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1. Introduction

Banach [2] investigated a fixed point theorem in metric space which is
known as ”Banach contraction principle”. After that many researchers have
investigated and improved this theorem on the extension and generalization
of metric space such as B, metric, generalized metric, cone metric etc. In
2002, Branciari [3] first proved Banach fixed point theorem using integral
type contraction in metric space as below:

Let (X, d) be a complete metric space, ¢ € (0,1), and let f : X — X such
that for each x,y € X,

d(fz,fy) d(z,y)
/ S(t)dt < c / o(t)dt
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue integrable map which is summable
(i.e., with finite integral) on each compact subset of [0,c0), non-negative,
and such that for each € > 0, fOE ¢(t)dt > 0; then f has a unique fixed point
a € X such that for each x € X, nh_)rgo e =a.

In 2003, Rhoades[14] extended the Branciari’s Theorem by replacing the
condition as:

d(Sz,Sy) max{d(ac,y),d(x,Sz),d(y,Sy),W}
/ 6(1)dt < a / S(1)dt.
0 0
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In 2009, Moradi and Biranvand [cf.[9]] extended the Rhoades theorem by
replacing the condition as bellow:

d(TSz,TSy)
/ S(1)dt
0

/max{d(Tac,Ty) ,d(Tz,TSz),d(Ty,TSy), d<Tx"TSy)J2rd(Ty’TSy) }

<a

o(t)dt.
0

Thereafter many researchers, Badehian and Asgari [1], Gupta et al. [5],
Vats et al. [18], Sarwar et al. [16], Shoaib et al. [17] have used integral type
contraction to prove their results in various metric spaces. In 1969, Gahler
[4] has introduced the notion of 2-metric space. Many research workers
such as Gupta et al. [5], Prajapati et al. [13] have established fixed point
theorems using integral type contraction conditions in 2-Banach space. We
have introduced a new contraction and have given some examples in support
of this contraction. Also we have proved some theorems and have given some
corollaries.

2. Definition

Gabhler [4] has given the definition of 2-metric space as follows:

2-Metric space: Let X be a non-empty set and d : X x X x X — [0, +00)
be a real valued function which satisfied the following conditions:
(i) for every distinct points z,y there is a point z in X such that
d(.%', Y, 2) 7é 0;
(#i) d(x,y, z) = 0 if any two of three of x,y, z are equal;
(131) d(x,y,z) = d(p(x,y,z)) for all z,y,z € X and for all permutations
p(x,y,2) of x,y, 2;
() d(z,y, z) < d(z,y,w) + d(z,w, z) + d(w,y, z) for all z,y,z,w € X.
The mapping d satisfying the above properties is called a 2-metric and (X, d)
is called a 2-metric space.

Note: Suppose, X be a non-empty set and p be a metric on X and d be
defined on X by d(z,y,2) = p(z,y)p(y, 2)p(z,x). Then d is a 2-metric. So
in this case, 2-metric space is the generalization of a metric space.

It is remarcable to know that every convergence sequence in metric space
is Cauchy. But by an example it has been shown in [10] that in a 2-metric
space a convergence sequence may not be a Cauchy sequence. This is a basic
difference between metric space and 2-metric space.

Metric p(z,y) means distance between two points = and y and 2-metric
d(x,y, z) means area of a triangle formed by the points x,y and z.

F-contraction: Wardowski[19] has defined F-contraction as follows:
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Let F = {F : Ry — R} satisfying the following conditions:
(1) F is strictly increasing;
(79) for all sequence {an} € R, lim «y, = 0 if and only if
n—+00

ll)r_{l F(ay) = —o0;
(7i7) there exists 0 < k < 1 such that lim o"F(«a) = 0.

aHO+
Then a function T : X — X is said to be F-contraction if there exists a

function F' € F such that for all z,y,a € X,

TeRy =717+ Fd(Tz,Ty,a)) < F(d(z,y,a)).

3. Preliminaries

Throughout the paper we denote the following;:
(i) We write X as a 2-metric space.
(i) ® = {¢p : ¢ : Ry — Ry is Lebesgue integrable , summable on each
compact subset of R satisfying the conditions:
(a) [y #(t)dt > 0 for each € and
(0) Jy ™ o)t < [ ot)dt + Jy o(t)dt}.
(iii) F : F €F.

Lemma 1 ([8]). Let ¢ € ® and s, be a sequence of non-negative reals

with lim s, =s. Then
n—-+o0o

nll}rj_loo/o o(t)dt = /0 o(t)dt.
Lemma 2 ([8]). Let ¢ € ® and s, be a sequence of non-negative reals.
Then

lim p(t)dt =0

n—+oo Jq

if and only if El}rl Sp = 0.
n o0

4. Main part

Samet et al. [15] introduced the concept of o — adimissible in metric
space. We have generalized it in 2-metric space as follows:

a-2admissible: Let T': X — X be a self map on a 2-metric space (X, d)
and o : X x X x X — [0,+00) be a function. We say that 7" is an « —
2admissible mapping if Vx,y,a € X, a(z,y,a) > 1 = o(Tx,Ty,a) > 1.

