F and G share 1 IM and

H =
F

′′

F ′ − 2
F

′

F − 1
− G

′′

G′ + 2
G

′

G− 1

If H ̸≡ 0, then

T (r, F ) + T (r,G) ≤ 2

(
N2

(
r,

1

F

)
+N2(r, F ) +N2

(
r,

1

G

)
+N2(r,G)

)
+ 3

(
N(r, F ) +N(r,G) +N

(
r,

1

F

)
+N

(
r,

1

G

))
+ S(r, F ) + S(r,G).

Lemma 7 ([4]). Let f(z) be an entire function with ρ(f) = 0, let c and q
be two fixed non-zero complex constants, let P (z) = anz

n + an−1z
n−1 + ...+

a1z + a0 be a non-zero polynomial , where an(̸= 0), an−1, ..., a0, are complex
constants, then

T (r, P (f(z))f(qz + c)) = T (r, P (f(z))f(z)) + S(r, f).

3. Proof of Theorem 1

Let F (z) = fn(z)Pm(f(qz+c))L(f) and G(z) = gn(z)Pm(g(qz+c))L(g).
Since f(z) is a transcendental meromorphic function of zero order, by

Lemma 1, Lemma 2 and Lemma 3, we get

T (r, F ) ≤ T (r, fn(z)) + T (r, Pm(f(qz + c))) + T (r, L(f))(1)

≤ (n+m+ k + 1)T (r, f) + S(r, f)

On the otherhand from Lemma 1, Lemma 2, Lemma 4 and Lemma 3, we
deduce that

(n+m)T (r, f) ≤ T (r, fn(z)Pm(f(qz + c)))

≤ T

(
r,

F

L(f)

)
+ S(r, f)

≤ T (r, F ) + (k + 1)T (r, f) + S(r, f).
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Therefore

(2) (n+m− k − 1)T (r, f) + S(r, f) ≤ T (r, F ).

From (1) and (2), we obtain

(n+m− k − 1)T (r, f) + S(r, f) ≤ T (r, F )(3)

≤ (n+m+ k + 1)T (r, f) + S(r, f).

Similarly, we have

(n+m− k − 1)T (r, g) + S(r, g) ≤ T (r,G)(4)

≤ (n+m+ k + 1)T (r, g) + S(r, g).

Also, we have

N2

(
r,

1

F

)
≤ 2N̄

(
r,

1

f

)
+N

(
r,

1

Pm(f(qz + c))

)
(5)

+ N

(
r,

1

L(f)

)
+ S(r, f)

≤ (k +m+ 3)T (r, f) + S(r, f)

Similarly,

(6) N2

(
r,

1

G

)
≤ (k +m+ 3)T (r, g) + S(r, g),

(7) N2(r, F ) ≤ (k +m+ 3)T (r, f) + S(r, f),

(8) N2(r,G) ≤ (k +m+ 3)T (r, g) + S(r, g).

Since F and G share 1 CM, let us assume (1) of Lemma 5 holds and hence

T (r, F ) + T (r,G) ≤ 2

[
N2

(
r,

1

F

)
+N2(r, F ) +N2

(
r,

1

G

)
+N2(r,G)

]
+ S(r, F ) + S(r,G).

Substituting (3)-(8), we obtain

T (r, F ) + T (r,G) ≤ 2(2(k +m+ 3)(T (r, f) + T (r, g)))(9)

+ S(r, f) + S(r, g)

≤ (4k + 4m+ 12)(T (r, f) + T (r, g))

+S(r, f) + S(r, g).
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From (3), (4) and (9), we get

(n+m− k − 1− 4k − 4m− 12)(T (r, f) + T (r, g)) ≤ S(r, f) + S(r, g)

Therefore,

(10) (n− 3m− 5k − 13)(T (r, f) + T (r, g)) ≤ S(r, f) + S(r, g)

which is a contradiction, since n ≥ 3m + 5k + 14. Thus by Lemma 5, we
have F ≡ G or FG ≡ 1. If F ≡ G, that is,

fn(z)Pm(f(qz + c))L(f) ≡ gn(z)Pm(g(qz + c))L(g)

