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ABSTRACT. In the present paper, we introduce the notion of a gen-
eralized partial metric space which is an extension of the partial
metric space due to S. G. Matthews (Partial metric topology, Pa-
pers on general topology and applications, Ann. New York Acad.
Sci., 728 (1994), 183-197). We investigate some basic properties
of the generalized partial metric spaces and establish some new
fixed point theorems for linear and non-linear contraction on such
spaces.
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1. Introduction

The notion of a partial metric space was introduced by S.G. Matthews
[6] in 1994. The partial metric space is a generalization of the usual metric
space in which the self distance is no longer necessarily zero. Matthews
hit the idea of partial metric spaces while studying some problems related
to computer applications. So the classical theory of a fixed point can be
applied to solve some challenging problems occurring in computer sciences.
This notion is so fascinating that till now it has been one of the active
research areas to work on. Moreover, partial metric spaces have a wide
area of application in the field of fixed point theory and have been used
extensively for several generalizations of the Banach contraction principle
(see [1, 2, 3,4, 5,8,9, 10, 11] and references therein).

Our main motive is to further extend the partial metric spaces to their
more generalized form. In this paper, we introduce the notion of generalized
partial metric and generalized partial metric space (see Definition 2) which
significantly extend the suitable notions of Matthews [6]. Motivated by
the suitable results of ( [6], [8] and [10]), we prove some new fixed point
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theorems for linear and nonlinear generalized contractions. Moreover, we
also investigate some basic properties of generalized partial metric space and
give some examples to illustrate our main results.

2. A generalization of Matthews partial metric space

We begin with definition of partial metric space due to Matthews [6] .

Definition 1. (S.G. Matthews 1994). A functionp : X x X — [0, 00) is
called a partial metric if, for all x,y,z € X,

(a). x =y <= p(z,2) = p(z,y) = p(y,y),

(b). p(z,z) < plx,y),

(c). p(z,y) =ply,z),

(d). p(z,2) < p(z,y) +p(y, 2) — p(y, ).
The pair (X,p) is called a Matthews partial metric space. This notion has
turned out to be useful in the fized point theory (see for instance [1, 2, 3, 4,
5,7, 9, 10, 11)).

Now we propose the following definition:

Definition 2. Let X be a non-empty set and P: X x X x X — R be a
mapping which satisfy the following conditions for all x,y,z,a € X,

(7). =y <= P(x,z,y) =0 and P(y,y,x) =0,

(ii). P(z,z,y) >0,

(7i1). P(z,y,z) = P(z,y,x),

(iv). P(z,y,2) < P(x,y,a) + P(a,a,z).
In the sequel P and the ordered pair (X, P) are referred to, respectively, as
a generalized partial metric and a generalized partial metric space.

If we define P: X x X x X — R by

(1) P(z,y,2) = p(z,z) — p(y,9),

then P satisfies all the conditions of Definition 1. It is easy to verify that con-
ditions (¢) — (4i7) of Definition 2 imply the conditions (a)— (c) of Definition 1,
respectively. If we take a = y and P(z,y,z) := p(z,2) — p(y,y) in condi-
tion (iv) of Definition 2 then we get condition (d) of Definition 1. Thus
generalized partial metric and generalized partial metric space contain the
respective Matthews notions as special cases.

Let us note the following obvious

Remark 1. Condition (i77) is equivalent to the following
P(z,y,z) < P(z,y,x), for all z,y,z € X.

An immediate example of generalized partial metric space is given as below:
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Example 1. Let X = R. We consider the function P: X x X x X - R
given as follows

P(z,y,2) = |z + 2z = 2y| + |z — 2|

for all z,y,z € X. One can easily verify the properties (i) — (7ii) of gener-
alized partial metric space (X, P). For property (iv), we have

P(r,y,2) = |o+ 2 = 2y[ + [z — 2|
=|(z+a—-2y)+(z—a)|+|z—a+a—z|
<l|lzv+a—-2yl+|x—al+|a+z—2a|+ |a— 2|
= P(z,y,a) + P(a,a,z).

Hence the ordered pair (X, P) forms a generalized partial metric space.

Some other examples of a generalized partial metric space are given as fol-
lows:

(1). Let X = R™ and ||.|| a norm on X. Then P(z,y,2) = ||z + 2z — 2y|| +
lx — z|| is a generalized partial metric on X.

(2). Let X =R™ and ||.|| anorm on X. Then P(z,y,2) = ||lx —y| + ||y — ||
is a generalized partial metric on X.

(3). Let X be a non-empty set, and let d be an ordinary metric on X. Then
P(x,y,z) =d(z,y) + d(y, z) is a generalized partial metric on X.