Now we are to define F,-contraction as follows:
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F,-contraction: Let (X, d) be a 2-metric space and T be a self map on
X. Then T is called a F,-contraction if for 7 > 0,

T+ F(a(z,y,a)d(Tx, Ty, a)) < F(d(z,y,a)),

where F' € F.

Example 1. Let X = [0, 2] and d be given by d(z,y, a) = min{|z—y|, |y—
al,|a — x|}. Then clearly (X, d) is a 2-metric space. Let v : X x X x X —
[0, 4+00) be given by

ertytae vy y a € [0,1.5]
otherwise.

a(z,y,a) = { 1
4

Clearly a(z,y,a) > 1, Vz,y,a € X. Let T : X — X be given by Tx = kxz,
where a(z,y,a)k < 1.

Suppose d(z,y,a) = |x — y|. Then |z —y| < |y — a]
ie,y<z<aie,y<r<a<y
ie, |z —y| <|y—¢lie, klz —y| < kly— ¢
Similarly [z —y| < |a — 2| = k|lz —y| < klz — .

Now d(Tx,Ty,a) = min{|Tz, Ty|, |Ty—al|, |a—Tx|} = min{|kz—ky|, |ky—
al, o — kz|} = klz — .
Thus F(a(a:,y,a)d(a:,y,a)) = F(a(x,y,a)kkc—y[) < F(|x_y’) = F(d(xvyaa))
Then there exist a 7 > 0 such that

T+ F(a(z,y,a)d(x,y,a)) < F(d(z,y,a)).
Thus T is a F,-contraction mapping.

Lemma 3. If T is a F,-contraction, then T is also a F-contraction.

Proof. If a(z,y,a) = 1, there is nothing to proof. So we consider the
case o # 0.

Let us first suppose T is a F,. Then for 7 > 0,

T+ Fla(x,y,a)d(Tz,Ty,a)) < F(d(z,y,a)).
Since,

T4+ F(d(Tz,Ty,a)) < 7+ F(a(z,y,a)d(Tx,Ty,a)) < F(d(z,y,a)) ie.,
T+ F(d(Tx,Ty,a)) < F(d(z,y,a)) i.e., T is a f-contraction.

For the converse part, let T is F-contraction. Then for 7 > 0,

T+ F(d(Tz,Ty,a)) < F(d(x,y,a)).
Since F(d(Tz,Ty,a)) < F(a(z,y,a)d(Tz,Ty,a)), then we cannot find a 7 >
0 such that the relation 7+ F (a(z,y,a)d(Tx, Ty, a)) < 7+ F(d(Tx, Ty, a)) <
F(d(z,y,a)) hold.
Thus F-contraction does not imply F,-contraction. Hence the lemma. W
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Example 2. Let X = [0,400) and d: X x X x X — [0,400) be given
by d(x,y,a) = min{|z — y|, |y — a|,|a — z|}. Then (X,d) is a 2-metric space.
Let v : X x X x X — [0,400) be defined by

_ [ 2, Vayac0,5];
a(z,y,a) = { 0, otherwise

and F'z = x. Let T be defined by Tz = 5V € 2. Then for all z,y,a € [0, 5]
where z < y < a, d(z,y,a) = min{|z — y|, |y — z|,|a — z|} = |z — y|(say).
Then
[z =yl < |y —a| and |z —y| < [a —z|
implies, |z —y| < |y — 3a| and |z — y| < |z — 3a|[since z < y < a < 3d]

1 1 1 1
ie., §|x —y| < §|y —3a| and gla: —y| < gla: — 3al.

Now,
d(Tx, Ty.a) = d(3, 3.0) = min{|5 — 21,15 —al.Ja— 31}
o1 1 1 1
= mln{glx -y, §|y — 3al, glrv —3al} = §|a: -yl
Therefore,
F(d(Tz,Ty,0)) = F(3lz — yl) = 5l — ol
So,
Fla(z,y,a)d(T, Ty, a)) = F(3 e yl) = Sl — y].
Thus

Fd(Tz,Ty,a)) < F(a(z,y,a)d(Tz, Ty, a)).

Therefore there exists a 7 = %|33 —y| > 0 such that,

T+ F(d(Tz,Ty,a)) < 7+ F(o(z,y,a)d(Tz,Ty,a))
< Flz —yl) = F(d(z,y,a))

i.e., F,-contraction T is also a F-contraction.
Clearly, converse is not hold.
If a(z,y,a) = 1, then for 7 = |z —y[ > 0

T+ Fla(z,y,a)d(Tz, Ty,a)) = 7+ F(d(Tz,Ty,a)) =T+ F(%\x —yl|)

= Slr =yl gle—yl = Sl —yl <|z 3]
=3 Y 3 Yl = 5 Y )
= d(z,y,a).

