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1. Introduction

Most of the mathematical structures have constructed with real or com-
plex numbers. In recent years it was further extended by interval arithmetic
which finds many applications in different field of science and technology.
The concept of interval number was first suggested by Dwyer ([4], [5]) in
1951. It has been further developed as a computational device by Moore
[17] in 1959 and Moore and Yang [18]. The concepts have been studied by
many authors and some important developments have been found in ([8],
[9], [10], [12], [13], [14]). Chiao [2] introduced sequence of interval numbers
and defined usual convergence of sequences of interval number. Şengönül
and Eryilmaz [20] introduced and studied bounded and convergent sequence
spaces of interval numbers and showed that these spaces are complete met-
ric space. Recently Dutta and Tripathy [3] introduced the p - absolutely
summable sequence of interval numbers and some Dutta [6] studied on the
class of sequence on other aspect. Recently Esi [8], Baruah and Dutta [1]
introduced and studied some important properties of different classes of
sequence of interval numbers.

2. Preliminaries

A set of closed interval of real numbers x such that a ≤ x ≤ b is called
an interval number. A real interval can also be considered as a set and we
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denote the set of all real valued closed intervals by R. Any elements of R
is called closed interval and denoted by x̄ that is x̄ = {x ∈ R : a ≤ x ≤ b}.
Thus an interval number x̄ is a closed subset of real numbers. Let xl and xr
be first and last points of interval number x̄, respectively then we have for
x1, x2 ∈ R,

x̄1 = x̄2 ⇔ x1ℓ = x2ℓ , x1r = x2r

The addition and scalar multiplication is defined by

x̄1 + x̄2 = {x ∈ R : x1ℓ + x2ℓ ≤ x ≤ x1r + x2r}

αx̄ = {x ∈ R : αx1ℓ ≤ x ≤ αx1r}, for α ≥ 0.

and αx = {x ∈ R : αx1r ≤ x ≤ αx1l}, for α < 0.

x̄1x̄2 = {x ∈ R : min{x1ℓx2ℓ , x1ℓx2r , x1rx2l , x1rx2r}
≤ x ≤ max{x1ℓx2ℓ , x1ℓx2r , x1rx2ℓ , x1rx2r}}

The set of all interval numbers R is a complete metric space defined by

d(x̄1, x̄2) = max{|x1ℓ − x2ℓ |, |x1r − x2r |}.

In the special case, x̄1 = [a, a] and x̄2 = [b, b], we obtain usual metric
of R.

Consider the function f : N → R, by k → f(k) = x̄, where x̄ = (x̄k),
then x̄ = (x̄k) is called sequence of interval numbers. The term x̄k is called
the kth term of sequence x̄ = (x̄k).

By wi we denotes the set of all interval numbers with real terms. We
give the following definitions of convergence of interval numbers.

A sequence x̄ = (x̄k) of interval numbers is said to be convergent to the
interval number x̄0 if for each ε > 0 there exists a positive integer k0 such
that d(x̄k, x̄0) < ε for all k ≥ k0, denoted by limkx̄k = x̄0. This imply that

lim
k

x̄k = x̄0 ⇔ lim
k

xkℓ = x0ℓ and lim
k

xkr = x0r .

An interval valued sequence space Ē is said to be solid if ȳ = (ȳk) ∈ Ē
whenever |ȳk| ≤ |x̄k|, for all k ∈ N and x̄ = (x̄k) ∈ Ē.

An interval valued sequence space Ē is said to be monotone if Ē contains
the canonical pre- image of all its step spaces.

An interval valued sequence space Ē is said to be convergence free if
ȳ = (ȳk) ∈ Ē whenever x̄ = (x̄k) ∈ Ē and x̄k = 0̄ implies ȳk = 0̄.

Throughout the paper, p = (pk) is a sequence of bounded strictly pos-
itive numbers. Dutta and Tripathy [3] define the following interval valued
sequence space

ℓi(p) =

{
x̄ = (x̄k) :

∞∑
k=1

[d(x̄k, 0̄)]
pk < ∞

}
,
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where x̄k = [xkl, xkr] and p = (pk) is a bounded sequence of positive numbers
so that 0 < pk ≤suppk < ∞

If pk = 1 for all k ∈ N , then we have

ℓ̄ =

{
x̄ = (x̄k) :

∞∑
k=1

[d(x̄k, 0̄)] < ∞

}
.

We introduce the class of p-bounded variation sequences of interval number
bvIp for (1 ≤ p < ∞) as follows

bvIp =

{
x̄ = (x̄k) ∈ wi :

∞∑
k=1

[d(∆x̄k, 0̄)]
p < ∞

}

where ∆x̄k = x̄k − x̄k+1 for all k ∈ N.

