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ON SIMULTANEOUS STRONG PROXIMINALITY

ABSTRACT. In this paper, we extend the notions of simultane-
ous strong proximinality and simultaneous strong Chebyshevity
available in Banach spaces to metric spaces and prove that if W
is a simultaneously approximatively compact subset of a metric
space (X, d) then W is simultaneously strongly proximinal. The
converse holds if the set of all best simultaneous approximations
to every bounded subset S of X from W is compact. We show
that simultaneously strongly Chebyshev sets are precisely the sets
which are simultaneously strongly proximinal and simultaneously
Chebyshev. How simultaneous strong proximinality is transmit-
ted to and from quotient spaces has also been discussed when the
underlying spaces are metric linear spaces.
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1. Introduction

Let W be a non-empty closed subset of a metric space (X,d) and z € X.
An element wg € W is said to be a best approzimation to x from W if

d(xz,wp) = inf d(z,w)=d(z,W).

weWw

The set of all best approximations to x from W is denoted by Py ().
The set W is called proziminal if Py (x) # ¢ for every x € X. If for each
x € X, Py(z) is a singleton then the set W is called Chebyshev.

A proximinal subset W of a metric space (X, d) is said to be strongly proz-
iminal (see [1], [6], [11]) if for any x € X, and for every minimizing sequence
{yn} C W for z, ie., lim, o0 d(z,yn) = d(z,W), there is a subsequence
{yn, } and a sequence {2} C Py (x) such that d(yn,, zx) — 0.
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A subset W of a metric space (X, d) is said to be approzimatively compact
if for any xz € X, every minimizing sequence {y,} C W for z, i.e., d(z,y,) —
d(x, W) has a convergent subsequence in W.

A subset W of a metric space (X,d) is said to be strongly Chebyshev
(see [1]) if for any x € X, every minimizing sequence {y,} C W for z is
convergent in W.

Sometimes, it may happen that an element to be approximated is not
known exactly but it is known to lie in a bounded subset S of a metric space
(X, d). In that case, it is reasonable to approximate simultaneously all s € S
by a single element of W by solving

inf supd = d(S,W).
Anf, sup (s,w) =d(S, W)

An element wy € W is said to be a best simultaneous approximation (see
[5]) to S from W if

sup d(s,wp) = d(S,W).

ses

The set of all best simultaneous approximations to S from W is de-
noted by Ly (S). The set W is called simultaneously proximinal if for each
bounded subset S of X, Ly (S) # ¢. If for each bounded subset S of X,
Ly (S) is a singleton then the set W is called simultaneously Chebyshev. For
any 0 > 0, the set {y € W : sup,cgd(s,y) < supsegd(s,w) + 0 for all w €
W} is denoted by Ly (S, 9).

Motivated by the notions of best simultaneous approximation and strong
proximinality, we defined in [7] the notion of simultaneous strong proxim-
inality in Banach spaces. We can extend this notion to metric spaces as
under:

A simultaneously proximinal subset W of a metric space (X, d) is said to
be simultaneously strongly proximinal if for each bounded subset S of X and
for any minimizing sequence {y,} C W for S, i.e., lim, o0 SUpscg d(s, Yn) =
d(S,W), there is a subsequence {y,,} and a sequence {z;} C Ly (S5) such
that d(yn,, zx) — 0.

A subset W of a metric space (X, d) is said to be simultaneously approz-
imatively compact (see also [4]) if for any bounded subset S of X, every
minimizing sequence {y,} C W for S has a convergent subsequence in .

A subset W of a metric space (X, d) is said to be simultaneously strongly
Chebyshev if for any bounded subset S of X, every minimizing sequence
{yn} C W for S is convergent in W.

Several researchers have discussed strongly proximinal and strongly Cheby-
shev sets in Banach spaces (see e.g. [1], [2], [9], [11], [14] and references cited
therein). In this paper, we extend the notion of simultaneous strong prox-
iminality and simultaneous strong Chebyshevity to metric spaces and prove



ON SIMULTANEOUS STRONG PROXIMINALITY 49

that if W is simultaneously approximatively compact subset of a metric
space (X,d) then W is simultaneously strongly proximinal. The converse
holds if Ly (S) is compact for every bounded subset S of X. We show that
simultaneously strongly Chebyshev sets are precisely the sets which are si-
multaneously strongly proximinal and simultaneously Chebyshev. We also
prove that if F' is a simultaneously proximinal subspace and W a subspace
of a metric linear space (X, d) then (W + F)/F is simultaneously strongly
proximinal in X/F if W + F is simultaneously strongly proximinal in X.