Thus for a(z,y,a) = 1, F,-contraction 7" is also a F-contraction.
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In the next part we have proved some common fixed point theorems.

Theorem 1. Let (X,d) be a complete 2-metric space and {fp}22, be a
sequence of self-maps satisfying the following relation

d(fizvij7a) M(a:,y,a)
/ o(t)dt < / o(t)dt,
0 0

where ¢ € ® and M(x,y,a) = amax{d(z,y,a),d(z, fiz,a),d(y, fjy,a)}

d(y,fiy,a o)
+Bmax{d(z, iz, a), d(x, [y, a)}+11p Ll ot B+y < 1. Then {f2}52,
have a unique common fixed point in X.

Proof. Let us construct a sequence {x,} for a fixed i € N in X such
that z,+1 = fizn,n € NU{0}, with an initial approximation xg € X.

If z, = fizy i.e., Tp41 = xp then x, is a common fixed point of {f,,}72 ;.
So we assume that z,41 # x,,.

At first we assume that lim d(zp41,2n,a) = 0.
n—-+o0o

Since,

d(Ty+1,Tn,a) d(fixn,fjTn_1,a) M(zn,zn_1,a)
w | oty = | oyt < | o0t
0 0 0

where,

(2) M(xp,xp-1,a)
= amax{d(zn, Tn-1,a),d(Tn, fitn,a),d(Xn-1, fjTn-1,a)}
+ Bmax{d(xy, fizn,a),d(xn, fjzn-1,a)}

d(xp—1, fjrn—1,a)
14+ d(l’nfl, fil'n, a)
= amax{d(zy, tpn-1,a),d(Tn, Tn+1,a),d(Tp—1,2n,a)}

+ Smax{d(xn, Tni1,a), d(Tpn, Tn,a)}

d(Tp—1,Zn,a)
1+d(zp-1,Tn+1,0)
< amax{d(wn, ¥n-1,a), d(Tn, Tni1,0) } + Bd(Tn, Tni1,a)

+ vd(zp—1,Tn, a).

+1

+1

If d(xp, zp—1,a) < d(xn, Tnt1,a), then from (2) we get
M(ﬂ?n, Tn—1, a) = (a + 8+ ’)/)d(ﬂfn, Tn+1, CL).

So from (1) we have

d(Tn41,2n,a) (a+B+7)d(xn,Tn+1,a)
/ B(t)dt < / b(t)dt
0 0



FIXED POINT THEOREMS FOR INTEGRAL TYPE ... 23

implies, d(Tn+1,%n,a) < (a+ B +7)d(Tn, Tni1,a)

implies, 1 <a+ 3+, a contradiction.
Therefore d(xy, Tpt1,a) < d(zp, Tn—1,a). Thus {d(zp4+1,2n,a)} is a mono-
tone decreasing sequence of real numbers and bounded below.

Suppose lim d(zp41,Tn,a) = 1.

n—-+0o00
Then

r d(Tn+1,Zn,a)

/ s()dt = Tim S(1)dt
0

n—-+00 0
(a+ﬁ+7)d(xn »Tn+1 aa)

< I t)dt i 2

< Jim | P(t)dt [using(2)]
(a+B+7)2d(zn,Tni1,a)

< 1 t)dt

- n—1>I-‘,I-loo 0 gb( )

(a+B+7)"d(zn,Tn+1,0)
< lim o(t)dt <0
n——+0o 0

implies, r = 0.

Thus lim d(zp41,2n,a) =0. Next, let n,m € N;n > m.

n—-+oo
Since

d(xn) LTy CL) < d(xna T,y mn—l) + d(xn’ Tn—1, a) + d(xn—l’ Ly CL)

taking lim  we get from above
n,m—-+00

n,nlbl—I}}i-oo d($n’ L, CL) < n,rrlzl—rg-oo d(fna L, -Tnfl) + n,mh—rg-oo d(.’En, Tn—1, CL)

+  lim  d(zp—1,%m,a)
n,m—-+oo

= nm%l—r{}i-oo d(Zn—1,Tm,a)

< lim  d(xm,zm,a) =0.

n,m—-+0oo

Thus {z,} is a Cauchy sequence in X. Since X is a complete 2-metric space,

there exists a x € X such that liIJIrl d(xy,z,a) = 0. Next we show that =
n—-+0oo

is a common fixed point of {f,}>2 .
Since,
3 . < 3 . 3 .
nkg-loo d(fix,z,a) < nlEI;O d(fi,,zn) + nllgil-loo d(fix, zn,a)

+ lim d(zp,z,a) = lim d(fix,zp,a).