(4). Let X = [0,00). Then P(x,y,z) = y — min{z,y, 2z} is a generalized
partial metric space on X.

(5). Let X = [0,00). Then P(z,y,z) = max{x,y,z} — min{z,y,z} is a
generalized partial metric space on X.

Definition 3. Let (X, P) be a generalized partial metric space. Then for
x € X,r >0, we define the ball Bp(x,r) and the closed ball Bp[z,r] with
center x and radius r as follows respectively:

Bp(z,r)={y € X : P(z,z,y) <r and P(y,y,x) <r}

and

Bplz,r]={y € X : P(x,z,y) <r and P(y,y,x) < r}.
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Example 2. Let X = R and P(z,y, 2) = |t —y|+ |y —z| be a generalized
partial metric space on R. Then the open ball of radius 1/2, centered at
x =1 is the open interval (1/2,3/2), as we have

Bp(1,1/2) ={y € R: P(y,y,1) <1/2 and P(1,1,y) < 1/2}
={yeR:|ly—y|+ly—1<1/2and |1 - 1|+ |1 —y| < 1/2}
={yeR:[1-yl<1/2}
={yeR:[y—1<1/2}
={yeR:1-1/2<y<1+1/2}
=(1/2,3/2).

Lemma 1. If (X, P) is the generalized partial metric space, then P(z,x,z) =
P(z,x,x), for all x,z € X.

Proof. This lemma follows directly from property (iii) of generalized
partial metric by taking x = y. |

Definition 4. Let (X, P) be a generalized partial metric space. A se-
quence (x,) in X is called a Cauchy sequence if P(xp,Zn,Tm) — 0 and
P(m, Tm,y ) — 0 as n,m — oo, that is for any € > 0, there exists ng € N
such that P(xy, Tp, Ty) < € and P(Ty,, Ty, Ty) < €, for each n,m > ng.

Definition 5. Let (X, P) be a generalized partial metric space. A se-
quence (zy,) in X converges to x if P(xy,xn,x) = 0 and P(z,z,x,) — 0 as
n — 00, that is for each € > 0, there exists ng € N such that P(xy,, xy,z) < €
and P(z,z,x,) < €, for each n,m > ny.

Definition 6. A generalized partial metric space (X, P) is said to be
complete if every Cauchy sequence is convergent.

Lemma 2. Let (X, P) be a generalized partial metric space. If the se-
quence (xy) in X converges to x, then x is unique.

Proof. Let (z,) converge to x and y. Then for each € > 0, there exist
ni,ng € N such that

n>ny = P(zy,2n, 1) < g N P(z,z,x,) < %
and . .
n2n2:>P($n7$nay)<§ A P(y7yyl'n)<§'

If ng = max{ni,ns2}, then for every n > ng and from property (iv) of a
generalized partial metric we get

P(z,z,y) < P(x,x,2,) + P(xn, 2n,y) < §+§:€_
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Hence P(z,z,y) = 0 and similarly P(y,y,z) =0so z =y. |

Lemma 3. In a generalized partial metric space every convergent se-
quence is a Cauchy sequence.

Proof. Assume that (X, P) is a generalized partial metric space and
(zn,) is a sequence from X which converges to z. Then for every ¢ > 0 there
exist k1, ko € N such that

n>k = P(xp,r,,1)< A Pr,z,x,) <

DN ™
DN | ™

and
€ €
m >ky = P(Tm,Tm, ) < 5 N Pz,z,xm) < 3

Setting ko = max{k, ko}, by property (iv) of generalized partial metric, we
get

P(£ﬂ7xn7xm) < P(ﬂjn;l‘ngx) +P(l‘,l’,ﬂ§‘m) < % + % — €.

Similarly
P(zpm, T, xn) < P(Tm, Tm, x) + Pz, z,2,) < % + % =e
[ |

Lemma 4. Let (X, P) be a generalized partial metric space. If there
exist sequences (x,) and (y,) such that lim x, = x and lim y, =y, then
n—oo n—oo

lim P(zp,Zn,yn) = P(x,z,y) and nh_)rglo P(Yn, Yn,xn) = P(y,y,x).

n—oo

Proof. Since (x,) converges to z and (y,) converges to y, then for each
€ > 0 there exist k1, ko € N such that

n>ki = P(rp,xn,1) < N P(z,z,x,) <

N
N

and

€ €
n>ky = P(ynaynay)<§ A P(yayayn)<§'

Let ko = max{k1, k2}. Then, by property (iv) of generalized partial metric,

(.’En, Ina l‘) + P(LE7 .’13, yn)
(n, p,x) + Pz, 2,y) + P(Y, ¥, Yn)

< %+%+P(m,x,y) =e+ P(z,z,y).