2. Simultaneous strong proximinality and simultaneous
approximative compactness

In this section, we give some relationships between simultaneous strong
proximinality, simultaneous approximative compactness and simultaneous
strong Chebyshevity in metric spaces. We start with the following result:

Theorem 1. A nonempty subset W of a metric space (X, d) is simulta-
neously approrimatively compact if and only if W is simultaneously strongly
proziminal and Ly (S) is compact for every bounded subset S of X .

Proof. Suppose W is simultaneously approximatively compact and S a
bounded subset of X. Let {y,} C W be a minimizing sequence for S, i.e.,

(1) lim supd(s,yp) = d(S, W).

n—oo ses

Since W is simultaneously approximatively compact, {y,} has a subse-
quence {yn,} — yo € W. From (1), we have sup,cgd(s,yo) = d(S, W),
ie, yo € Lw(S) and so W is simultaneously proximinal for S. Then for
the constant sequence {yo} € Lw (S), we have d(yn,,y0) — 0. Hence W is
simultaneously strongly proximinal for S.

Now suppose that {z,} is any sequence in Ly (5), i.e., sup,cgd(s, zn) =
d(S,W) for every n € N. Then lim,_,o sup,cgd(s, z,) = d(S,W) and so
{zn} is a minimizing sequence for S. Since W is simultaneously approxima-
tively compact, {z,} has a converngent subsequence {z,, }. Hence Ly (S5)
is compact.

Conversely, suppose that W is simultaneously strongly proximinal and
Ly (S) is compact for every bounded subset S of X. Let {y,} C W be a
minimizing sequence for S. Since W is simultaneously strongly proximinal,
there exist a subsequence {yy, } of {y,} and sequence {z;} C Ly (S) such
that d(yn,,2r) — 0. Since Ly (S) is compact, {z;} has a subsequence
{zr,} — 20 € W. This gives {y,,} — 2 and so W is simultaneously
approximatively compact. |
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A closed subset W of a metric space (X,d) is called simultaneously
quasi-Chebyshev (see [8]) if Ly (S) is non-empty and compact for every
bounded subset S of X. Therefore, we have

Corollary 1. A nonempty subset W of a metric space (X,d) is simulta-
neously approximatively compact if and only if W is simultaneously strongly
proxziminal and simultaneously quasi-Chebyshev.

The following theorem gives relationships between simultaneous approx-
imative compactness, simultaneous strong Chebyshevity and simultaneous
strong proximinality.

Theorem 2. For a nonempty subset W of a metric space (X,d), the
following statements are equivalent:
(1) W is simultaneously strongly Chebyshev.
(ii) W is simultaneously strongly proximinal and simultaneously Cheby-
sheuv.
(7i1) W is simultaneously approzimatively compact and simultaneously
Chebyshev.

Proof. (i) = (7). Since W is simultaneously strongly Chebyshev, it is
simultaneously approximatively compact and so by Theorem 1, W is simul-
taneously strongly proximinal. Now, suppose S is any bounded subset of X
and wi, ws € Ly (S), w1 # wy. Then

supd(s,w1) = d(S,W) = supd(s, ws).
ses seS

Consider the sequence {y,} in W such that ys, = w; and yo,4+1 = we.
Then {y,} is a minimizing sequence for S in W. Since w; # wa, {yn} is
not convergent, a contradiction to simultaneous strong Chebyshevity of W.
Thus wi = we and hence W is simultaneously Chebyshev.

(73) = (i17) follows from Theorem 1.

(1it) = (7). Let {y,} € W be a minimizing sequence for a bounded
subset S of X, i.e., limy, o0 sup,egd(s,yn) = d(S,W). Since W is simul-
taneously approximatively compact, {y,} has a subsequence {y,,} — vo.
Then sup,cgd(s,yo) = d(S,W), ie., yo € Lw(S). We claim that every
subsequence of {y,} also converges to yo. Suppose {y,} has a subsequence
{yn;} such that {y,,} — 20, 20 # yo. Then sup,cqd(s,z0) = d(S,W),
i.e., zg is also a best simultaneous approximation to S from W. But W is
simultaneously Chebyshev and so yg = 2p, a contradiction. Therefore, every
subsequence of {y,} converges to yy and hence {y,} — yo. |

The following example shows that simultaneously approximatively com-
pact set need not be simultaneously strongly Chebyshev even in Banach
spaces.
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Example 1. Let X = (R?, |.||), where ||(z,)|| = max(|a, ly|), W =
{(z,0) : x € R} and S = {(1,1),(1,2),(2,1),(2,2)}. Then W being finite
dimensional subspace of X, is simultaneously approximatively compact. But
W is not simultaneously strongly Chebyshev for S. Consider the sequence
{yn} such that y2, = (2.5,0) and y2p4+1 = (1.5,0). Then {y,} is a minimizing
sequence for S which is not convergent.