n—-+o0o n—-+o0o
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Thus

d(fiz,x,a) d(fiz,xzn,a)
@ [ ewar< [ o)t
0 0

d(fiz,fjxn—_1,a) M(z,xn—1,a)
-/ oyt < | o)t
0 0

where,

M(xz,zn—1,a) = amax{d(z,zn_1,a),d(z, fix,a), d(xn-1, fjTn-1,0)}
+ Bmax{d(z, fix,a),d(z, fjxn—1,a)}

d(Tn-1, [jZn-1,a)

1+ d(IL‘nfl, fil‘, a)

amax{d(x,zn_1,a),d(z, fix,a),d(xn_1,Tn,a)}

+ Bmax{d(z, fiz,a),d(x,xn,a)} +vd(Tpn_1,Tn,a)

+

IA

Therefore

. < T ‘
nETooM(x’x”’a) < nll)lilooamax{d(a:,:cn,a),d(x,flx,a),d(xn,a?nﬂ,a)}
+ EI_E B max{d(x, fivxa CL), d(.’E, Tn+1, a)}
+ lim ~d(zp, Tpi1,a)

n—-+o0o

= ozd(a;, fixa CL) + ﬁd(f’bxvxa a’) + ,-YO

Therefore from (3) we get

d(fi{E,:E,(l) (a+6)d(f1:p,x,a)
/ o(t)dt < / o(t)dt.
0

0

Thus
d(fll‘a IL‘,(Z) < (Oé + B)d(flxama (I)

implies, d(f;z,z,a) =0
implies, f;x = .

Thus z is a common fixed point of {f,}72 . Let y be another common fixed
point. Then

d(z,y,a) d(fix,fjy,a) M(z,y,a)
@ [ e | o< [ s
0 0 0
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where,

M(z,y,a) = amax{d(z,y,a),d(x, fix,a),d(y, fjy,a)}

d .
+ Bmax{d(z, fix,a),d(z, fjy,a)} + ’7%
amax{d(z,y,a),d(z,z,a),d(y,y,a)}

+ Bmax{d(z,z,a),d(z,y,a)} +vd(y,y, a)
= ad(z,y,a) + Bd(z,y,a) + ~.0.

IN

Therefore from (4) we get

d(z,y,a) (a+B)d(z,y,a)
/ o(t)dt = o(t)dt
0

implies, d(z,y,a) < (a+ B)d(z,y,a)
implies, d(z,y,a) =
implies, = =y.

Thus z is a unique common fixed point of { f,}°°,

Hence the theorem. ]

Corollary 1. Let (X,d) be a complete 2-metric space, f1 and fo be a
two self-maps satisfying the following relation

d(flx:f2y’a) M(x’yﬁ')
/‘ ¢@ws/‘ o(t)dt,
0 0

where ¢ € ® and M(z,y,a) = amax{d(z,y,a),d(z, fiz,a),d(y, foy,a)}

+ Bmax{d(x, fiz,a),d(x, fay,a)} + ’y% a+ B+~ < 1. Then fi

and fo have a unique common fixed point in X.

Proof. Putting f; = f1 and f; = f2 in the Theorem 1 we get the result. B

Corollary 2. Let (X,d) be a complete 2-metric space, [ be a self-map
satisfying the following relation

d(fz,fy,a) M(z,y,a)
/ ¢mﬁs/ o(t)dt.
0 0

where ¢ € ® and M(z,y,a) = amax{d(z,y,a),d(z, fz,a),d(y, fy,a)}+

Bmax{d(x, fr,a),d(z, fy,a)} +'y% a+ B +v<1. Then f have a
unique fized point in X.
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Proof. Putting f; = f in the Theorem 1 we get the result. |

Example 3. Let, X = [0, 1) and d be defined by d(z,y, a) = min{|z—yl|,
ly —a|,|a — x|} where z,y,a € X. Then clearly d is a 2-metric and so (X, d)
is a 2-metric space.

Now let us consider the sequence of functions { f,,}°2; given by f;(z) = 2
and the sequence {z,} given by x,+1 = fi(zy,) for a fixed i € N with the
initial approximation zg € X.

.n n+1
Thus for 1 <i < jeN, fi(z,) =z} H,fj(wn) =z} o
Now d(fizn, fjXn—1,a) = d(x%)nﬂ,:z:f) ,a).
Again,

M(xp, xp—1,0a)

= « max{d(xn, Tn-1, CL), d(ﬂfn, f’iajna CL), d(ﬂfn_l, fjxn—l’ CL)}
d(ﬂfn—la fjxn—laa)
1 + d(iﬂn,l, fixna CL)

+ /Bmax{d(a:n, fixn) (I), d(xﬂn fjxn—h a)} + v

[where o, 8,y > 0and a+ B +v < 1]

= amax{d(fixn_1, fjXn—2,a),d(fitn, n,a),d(firn—2, fjTn—1,a)}
o )+ )