P(fEnaxnyyn) <P
<P
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Hence we obtain
(2) P(an, an,yn) — P(z,2,y) <e.
On the other hand, we have
P(I‘, €, y) S P(‘T7 z, l‘n) + P(ﬂfn, Ln, y)
< P(:E, Z, xn) + P(xna Ln, yn) + P(yna Yn, y)
€ ¢

< 5 + 5 + P(xn)xnuyn)7
that is
(3) P(z,x,y) — P(xp, Tn,yn) < €.
From (2) and (3), we have |P(xy, Tn, yn) — P(z,z,y)| < €, that is

lim P(xnaxmyn) = P(m,:v,y).

n—o0

Similarly, we can prove that lim P(y,, yn,zn) = P(y,y, z), which completes
n—oo

our proof. [

3. A fixed point result for linear generalized contractions on
generalized partial metric space

Now we begin with a fixed point theorem for linear generalized contrac-
tions on generalized partial metric space.

Theorem 1. Let (X, P) be a complete generalized partial metric space
and T : X — X be a mapping satisfying the following condition:

(4) P(Tx,Tz,Ty) < kP(x,z,y)
for all z,y € X and some k € [0,1). Then T has a unique fized point in X.

Proof. Let x¢ be an arbitrary point in X. If zg = Tz¢ then the proof
completes. So we assume xg # Txg and x1 = Txg. Continuing this process
we construct a sequence () such that

Tn+1 =Tx, and  xp41 # x,, for all n € Np.
Now taking x = y = x,, and z = 2,41 in (4), we get
(5) P(xp, xn, tpt1) = P(Txp—1,Txn_1,Txy)
< k’P(ZL‘nfl,fL’nfl,$n)
= kP(Tz‘ana T':L'TL*Q, Txnfl)

S k2p($n72,$n72,3§'n,1)

< k" P(z0, xo, x1).
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Similarly if we take z =y = xp41, and z = x,, in (4), we get

(6) P(xpi1,Tni1,xn) = P(Txn, Tan, Trp—1)
]{?P(l‘n, Tn, :Enfl)
= kP(Tl‘nfl, T.’Enfl, TCCn,Q)

< kQP(IL’n_l, xn—laxn—Z)

IN

IN

knP(.’El, 1, l‘o).

Let n,m € N and m > n. Then in view of inequality (5) and from property
(iv) of generalized partial metric, we have

(7) P(zp, Tn, Tm) < P(zp,Tn, Tnt1) + P(Tnt1, Tni1, Tm)
< P(xp, Ty Tpt1) + P(ns1, Tntt, Tnio)
+ -+ P(Tm—1,Tm—1,Tm)
E"P(xg, o, 1) + k" P(x0, 20, 1)
+ o+ K™ P, 20, 71)
= K"+ k+k+ -+ E™" Y P(xg, 20, 21)

IN

1 _ km*n
k [ 1% ] (0, 0, 1)

k?’L

S1-%

P(xg,x0,1).

Making n,m — oo, we get P(zy, Tp,Zm) — 0. Similarly, in view of (6) and
from property (iv) of generalized partial metric, we have

(8)  P(xm,Tm,Tn) < P(Tm, Tmy Tm—1) + P(Tm—1, Tm—1, Tn)
< P(Tmy Ty Tm—1) + P(Tm—1, Tm—1, Tm—2)
+ -+ P(Tpi1, Ty, Tn)
E™ P (2, 2y, 20) + K™ 2P (21, 21, 20)
+ -+ kE"P(x1, 21, 20)
= K"(1+k+E + -+ E" Y P(xg, 9, 21)

IN

1 _ km—n
f ny-____ P
k [ T % ] (x1, 21, %0)

k’l’b

1%

P(x1,21,%0).

Again making n, m — oo, we get P(zy,, Tm, Tn) — 0. Since P(xy, Tn, Tm) —
0 and P(@m, Tm,Tn) — 0 as m,n — 0, therefore the sequence (x,) is a
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Cauchy in X. Since X is a complete generalized partial metric space so
there exists a point « in X such that P(x,,z,,z) — 0 and P(z,z,2,) — 0
as n — 00. Now we will prove that Tz = z. In view of property (iv) of
generalized partial metric and using (4), we have

P(Tx,Tz,x) < P(Tx,Tz,Txy) + P(Txp, Ty, x)
< kP(z,z,xn) + P(Tni1, Tne1, ).
Making n — oo, we get P(Tx,Tx,x) = 0, hence by property (i) of general-
ized partial metric Tx = x.