Concerning strong Chebyshevity, we also have the following result.

Theorem 3. Let W be a closed subset of a metric space (X,d) and S a
bounded subset of X. Then W is simultaneously strongly Chebyshev for S if
and only if diam Ly (S,9) < €.

Proof. If W is strongly Chebyshev for S then Ly (S) = {yo}. There-
fore, every minimizing sequence {y,} C W for S converges to yg. Suppose
that the given condition does not hold. Then there exists an € > 0 and
zn € Lw(S, 1) such that d(zn,y0) > . This implies that {z,} is a mini-
mizing sequence for S that does not converge to g, a contradiction. Hence
diam Ly (S,9) < e.

Conversely, suppose that {y,} C W is any minimizing sequence for S, i.e.,
limy, o0 SUpgegd(z, yn) = d(S, W). Then for any 6 > 0, y, € Ly (z,0) after
some stage. This implies that for any § > 0, d(yn, Yn+p) < diam Ly (S,0) <
¢ after some stage. This implies that the sequence {y,} is Cauchy. Since
W is a closed subset of a complete metric space, W is complete. Therefore,
{yn} — yo € W, i.e., every minimizing sequence for z is convergent. Hence
W is strongly Chebyshev. |

Remarks. Theorems 1, 2 and 3 extend the corresponding Theorems
2.2, 2.3 and Proposition 2.7 of [1] from Banach spaces to metric spaces
respectively.

Remark 1. Let X = {x = (§1,&) : 0 < |&] < 1,& = 0}U{(—1,1),(1,1)}
be a subset of the real Euclidian plane endowed with the induced metric and
let W ={(1,1),(—1,1)}. Then W being a compact subset of metric space
X, is simultaneously approximatively compact.

Remark 2. Whereas a simultaneously strongly Chebyshev subset of a
metric space is simultaneously approximatively compact, a simultaneously
approximatively compact subset of a metric space need not be simultane-
ously strongly Chebyshev.

Let X = {(z,y) € R? : x > 0,y > 0} with usual metric and W =
{(z,y) € X : 22 + 9% = 1}. Then W, being a compact subset of the metric
space X, is simultaneously approximatively compact. But for S = {(0,0)},
Ly (S) = W, i.e., W is not simultaneously Chebyshev. Therefore, it follows
from Theorem 2 that W is not simultaneously strongly Chebyshev.
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Remark 3. Whereas an approximatively compact subset of a Banach
space is strongly proximinal (see [1]), a strongly proximinal subset of a
Banach space need not be approximatively compact.

Let X =1, W = cg. Then W, being an M-ideal, is strongly proximinal
in X. But, for x = (1,1,1,...) € ls, the sequence y, = (1,1,...,1, 0,0,...) €
W is minimizing sequence for z but {y,} has no convergent subsequence
(see [1]).

Remark 4. A proximinal subset of a Banach space need not be strongly
proximinal. Even a proximinal convex subset of a Banach space need not
be strongly proximinal.

Let X = (I, ||-||x), as constructed by Smith (see [13], Example 5). Then
the unit ball B(Xp) is proximinal but not strongly proximinal in X (see
14]).

Remark 5. The results proved in this section generalize and extend the
corresponding results proved in Banach spaces for strong proximinality in
[1] and for simultaneous strong proximinality in [7].

3. Simultaneously strongly proximinality
in quotient spaces

In this section, we discuss simultaneous strong proximinality in quotient
spaces of metric linear spaces and see how simultaneous strong proximinaliy
is transmitted to and from quotient spaces. The results proved in this section
are motivated by the corresponding results proved for proximinality in [3],
simultaneous proximinality in [8] and for simultaneous strong proximinality
in [7].