= amax{d(firn—1, fjTn-2,a),d(fixn, fjTn-1,a),d(fitn—2, fjTn-1,a)}
+ Bmax{d(fizn, fjzn-1,a),d(firn-1, fjzn-1,a)}

d(fizn-2, fjTn-1,0)

T 14+ Cl(fil‘n, fjwn_Q, a)

< a max{d@én, x%n_l ,a), d(x%ﬂ+1 , xén, a), d($6n71 , xgn, a)}
‘n—1
+ Bmax{d(al " ol a), el o )} + 7 — D T0 %
L+d(zy™ ,z) La)

< ad(:cén_l,a:%n, a) + ﬂd(x6n+l,xgn, a) + Wd(azgn_l,xgn, a)
< (a+B+)dzg o), a)
< d(ménil,x%n a).

vt g"

Thus d(fixy, fjzn—1,a) <d(zy x5 ,a) < M(xy, 2n-1,a).
Therefore,

d(fixn,fjTn_1,a) M(zn,zn—1,a)
/ p(t)dt < / o(t)dt.
0 0

So by Theorem 1, X has a unique fixed point zg = 0.
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Theorem 2. Let (X,d) be a complete 2-metric space and {f,}o>, be a
sequence of self-maps satisfying the relation,

d(fil‘,ij,(l) 7/’(95197(1)
/ o(t)dt < / o(t)dt,
0 0

where ¢ € ® and Y(x,y,a) = ad(x,y, a) + f max{d(z, fiz,a),d(z, fjy,a)}+
ymin{d(y, fjy,a),d(y, fix,a)};a+ B+~ < 1. Then {fn}22, have a unique
common fixed point in X.

Proof. Let {x,} be a sequence such that for a fixed i € N, z,,11 = fiz,
for n € NU{0} where xy € X is an initial approximation. If z,41 = z,, i.e.,
fixn = xy, then z, is a common fixed point of {f,}°2; and this completes
the theorem. So we assume that x,+1 # .

At first we will show that limy, oo d(zp41, Zn,a) = 0.

Since

d(Tny1,%n,a) d(fixn,fjTn_1,a) Y(Tn, Tn—1,a)
(5) / o(t)dt = / o(t)dt < / o(t)dt,
0 0 0

where,

Y(Tn, Tn-1,a) = ad(Tp, Tpn_1,a)+ Bmax{d(zy, fizn,a),d(xn, fjzn—1,a)}
+ ymin{d(zy—1, fjTn-1,a), d(Tn-1, fitn,a)}
= ad(Tp,Tn—1,a) + fmax{d(xy, Tnt1,a), d(Tn, Tn,a)}
+ ymin{d(xp—1,xn,a), d(Tpn—1,Tnt1,a)}
= ad(Tp, Tn—1,a) + Bd(zy, Tnt1,a) + vd(Tp_1, Ty, a)

If d(xnflaxnva) < d(xnaZUnJrlaa)v then 1/)(%7%71,@) < (a + 8+ ,}/)
Xd(Tp41,Zn,a). From (5) we get

d(xn+1,xn,a) (a+/3+7)d(x"+17xnva)
/ o(t)dt < / o(t)dt
0 0

implies, d(Zp4+1,Zn,a) < (o + B+ ¥)d(Tp+1, Tn, a)
implies, 1 < a + 3 + v, a contradiction.
Therefore d(zp41,%n,a) < d(xp,xn—1,a). Thus {d(xyi1,2n,a)} is a se-
quence of real numbers monotone decreasing and bounded below.
Suppose lim d(xp41,Tpn,a) =7.
n——+oo

Now

r ' d(Ty+1,Tn,a) ' d(fixn,fjTn—1,a)

(6) /0 ottt = tim [ ottt = tm_ | o(t)dt
¢(In,ﬂcn—1,a)

< lim o(t)dt,

n—-+4o0o 0
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where

Y(xn, Tn—1,a) = ad(zp,tp-1,a)+ Bmax{d(zy, fitn,a),d(,, fjzn—1,a)}
+ ymin{d(xy—1, fjzn-1,a), d(Tn-1, fizn,a)}
= ad(Tp, Tn_1,a) + fmax{d(xy, Tnt1,a),d(xn, Tn,a)}
+ ymin{d(zn—1,2n, @), d(Tn—1,Tpt1,0)}
= ad(xn, Tpn—1,a) + Bd(Ty, Tni1,a) + Yd(Tp—1, Tpn,a)
< (a+ B+y)d(xn, xp_1,a).
Therefore from (6) we have

r (a+B+7y)d(xn,zn—1,a)

p— 1.