3. Main results

Theorem 1. The class of sequences bvIp , (1 ≤ p < ∞) is a complete
metric space with the metric

ρ(x̄, ȳ) = d(x̄1, ȳ1) +

[ ∞∑
k=1

{d(∆x̄k,∆ȳk)}p
] 1

p

where x̄ = (x̄k), ȳ = (ȳk) ∈ bvIp

Proof. Let (x̄i) be a Cauchy sequence in bvIp such that (x̄i) = (x̄i1, x̄
i
2, x̄

i
3, . . .) ∈

bvIp , for each i ∈ N. Then for given ε > 0, there exists n0 ∈ N , such that

(1) ρ(x̄i, x̄j) = d(x̄i1, x̄
j
1) +

[ ∞∑
k=1

{
d(∆x̄ik,∆x̄jk)

}p
] 1

p

< ε, for all i, j ≥ n0

Now we have

(2) d(x̄i1, x̄
j
1) < ε, for all i, j ≥ n0

and

(3)

[ ∞∑
k=1

{
d(∆x̄ik,∆x̄jk)

}p
] 1

p

< ε, for all i, j ≥ n0

⇒ d(∆x̄ik,∆x̄jk) < ε, for all i, j ≥ n0
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Thus (x̄i1) and (∆x̄ik) for k ∈ N are Cauchy sequence in R. Since R is
complete, therefore (x̄i1) and (∆x̄ik) for k ∈ N are convergent in R.
Let

(4) lim
i→∞

x̄i1 = x̄1

and

(5) lim
i→∞

∆x̄ik = zk

for all k ∈ N.
From (4) and (5), We have

lim
i→∞

x̄ik = x̄k

for all k ∈ N.
Now fix i ≥ n0 and taking j → ∞ in (2) and (3)

d(x̄i1, x̄1) < ε

and

(6)

[ ∞∑
k=1

{
d(∆x̄ik,∆x̄k)

}p

] 1
p

< ε for all i ≥ n0.

Which gives
ρ(x̄i, x̄) < ε for all i ≥ n0

i.e. x̄i → x̄, as i → ∞. Now we shall show that x̄ ∈ bvIp .
From (6) we have for all i ≥ n0.

∞∑
k=1

{
d(∆x̄ik,∆x̄k)

}p
< ε

Again for all i ∈ N
(x̄) = (x̄ik) ∈ bvIP

⇒
∞∑
k=1

{
d(∆x̄ik, 0̄)

}p
< ∞

Now for all i ≥ n0 we have

∞∑
k=1

{d(∆x̄, 0̄)}p <
∞∑
k=1

{
d(∆x̄,∆x̄ik)

}p
+

∞∑
k=1

{
d(∆x̄ik, 0̄)

}p
< ∞

Hence x̄ ∈ bvIp .

This proves the completeness of bvIp . ■
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Theorem 2. The class of the sequences bvIp is a solid space.

Proof. Let x̄ = (x̄k) ∈ bvIp and ȳ = (ȳk) ∈ bvIp be a interval valued
sequence such that |ȳk| ≤ |x̄k| for all k ∈ N .
Then for all k ∈ N

∞∑
k=1

{d(∆x̄k, 0̄)}p < ∞

and
∞∑
k=1

{d(∆ȳk, 0̄)}p ≤
∞∑
k=1

{d(∆x̄k, 0̄)}p < ∞

Thus ȳ = (ȳk) ∈ bvIp and hence bvIp is a solid. ■

Theorem 3. The class of the sequences bvIp is not symmetric space.

Proof. The result follows from following example.

Example 1. For each k ∈ N consider the sequence x̄ = (x̄k) = (k̄) =
(1̄, 2̄, 3̄, 4̄, 5̄, ...).
It is clear that

x̄ = (x̄k) ∈ bvIp

Now consider the sequence (ȳk) be the rearrangement of (x̄k) defined by
(ȳk) = (1̄, 5̄, 3̄, 9̄, ....) ̸∈ bvIp .

Hence the sequence space bvIp is not symmetric space.
This completes the proof. ■

Theorem 4. The class of the sequences bvIp is not sequence algebra.

Proof. The result follows from following example

Example 2. For each k ∈ N consider the sequence (x̄k), (ȳk) ∈ bvIp
defined by (x̄k) = (k̄) and (ȳk) = (k̄) ∈ bvIp .

Then clearly (x̄k)⊗ (ȳk) /∈ bvIp .

Hence bvIp is not sequence algebra.

■

Theorem 5. The class of the sequences bvIp is not convergence free.

Proof. The result follows from following example



44 Achyutanand Baruah and Amar Jyoti Dutta

Example 3. Consider the sequence (x̄k)

x̄k =

[
−1

k2
, 0

]
,∆x̄ =

[
−1

k2
,

1

(k + 1)2

]
, for all k ∈ N.

Then for p = 1
∞∑
k=1

[d(∆x̄k, 0̄)] <

∞∑
k=1

(
1

k2

)
< ∞.

Clearly x̄ = (x̄k) ∈ bvIp .
Now let us define (ȳk) as follows

ȳk = [−k2, 0], then ∆ȳk = [−k2, (k + 1)2], for all k ∈ N.

Then
∞∑
k=1

[d(∆ȳk, 0̄)] ≤
∞∑
k=1

(k + 1)2 = ∞.

Thus ȳ = (ȳk) /∈ bvIp . Hence bvIp is not convergence free.

■
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