Set H(z) = f(z)/g(z). Suppose that H(z) is not a constant. Then, we
obtain

fn(z)Pm(f(qz + c))L(f)

gn(z)Pm(g(qz + c))L(g)
= 1

(11) Hn(z)Pm(H(qz + c))L(H) = 1

From Lemma 2 and (11), we get

nT (r,H) = T

(
r,

1

Pm(H(qz + c))L(H)

)
(12)

≤ T (r, Pm(H(qz + c))L(H)) + S(r,H)

≤ (k +m+ 1)T (r,H(z)) + S(r,H)

Hence, H(z) must be non-zero constant, since n ≥ 3m + 5k + 14. Set
H(z) = t. By (11), we have td = 1. Thus f(z) = tg(z), where

d = GCD({n+m,n+m− 1, ..., n+m− i, ..., n},
{n+m+ 1, n+m, ..., n+m+ 1− i, ..., n+ 1}, ...,
{n+m+ k, n+m+ k − 1, ..., n+m+ k − i, ..., n+ k} ,

am−i ̸= 0, for some i = 0, 1, ...,m. If FG ≡ 1, that is,

fn(z)Pm(f(qz + c))L(f).gn(z)Pm(g(qz + c))L(g) = 1

Let L(z) = f(z).g(z). Using similar method as above, we obtain that L(z)
must also be a non-zero constant. Thus we have fg = t, where td = 1,

d = GCD({n+m,n+m− 1, ..., n+m− i, ..., n},
{n+m+ 1, n+m, ..., n+m+ 1− i, ..., n+ 1}, ...,
{n+m+ k, n+m+ k − 1, ..., n+m+ k − i, ..., n+ k})

am−i ̸= 0 for some i = 0, 1, ...,m.
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4. Proof of Theorem 2

Let F (z) = fn(z)Pm(f(qz+c))L(f) and G(z) = gn(z)Pm(g(qz+c))L(g),
then F and G share 1 IM. If H ̸≡ 0 then by Lemma 6, we have

T (r, F ) + T (r,G) ≤ 2

(
N2

(
r,

1

F

)
+N2(r, F )(13)

+ N2

(
r,

1

G

)
+N2(r,G)

)
+ 3

(
N(r, F ) +N(r,G) +N

(
r,

1

F

)
+ N

(
r,

1

G

))
+ S(r, F ) + S(r,G).

By Lemma 2, we obtain

N(r, F (z)) = N(r, fn(z)Pm(f(qz + c)L(f)) + S(r, f)(14)

≤ (k +m+ 1)T (r, f) + S(r, f),

Similarly,

(15) N

(
r,

1

F (z)

)
≤ (k +m+ 1)T (r, f) + S(r, f),

(16) N(r,G(z)) ≤ (k +m+ 1)T (r, g) + S(r, g),

(17) N

(
r,

1

G(z)

)
≤ (k +m+ 1)T (r, g) + S(r, g).

Together Lemma 6 with (5)-(8) and (14)-(17), we have

T (r, F ) + T (r,G) ≤ 2(2(k +m+ 3))(T (r, f) + T (r, g))(18)

+ 3(2(k +m+ 1))(T (r, f) + T (r, g))

+ S(r, f) + S(r, g).

By (3), (4) and (18)

(n+m− k − 1)(T (r, f) + T (r, g))(19)

≤ (10k + 10m+ 18)(T (r, f) + T (r, g))+ S(r, f) + S(r, g)

which is impossible, since n ≥ 9m+ 11k + 20. Hence, we have H ≡ 0.
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By integrating H twice, we have

(20) F =
(b+ 1)G+ (a− b− 1)

bG+ (a− b)

which yields T (r, F ) = T (r,G) +O(1). From (3), (4), we obtain

(21) (n+m− k − 1)T (r, f) ≤ (n+m+ k + 1)T (r, g) + S(r, f) + S(r, g)

(22) (n+m− k − 1)T (r, g) ≤ (n+m+ k + 1)T (r, f) + S(r, f) + S(r, g).