[ otwar = [ o(t)dt
(at-B+v)2d(xn,Tn—1,a)

lim o(t)dt

n—-+o00 0

IN

(a+B+7)"d(w1,20,a)
< lim o(t)dt =0

n—-+0o00 0
implies, r = 0.
Thus ngl—lr-loo d(xp41,Tn,a) = 0.
Next, let n,m € N; n > m.
Since d(Zp, Tm,a) < d(Tpn, Tm, Xn—1) + d(Tn, Tn-1,a) + d(Tp—1, Tm, a).
Taking limit as n — +o0o we get,
lim d(zn,zm,a) < lim d(zg, Tm, Xn-1) + lim d(zg, 2p-1,a)
n—+00 n—+00 n—-+o00

+ nllg-loo d(l’n_l, T, a)

= lm_d(wn-1,7m,0)

= lim d = 0.
Jim (Tm, T, a) =0
Thus {x,} is a Cauchy sequence in X. Since X is complete space, there
exists an z € X such that

lim z, =xzie., lim d(z, z,a)=0.
n—-+oo n ’n—H—oo ( T )

Again,
lim d(fiz,z,a) < lim [d(fiz,z,z,) + d(fix,Tn, a) + d(zp, x,a)]

n—-+o00 n—-+0o

= lim d(f;z,xn,a).

n——+0o
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Therefore

where,

%Z)(% Tn—1, CL) =

Therefore,
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d(fiz,x,a) ' d(fix,zn,a)
ot < i | (t)dt
) d(fix,fjzn—1,a)
- nEI-II—loo 0 ¢(t)dt
. ¢(m,$n,17a)
< Mim i o(t)dt,

Oéd(l’, Tn—1, (Z) + ﬁ maX{d($a fixv a‘)? d(:ﬂ, fjxnflv (Z)}
+ Y min{d(mn,l, fjxnfla CL), d(ifn,l, f’ixv CL)}

ad(z, Tp_1,a) + fmax{d(z, fix,a),d(z,z,,a)}

+ ymin{d(zy—1,Tn,a),d(zn-1, fix,a)}.

lim ¢($,$n_17 CL) =a.0+ Bd(ﬂj" fixva) + ’70 = ﬁd('x’ fixv CL).

n—-+o0o

From (7) we get
lim
n—-+oo

implies
implies

d(fiz,x,a) Bd(z, fix,a)
< I
; ¢(t)dt < lim ; o(t)dt
) d(flx7 €z, a) < Bd(fzxa x, CL)
yd(fix,z,a) =0 ie., fix=x.

Thus z is a common fixed point of {f,}7 .
Let us suppose that y be another common fixed point.

Since

d(%y,fl) d(fixaijﬂa) w(flf,yﬂ)
(8) / o(t)dt = / o(t)dt < / o(t)dt,
0 0 0

where

Y(z,y,a)

Therefore from (8)

= ad(z,y,a) + fmax{d(z, fiz,a),d(z, fjy,a)}
+ ymin{d(y, f;y,a),d(y, fix,a)}

= ad(z,y,a) + fmax{d(z,z,a),d(z,y,a)}
+ ymin{d(y,y,a),d(y,z,a)}

= ad(z,y,a) + Bd(z,y,a) + .0

= (a+ B)d(x,y,a).

we get,

A(w9,0) (a4 8)d(a.9,)
/ (1)t < / S(1)dt
0 0

29
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implies, d(z,y,a) < (a+ B)d(z,y,a)

implies, d(z,y,a) =0
implies, = =y.
This completes the theorem. |

Corollary 3. Let (X,d) be a complete 2-metric space and fi and fo be
a two self-maps satisfying the relation,

d(flx,ny,a) w(x,y,a)
/ ¢@ﬁ</ o(t)dt,
0 0

+ ymin{d(y, foy,a),d(y, fix,a)};a + f+ v < 1. Then fi and fo have a
unique common fized point in X.

Proof. Putting f; = f1 and f; = f2 in the above Theorem 2 the corollary
hold. |

Corollary 4. Let (X, d) be a complete 2-metric space and f be a self-map
satisfying the relation,

d(fz,fy,a) P(z,y,a)
/’ ¢mﬁs/ o(t)dt,
0 0

where ¢ € ® and Y(,z,y,a) = ad(z,y,a) + Smax{d(z, fz,a),d(z, fy,a)}
+ ymin{d(y, fy,a),d(y, fr,a)};a+ f+~v < 1. Then f have a unique fized
point in X.

Proof. Putting f; = f1 and f; = f2 in the above Theorem 2 the corollary
hold. |

Theorem 3. Let (X,d) be a complete 2-metric space and {fn}22, be a
sequence of self-maps such that each of f, be F-contraction and satisfies the

relation
T+F(d(fix,fjy,0)) F(d(z,y,a))
/ b(t)dt < / (t)dt
0

0
for > 0. Then {fn}32, have a unique common fized point in X .
Proof. Let xgbe an initial approximation. Let for fixed i € N the

sequence {zy} be such that z,41 = fix, for all n € NU {0}.
If ©, = fixy i€, Ty = Tpy1, then z, is a common fixed point of {f,}° ;.
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So we assume that z, # ©,11.