The following results of [8] and [12] will be used in the sequel:

Lemma 1. Let F' and W be subspaces of a Banach space X such that F
1s simultaneously proximinal, W is finite dimensional and F + W 1is closed
then F' + W is simultaneously proximinal in X.

Lemma 2. Let F' be a simultaneously proximinal subspace of a Banach
space X and W a subspace of X such that W + F is closed. If W + F' is si-
multaneously proximinal in X then (W +F)/F is simultaneously proziminal
in X/F.

Lemma 3. Let W be a proziminal subspace of a metric linear space
(X, d) then for any bounded subset S of X, we have

d(S,W) =sup inf d(s,w).

ses weW
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Theorem 4. Let F' be a simultaneously proximinal subspace of a metric
linear space (X,d) and W a subspace of X. If W + F is simultaneously
strongly proxziminal in X then (W + F)/F is simultaneously strongly proz-
iminal in X/F.

Proof. Suppose W + F' is simultaneously strongly proximinal in X, then
W + F is simultaneously proximinal and so using Lemma 2, (W + F)/F' is
simultaneously proximinal in X/F.

Let A be any bounded subset of X/F then A = S/F for some bounded
subset S of X (see [12]). Let {y, + F'} C (W + F)/F be any minimizing
sequence for S/F, i.e., limy, o supseg d(s+F, y,+F) = d(S/F,(W+F)/F).
Then y,, + F' € Liwr)/r(S/F,0n) for any &, > 0 after some stage. Since
Yn + F € Law1r)/r(S/F, 0n),

supd(s+ F,y, + F) <supd(s+ F,g+ F) + 0,
seS seS

forall g+ F € (W + F)/F, and so

sup inf d(s — yn, f) <sup inf d(s — g, f) + 6, for all g € (W + F).
ses feF ses feF

Using Lemma 3 and the proximinality of F', we can find f,, € F such that

sup d(s — yn, fn) < inf supd(s — g, f) + 6, for all g € (W + F).
s€eS JEF ses

Letting 6, — 0 as n — 0o, we obtain

lim supd(s — yn, fn) < d(S,W + F).
n—oo seS
Also d(S, W+F) < limy ;o0 SUpgcg d(S—Yn, fn) and so limy, o supyeg d(s
—Yn, fn) = d(S, W + F), i.e., {yn + fn} is a minimizing sequence for S in
W+F. Since W+ F is simultaneously strongly proximinal for .S, there exist a
subsequence {yy, + fn, } and {zx} € Lw4+r(S) such that d(y,, + fn,, 2zk) — O.
Now d(yn,, + F, 2+ F) = inf tep d(yn), — 2i» f) < d(Yny, — 2k» fn,) — 0. Hence
(W + F)/F is simultaneously strongly proximinal for S/F. [ |

Concerning strong proximinality in quotient spaces, we have

Theorem 5. Let W and F be subspaces of a metric linear space (X,d)
and F C W is proximinal in X. If W is simultaneously strongly proximinal
in X then W/F is simultaneously strongly proximinal in X/F.

Proof. Since W is simultaneously proximinal, W/F' is simultaneously
proximinal (see [10]). Let S/F be any bounded subset of X/F and {y, +
F} C W/F be any minimizing sequence for S/F, i.e.,

lim sup d(s+ F,yn+ F)=d(S/F,W/F).
N0 g1 FeS/F
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Thus y, + F' € Lyyp(S/F,6,) for any &, > 0 after some stage. Then
SUPst pes/p A8+ F, yn+F) < supg, peg/p d(s+F,w+F)+0d, forall w+F €
W/F,ie., sup,cginfrep d(s — yn, f) < supyeginfrep d(s —w, f) + 6, for all
w € W. Using Lemma 3.3 and proximinality of F', we can find f,, € F such
that sup,eg d(s—Yn, fn) < infrepsup,cgd(s—w, f)+0n < supyeg d(s,w)+0,
for all w € W. Therefore letting n — oo, we get limy, o0 SUpgeg d(s, yn +
fn) < d(S,W). We also have d(S, W) < limy o0 Supycg d(S, Yn+ fn). There-
fore, lim,, 00 SUP,cg d(S, Yn + fn) = d(S, W). This implies that {y, + fn} C
W is a minimizing sequence for S. Since W is simultaneously strongly prox-
iminal for S there exist a subsequence {y,, + fn,} and {zz} C Ly (S) such
that d(yn, + fry,2k) = 0. Now d(yn, + F, 2z + F) = inf pep d(yn, — 21, ) <
d(Yn,, — 2k, fn,) = 0. Hence W/F' is simultaneously strongly proximinal for
S/F. [

It was proved in [8] that for subspaces W and F' of a Banach space X
such that F' C W is simultaneously Chebyshev then W is simultaneously
Chebyshev if and only if W/F is simultaneously Chebyshev. Therefore, we
have

Corollary 2. Let W and F be subspaces of a Banach space X and
F C W is simultaneously Chebyshev in X. If W is simultaneously strongly
Chebyshev then W/ F' is simultaneously strongly Chebyshev.