Next, we will prove that F ≡ G or FG ≡ 1.

Case 1. (b ̸= 0,−1). If a− b− 1 ̸= 0, by (20), we obtain

(23) N

(
r,

1

F

)
= N

(
r,

1

G− (a− b− 1)/(b+ 1)

)
.

Combining the Nevanlinna second main theorem with Lemma 2, (3),(4) and
(22), we obtain

(n+m− k − 1)T (r, g) ≤ T (r,G) + S(r, g)(24)

≤ N

(
r,

1

G

)
+N(r,G) +N

(
r,

1

G− (a− b− 1)/(b+ 1)

)
+ S(r, g)

≤ N

(
r,

1

G

)
+N(r,G) +N

(
r,

1

F

)
+ S(r, g)

≤ N

(
r,
1

g

)
+N

(
r,

1

Pm(g(qz + c))

)
+N

(
r,

1

L(g)

)
+ N(r, g) +N(r, Pm(g(qz + c))) +N(r, L(g))

+ N

(
r,

1

f

)
+N

(
r,

1

Pm(f(qz + c))

)
+N

(
r,

1

L(f)

)
+ S(r, g)

≤ (3 + 2k +m)T (r, g) + (1 + k +m)T (r, f) + S(r, g)

By simple calculation, we get contradiction, since n ≥ 9m+11k+20. Hence
we obtain, a− b− 1 = 0, so

(25) F =
(b+ 1)G

bG+ 1

Using the similar method as above, we obtain

(n+m− k − 1)T (r, g) ≤ T (r,G) + S(r, g)

≤ N

(
r,

1

G

)
+N(r,G) +N

(
r,

1

G+ 1/b

)
+ S(r, g)

≤ N

(
r,

1

G

)
+N(r,G) +N

(
r,

1

F

)
+ S(r, g)

≤ (3 + 2k +m)T (r, g) + (1 + k +m)T (r, f) + S(r, g)
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which is impossible.

Case 2. If b = −1 and a = −1, then FG ≡ 1 follows trivially. Therefore,
consider b = −1 and a ̸= −1. By (20), we have

(26) F =
a

a+ 1−G
.

Similarly, as above we get contradiction.

Case 3. If b = 0, a = 1, then F ≡ G follows trivially. Therefore, consider
b = 0 and a ̸= 1. By (20), we have

(27) F =
G+ a− 1

a
.

Similarly, as above we get contradiction.

5. Proof of Theorem 3

Let f(z) and g(z) be two transcendental entire functions. Since fn(z)Pm(f(qz+
c))L(f) and gn(z)Pm(g(qz + c))L(g) share 1 CM, we have

(28)
fn(z)Pm(f(qz + c))L(f)− 1

gn(z)Pm(g(qz + c))L(g)− 1
= el(z)

where l(z) is an entire function, by ρ(f) = 0 and ρ(g) = 0, we have el(z) ≡ η
a constant. Rewriting (28),

(29) ηgn(z)Pm(g(qz + c))L(g) = fn(z)Pm(f(qz + c))L(f) + η − 1.

If η ̸= 1, by the first main theorem, the second main theorem and Lemma 2,
we have

T (r, fn(z)Pm(f(qz + c))L(f)) ≤ N(r, fn(z)Pm(f(qz + c))L(f))(30)

+ N

(
r,

1

fn(z)Pm(f(qz + c))L(f))

)
+ N

(
r,

1

fn(z)Pm(f(qz + c))L(f)− 1

)
+ S(r, F )

≤ N

(
r,

1

fn(z)

)
+

tm∑
j=1

N

(
r,

1

f(qz + c)− γj

)

+ N

(
r,

1

L(f)

)
+N

(
r,

1

G

)
+ S(r, f) + S(r, g)