Since
F(d(xn+1,xn,a)) T+F(d(xn+1 7xn»a))
/ p(t)dt < / o(t)at
0 0

F(d(fixn,fiTn—1,a))

o(t)dt

implies, F(d(zp+1,Tn,a)) < F(d(xn, Tp—1,0a))

implies, d(zpi1,Tn,a) < d(xn, Tp_1,a).
Thus {d(zp+1,Tn,a)} is a monotone decreasing bounded below sequence of
real numbers and hence convergent.
Since

T+ F(d($n+1,l‘n, G)) =T+ F(d(flx'fw fjxn—lya)) < F(d(xnwrn—ha))?

we have
F(d(iﬂn+1,(£n,a)) F(d((ﬂn,wnfl,a))—T
/ st < | o(t)dt
0 0
F(d(xpn—1,on—2,a))—27
<[ o)t
0
. F(d(z1,x0,a))—nT
< / o(t)dt.
0
Thus

F(d(xpt1,2n,a)) < F(d(z1,20,a)) — nT.

Taking limit as n — +o0o we get from above
ngrfoo F(d(zp+1,2n,a)) = —oo which implies, ngrfoo d(xp+1, Tpn,a) = 0.
Since (X, d) is 2-metric space, we have for n,m € N,n > m,

. F(d(@nom,a)) : F(d(fizn-1.fjzm-1.0))
n’wlLEg_oo 0 P(t)dt = n,rrlLl—Ig-oo ; o(t)dt
F(d(%n—hxmflva))_’r
li t)dt
n,ml—rg-oo 0 ¢( )
F(d(xn—Q,xm—Qza))_zT

IN

< i

< Jim i o(t)dt
F(d(xn—m—17x07a))_(m+l)7

< lim o(t)dt

n,m—-+00 0
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implies,
lim F(d(zp,Tm,a)) < lim  F(d(zp-m-1,20,a)) — (m+1)7 = —00

7,M—00 n,m—-+oo

implies, lim d(zp,xm,a) = 0.
n,m—+0o

Therefore {x,,} is a Cauchy sequence. Since (X, d) is a complete, there exists
an x € X such that lim d(zp,z,a)=0.
n—-+00

Again,
. F(d(fiz,xn,a)) . F(d(fiz,fjxn—1,a))
Jm ), oyt = Jim_ | o0t
| F(d(z,xn—1,0))—T p

< .

- n—1>r-l{loo 0 (Zs(t) ¢

F(d(z,xn—1,a))
< lim o(t)dt
n—oo Jq

implies, lirf Fd(fix,xn,a)) <limp_ioo F(d(x,2p—1,a))
n—-+0oo

implies, lim d(f;x, oy, a)! <lim, o0 d(x, zp—1,a) =0
n——+o0o

implies, ngr}rnoo d(fix,xn,a) =0 ie., fixz = ngrfoo Tp = T.

Thus z is common fixed point of {f,}5° ;.
Suppose y # x be another common fixed point.

Then
F(d(z,y,a)) T+F(d(z,y,a))
/ (1)t < / S(t)dt
0 0

/T+F(d(fifﬂaij7a))

¢(t)dt

0
F(d(z,y,a))
< / o(t)dt,
0

a contradiction.
Therefore, x = y. Hence the theorem. |

Corollary 5. Let (X,d) be a complete 2-metric space and fi and fo be
a two of self-maps such that each of f1 and fo be F-contraction and satisfies
the relation

T+F(d(fiz,f2y,a)) F(d(z,y,a))

/ o(t)dt < / o(t)dt

0 0

for T > 0. Then f1 and fo have a unique common fixed point in X.
Proof. From Theorem 3 by putting f; = f1 and f; = f2, we get the

result. |
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Corollary 6. Let (X,d) be a complete 2-metric space and f be a of
self-map such that f be F-contraction and satisfies the relation

T+F(d(fz,fy,a)) F(d(z,y,a))
/ ¢®ﬁ§/ S(1)dt
0

0
for 7> 0. Then f have a unique fized point in X.

Proof. From Theorem 3 by putting f; = f, we get the result. |

Theorem 4. Let (X, d) be a complete 2-metric space and {fn}2>, be a
sequence of self-maps such that each of f, be F,-contraction and satisfies
the relation

T+F(a(z,y,a)d(fix,fjy,a)) F(d(z,y,a))
/ ¢@ﬁ§/ B(t)dt
0

0
for > 0. Then {fn}52, have a unique common fized point in X .

Proof. With an initial approximation zp € X, let {x,} be a sequence
such that z,4+1 = fixn,n € NU{0} for a fixed i € N.