(i) The converse of Theorem 3.5 is not true even if S is a singleton. It
was proved in [11] that if F is an infinite dimensional proximinal Banach
space then F can be embedded isometrically as a mon-strongly proximinal
hyperplane in another Banach space W. Thus, dimW/F = 1 and so it is
strongly proziminal in all its super spaces (see [11]). Then W/F is proxim-
inal in all its super spaces and so W is proximinal in all its super spaces
(see [3]). Using the same technique, W can be embedded as a non-strongly
proximinal hyperplane in another Banach space.

(ii) Theorems 3.4 and 3.5 extend the corresponding results of [7] proved
for simultaneous strong proximinality in Banach spaces.

(7i1) Taking S to be a singleton set, we obtain several results on strong
proziminality proved in [1,11].

Acknowledgements. The authors are thankful to learned referees for
valuable comments and suggestions leading to improvement of the paper.

References

[1] BANDYOPADHYAY P., L1 Y., LIN B.L., NARAYANA D., Proximinality in
Banach Spaces, J. Math. Anal. Appl., 2008; 341: 309-317.

[2] CHENG L1 XiN,Luo ZHENG HuA, ZHANG WEN, ZHENG BEN TU0O, On prox-
iminality of convex sets in superspaces, Acta Math. Sin., 32(6)(2016), 633-642.



ON SIMULTANEOUS STRONG PROXIMINALITY 55

[3] CHENEY E.W. WULBERT D.E., The existence and uniqueness of best ap-
proximation, Math Scand., 24(1969), 113-140.

[4] GOVINDARAJULU P., On best simultaneous approximation, J. Math. Phy.
Sci., 18(1984), 345-351.

[5] GOEL D.S., HoLLAND A.S.B., Nasmi C., SAHNEY B.N., On best simulta-
neous approximation in normed linear spaces, Can. Math. Bulletin, 17(1974),
523-527.

[6] GODEFROY G., INDUMATHI V., Strong proximinality and polyhedral spaces,
Rev. Mat. Complut., 14(2001), 105-125.

[7] GUuPTA S., NARANG T.D., Simultaneous strong proximinality in Banach
spaces, Turk. J. Math., 41(2017), 725-732.

[8] TRANMANESH M., MOHEBI H., On best simultaneous approximation in quo-
tient spaces, Anal. Theory Appl., 23(2007), 35-49.

[9) MARTIN M., On proximinality of subspaces and the linearity of the set of
norm-attaining functionals of Banach spaces, J. Funct. Anal., 278(4)(2020),
108353, 14 pp.

[10] NaraNG T.D., GupTa S., Best simultaneous approximation in quotient

spaces, Applied Analysis in Biological and Physical Sciences, (2016). Springer

pp-339-349.

[11] NARAYANA D., Strong proximinality and renorming, P. Am. Math. Soc.,

134(2005), 1167-1172.

[12] RAWASHDEH M., AL-SHARIF SH., DoMI W.B., On the sum of best simulta-

neously proximinal subsapces, Hacet. J. Math. Stat., 43(2014), 595-602.

[13] SMITH M.A., Some examples concerning rotundity in Banach spaces, Math.

Ann., 233(1978), 155-161.

[14] Zuanc Z.H, Liu C.Y, ZHOU Z., Some examples concerning proximinality in

Banach spaces, J. Approz. Theory, 200(2015), 136-143.

SAHIL GUPTA
DEPARTMENT OF MATHEMATICS
BBK DAV COLLEGE FOR WOMEN, AMRITSAR

e-magl: sahilmath@yahoo.in

T.D. NARANG
DEPARTMENT OF MATHEMATICS
GURU NANAK DEV UNIVERSITY, AMRITSAR

e-magl: tdnarang1948@Qyahoo.co.in

Received on 08.07.2021 and, in revised form, on 08.01.2022.