≤ (n+ tm + k + 1)T (r, f) + (n+ tm + k + 1)T (r, g)

+ S(r, f) + S(r, g)
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By Lemma 7 and (30), we have

(n+m+ k + 1)T (r, f) = T (r, fn(z)Pm(f(qz + c))L(f))

≤ (n+ tm + k + 1)T (r, f)

+ (n+ tm + k + 1)T (r, g) + S(r, f) + S(r, g)

(31) (m− tm)T (r, f) ≤ (n+ tm + k + 1)T (r, g) + S(r, f) + S(r, g)

Similarly,

(32) (m− tm)T (r, g) ≤ (n+ tm + k + 1)T (r, f) + S(r, f) + S(r, g)

Equations (31) and (32) imply that

(33) (m− n− 2tm − k − 1)(T (r, f) + T (r, g)) ≤ S(r, f) + S(r, g)

which is impossible, since m > n+ 2tm + k + 1.
Hence we have η = 1. Rewriting (28),

(34) fn(z)Pm(f(qz + c))L(f) = gn(z)Pm(g(qz + c))L(g)

Set h(z) = f(z)/g(z)

Case 1. Suppose that h(z) is a constant. Integrating (34), we get

fn+2

[
amb0f

m(qz + c)

n+m+ 2
+

am−1b0f
m−1(qz + c)

n+m+ 1
+ ...+

a0b0
n+ 2

]
(35)

+ fn+1

[
amb1f

m(qz + c)

n+m+ 1
+

am−1b1f
m−1(qz + c)

n+m
+ ...+

a0b1
n+ 1

]
+ ...+ fn+k−1

[
ambkf

m(qz + c)(k − 1)

n+m+ k − 1

+
am−1bkf

m−1(qz + c)(k − 1)

n+m+ k − 2
+ ...+

a0bk(k − 1)

n+ k − 1

]
= gn+2

[
amb0g

m(qz + c)

n+m+ 2
+

am−1b0g
m−1(qz + c)

n+m+ 1
+ ...+

a0b0
n+ 2

]
+ gn+1

[
amb1g

m(qz + c)

n+m+ 1
+

am−1b1g
m−1(qz + c)

n+m
+ ...+

a0b1
n+ 1

]
+ ...+ gn+k−1

[
ambkg

m(qz + c)(k − 1)

n+m+ k − 1

+
am−1bkg

m−1(qz + c)(k − 1)

n+m+ k − 2
+ ...+

a0bk(k − 1)

n+ k − 1

]
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By substituting f = gh in (35), we obtain

gn+2hn+2

[
amb0g

m(qz + c)hm

n+m+ 2

+
am−1b0g

m−1(qz + c)hm−1

n+m+ 1
+ ...+

a0b0
n+ 2

]
+ gn+1hn+1

[
amb1g

m(qz + c)hm

n+m+ 1

+
am−1b1g

m−1(qz + c)hm−1

n+m
+ ...+

a0b0
n+ 1

]
+...+ gn+k−1hn+k−1

[
ambkg

m(qz + c)hm(k − 1)

n+m+ k − 1

+
am−1bkg

m−1(qz + c)hm−1(k − 1)

n+m+ k − 2
+ ...+

a0bk(k − 1)

n+ k − 1

]
= gn+2

[
amb0g

m(qz + c)

n+m+ 2
+

am−1b0g
m−1(qz + c)

n+m+ 1
+ ...+

a0b0
n+ 2

]
+ gn+1

[
amb1g

m(qz + c)

n+m+ 1
+

am−1b1g
m−1(qz + c)

n+m
+ ...+

a0b1
n+ 1

]
+...+ gn+k−1

[
ambkg

m(qz + c)(k − 1)

n+m+ k − 1

+
am−1bkg

m−1(qz + c)(k − 1)

n+m+ k − 2
+ ...+

a0bk(k − 1)

n+ k − 1

]
.