Now we will show the uniqueness of the fixed point of T'. Suppose there
exist x,y € X with ¢ = Tx and y = Ty. Then

P(l’,l’,y) = P(TxaTxaTy) < kP(x,x,y)
and therefore P(z,x,y) = 0 implies z = y. |

Example 3. Let X = R. Then P(z,y,2) = [z —y| + |y — 2| is a

complete generalized partial metric space. Define a self-map T on X by
sinx +

T(z) = —3 for all x € X. We have
P(Tx,Tz,Ty) = |Tx —Tx|+|Ty — Ty|
1
=3 |(sina:+:1c) — (siny-i—y)‘

< Slsing —sing| + 5la —y
—|sinz — sin —|x —
=3 YT 3 Y
1 1 2 2
< g’x —yl+ g’ﬁf —yl= g’ﬁf —yl= gp(xail?,y)-
Thus all the assumptions of Theorem 1 hold and, consequently, z =0 € X

is the only fixed point of T

4. A fixed point result for nonlinear generalized contractions
on generalized partial metric space

Theorem 2. Let (X, P) be a complete generalized partial metric space
and T : X — X be a mapping. If there exists a nondecreasing function
v :[0,00) = [0,00) such that the sequence (V" )nen of iterates of v converges
pointwise to 0 , and

(9) P(Txz,Tx,Ty) <~(P(z,z,y)), forallzyeX,

then T has a unique fixed point in X.
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Proof. Let 2y be an arbitrary element in X. Define the sequence (z,,)
in X by
Tpy1 = Ty, for all n > 1.

It follows from (9), by induction, that for all n € NU {0},
P(Zpi1, Tyt 2n) < A" (P21, 21,20)) and Py, 2n, ny1) < 4" (P20, 20, 71)).
Consequently, letting n — oo, we get

lim P(zp41,Tnt1,Tn) =0= lim P(zp, 2y, Tni1).
n—o0 n—oo

Thus, for € > 0, we can choose n € N such that

max{P(Tn, Tn, Tnt1), P(Tni1, Tni1,2n)} < € —(€).
Now we define

M :={zx € X :max{P(x,z,z,), P(xn, zn, x)} < €}.
By (9) and by virtue of v, we have for any y € M,

P(Ty,Ty,z,) < P(Ty, Ty, Txy) + P(Tzy, Txy, )

< P(Ty,Ty, Txn) + P(Tnt1, Tnt1, Tn)

< () + (e~ (e) =«
Similarly

P(xp,xn, Ty)

IN

P(xy, xn, Txy) + P(Txy, Trn, Ty)

= P(xp,Zn,Tpny1) + P(Txp, Tz, TYy)

< e—(e)+(e) =e.

Thus, Ty € M, that is T (M) C M, which implies that for all k,m > n,

N

P(xp, xk, Tm) < 2¢ and P(zp,, Tm, k) < 2€.

This shows that (z,) is a Cauchy sequence in generalized partial metric
space X and in view of completeness of X, there exists a point x in X such
that P(xy,zn,z) — 0 and P(z,x,z,) — 0 as n — oo. Now we will prove
that x is a fixed point of T'. In view of (iv) and using (9), we have

P(Tx,Tz,x) < P(Tz,Tx,Txz,)+ P(Txyn, Txy,x)
< y(P(z,2,20)) + P(2nt1,Tn41, )
< P(z,z,2n) + P(Tpy1, Tpyl, ).
Making n — oo, we get P(Tz, Tz, x) = 0 implies Tx = x. Hence z is a fixed

point of mapping 7" in X. The argument for the uniqueness of fixed point
is similar to the one used in Theorem 1. |



14 S. ANTAL, U.C. GAIROLA, D. KHANTWAL, J. MATKOWSKI AND S. NEGI
Example 4. Let X = [0,1] then P(z,y,2) = |x + 2z — 2y| + |z — 2| is
a complete generalized partial metric space. Define a self-map T on X by
2

T(x) =sinz — %, for all z € X and v : [0,00) — [0.00) such that

t——, telo,1],
1, t € (1,00).
Then for x,y € X, with x —y =t > 0, we have
P(Tz, Tz, Ty) = 2|Tx — Ty|
= 2|(sinz — 2%/3) — (siny — y*/3)|
?

: : 2,
< 2|sma:—smy|—|—§|m -y

2
< 2w —y|+ §|x2 — 3

20— yl(1 - 3l +3)
< 2o —yl(1 — gle —yl) =261~ 1/3)
= ’}/(P(Zlf,ﬂf,y))-

Thus all the assumptions of Theorem 2 hold and, consequently, z =0 € X
is the only fixed point of T
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