If 241 = 2y €., 2, = fixy, then z, is a common fixed point of {f,}72 .
So we assume that z,11 # x,,.
Now

(9) ¢(t)dt

/T+F(a(wn,zn—1,a)d(fiafmfjxn—ha))—T

/F(a(xn In—1,0)d(Tn+1,%n,a))

0

(t)dt
0
F(d(zn,xn—1,a))—T

o(t)dt

F(a(zn-1,2n-2,0)d(fitn-1,fjTn—2,0))—T

(1) dt

IN
S—

IN

0

IN

F(d(zn-1,2n-2,a))—27
/ (i

0

‘ F(d(z1,x0,a))—nT
g/ o(t)dt.
0

Therefore

F(a(zp, zn-1,0)d(Tnt1,Tn,a)) < F(d(z1,20,a)) — nT.
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Since by definition

ngr—i{loo F(a(xﬂn Tn—1, a)d(l‘n-‘rlv Ln, CL)) =X

implies, nli)liloooz(xn, Tp—1,0)d(Tpy1,Tn,a) =0

and we have from (9)

’HEI-"I-]OO O[(:’Un7 Tn-1, a)d(ﬂfn+1, Tn, a) =0

ie, lim d(zp+1,zn,a) =0.
n——+00

Again for n > m € N we get,

o(t)dt

T+F(a($7’l s5Tm 1a)d(fi$n 7fj Tm 70‘)) -7

/F(a(xn »Tm 7a)d(1‘n+1 »Tm+1 70'))

0

S— — >— S—

o(t)dt

F(d(zn,xm,a))—T

o(t)dt

F(a(mnfl,xmfl7a)d(fizn71afjmmflya))_7

IN

IN

o(t)dt

F(d(xn—1,2m—1,a))—2T

o(t)dt

IN

. F(d(z1,x0,a))—nT
< / o(t)dt.
0

Therefore F(a(xpn, Tm,a)d(Tni1, Tmi1,a)) < F(d(z1,z0,a)) — nT.
Taking limit as n — +o0o and by definition of F', we get

nwlg&@ (T, T, 0)d(Tpi1, Tmt1,a) =0

ie., lim  d(zp41,Tmt1,a) = 0.
n,m—-+o0o

Thus {z,} is a Cauchy sequence in X. Since (X,d) is a complete 2-metric
space, there exists an € X such that lim,,_, 4 d(zy, z,a) = 0.
Next,we are to show x is a fixed point.
Since
. ‘ < 1 ‘ . ‘
nEI—Eoo d(fir, x, a) > ngg-loo d(fir,z,n) + nEI-II—loo d(fiw, zn, a)

+ lim d(zp,z,a) = lim d(fix,zy,a).

n—+00 n—-+o0o
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Now

F(a(fix, tn, a)d(fiz,2nt1,0)) = Fla(fiz,zn, a)d(fiz, fjTn, a))
F(d(z,xn,a)) — T

F(d(z,zy,a)).

IA A

Taking limit as n — oo we get
lim F(a(fix,zn,a)d(fix,zni1,a)) < lim F(d(z,z,,a))
n—oo n—oo
implies, lim aff;x, zy,, a)d(fiz,xni1,a) < lim d(z,z,,a) =0
n—00 n—+00
e lim_ d(fiz, zns1,0) = 0
implies, fix = lim x,11 = 2.
n—-+00
Therefore z is a common fixed point of {f,}52 ;.
To show the uniqueness, let y be another common fixed point.
Since

F(O‘(xfyva)d(wvyﬁ)) T+F(a(x7y7a)d(fix’fjyva))f‘r
/ sty = | (1)
0 0
F(d(x7y7a))_7-
< / o(t)dt
0
F(d(z,y,a))
< / o(t)dt.
0
Therefore F(a(x,y,a)d(z,y,a)) < F(d(z,y,a))
imphes7 CK(.T, Y, a)d(x, Y, a) < d(.%', Y, a)
implies, d(x,y,a) =0
implies, x = y.
Hence the result. |

Corollary 7. Let (X,d) be a complete 2-metric space and fi; and fo be
a two self-maps such that each of fi and fo be F,-contraction and satisfies
the relation

T+F(o(x,y,a)d(frz,f2y,a)) F(d(z,y,a))
/ (1)dt < / S(1)dt
0 0

for 7> 0. Then f1 and fo have a unique common fized point in X.

Proof. To get the result we have to put f; = f; and f; = fo in the
Theorem 4. |
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Corollary 8. Let (X, d) be a complete 2-metric space and f be a self-map
such that f be F,-contraction and satisfies the relation

T+ F(a(z,y,a)d(fz,fy,a)) F(d(z,y,a))
/ oyt < | o(t)di
0 0

for 7> 0. Then f1 and fa have a unique fived point in X.
Proof. To get the result we have to put f; = f in the Theorem 4. |
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