This implies

gn+2

[
amb0g

m(qz + c)

n+m+ 2
(hn+m+2 − 1)(36)

+
am−1b0g

m−1(qz + c)

n+m+ 1
(hn+m+1 − 1)

+ ...+
a0b0
n+ 2

(hn+2 − 1)

+
amb1g

m−1(qz + c)

n+m+ 1
(hn+m+1 − 1)

+
am−1b1g

m−2(qz + c)

n+m
(hn+m − 1)

+ ...+
a0b1g

−1(qz + c)

n+ 1
(hn+1 − 1)

+ ...+
ambkg

m+k−3(qz + c)

n+m+ k − 1
(hn+m+k−1 − 1)(k − 1)

+
am−1bk(k − 1)gm+k−4(qz + c)

n+m+ k − 2
(hn+m+k−2 − 1)



100 Harina P. Waghamore and Ramya Maligi

+ ...+
a0bk(k − 1)gk−3(qz + c)

n+ k − 1
(hn+k−1 − 1)

]
≡ 0

Since g is a transcendental entire function, we have gn+2(z) ̸= 0. Hence, we
obtain

amb0g
m(qz + c)

n+m+ 2
(hm+n+2 − 1) +

am−1b0g
m−1(qz + c)

n+m+ 1
(hn+m+1 − 1)(37)

+ ...+
a0b0
n+ 2

(hn+2 − 1) +
amb1g

m−1(qz + c)

n+m+ 1
(hn+m+1 − 1)

+
am−1b1g

m−2(qz + c)

n+m
(hn+m − 1) + ...+

a0b1g
−1(qz + c)

n+ 1
(hn+1 − 1)

+ ...+
ambkg

m+k−3(qz + c)

n+m+ k − 1
(hn+m+k−1 − 1)(k − 1)

+
am−1bk(k − 1)gm+k−4(qz + c)

n+m+ k − 2
(hn+m+k−2 − 1)

+ ...+
a0bk(k − 1)gk−3(qz + c)

n+ k − 1
(hn+k−1 − 1) ≡ 0

Equation (37) implies that hd = 1, where

d = GCD({n+m+ 2, n+m+ 1, ..., n+m+ 2− i, ..., n+ 2},
{n+m+ 1, ..., n+m, ..., n+m+ 1− i, ..., n+ 1}, ...,
{n+m+ k − 1, n+m+ k − 2, ..., n+m+ k − i, ..., n+ k − 1}),

am−i ̸= 0, for some i = 0, 1, ...,m.
Thus f = tg for a constant t, such that td = 1, where

d = GCD({n+m+ 2, n+m+ 1, ..., n+m+ 2− i, ..., n+ 2},
{n+m+ 1, ..., n+m, ..., n+m+ 1− i, ..., n+ 1}, ...,
{n+m+ k − 1, n+m+ k − 2, ..., n+m+ k − i, ..., n+ k − 1}),

am−i ̸= 0, for some i = 0, 1, ...,m.

Case 2. Suppose that h(z) is not a constant. Then by (37) f(z) and
g(z) satisfy the algebraic equation R(f, g) ≡ 0, where

R(w1, w2) = wn+2
1

[
amb0w

m
1

n+m+ 2
+ ...+

a0b0
n+ 2

]
+ wn+1

1

[
amb1w

m
1

n+m+ 1
+ ...+

a0b1
n+ 1

]
+ ...+ wn+k−1

1

[
ambkw

m
1

n+m+ k − 1
+ ...+

a0bk(k − 1)

n+ k − 1

]



Some results on uniqueness and value . . . 101

−
{
wn+2
2

[
amb0w

m
2

n+m+ 2
+ ...+

a0b0
n+ 2

]
+ wn+1

2

[
amb1w

m
2

n+m+ 1
+ ...+

a0b1
n+ 1

]
+ ...+ wn+k−1

2

[
ambkw

m
2

n+m+ k − 1
+ ...+

a0bk(k − 1)

n+ k − 1

]}

6. Open question

Question. Whether the Theorem 3. hold for Meromorphic functions?
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