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ABSTRACT. In this paper, we study the relation between a space X
satisfying certain generalized metric properties and its hyperspace
of finite subsets F(X) satisfying the same properties. We prove
that if F(X) is a stric By-space then so is X. However, there
exists a stric Bo-space X such that F,,(X) is not a stric By-space
for each n > 2, hence F(X) is not a stric By-space. Moreover, we
prove that X is a P-space (resp., sequentially separable) if and
only if so is F(X).
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1. Introduction and preliminaries

Recently, the generalized metric properties on hyperspaces such as F(X),
the space of finite subsets of X, and F,,(X), the n-fold symmetric product of
X have been studied by some authors ([4], [7], [10], [11], for example). They
considered several generalized metric properties and studied the relation
between a space X satisfying such property and its n-fold symmetric product
or its hyperspace of finite subsets satisfying the same property.

In this paper, we study the relation between a space X satisfying cer-
tain generalized metric properties and its hyperspace of finite subsets F(X)
satisfying the same properties. We prove that if F(X) is a stric By-space
then so is X. However, there exists a stric Bg-space X such that F,(X) is
not a stric By-space for each n > 2, hence F(X) is not a stric By-space.
Moreover, we prove that X is a P-space (resp., sequentially separable) if
and only if so is F(X).

Throughout this paper, all spaces are Hausdorff, N denotes the set of all
positive integers, the first infinite ordinal denoted by w.

Given a space X, we define its hyperspaces as the following sets:

(1) CL(X)={A C X : Ais closed and nonempty };
(2) 2X¥ ={A € CL(X): A is compact};
(3) Fu(X) = {A € 2% : A has at most n points}, where n € N;
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(4) F(X)={Ae2X: Ais finite}.
The set CL(X) is topologized by the Vietoris topology, the base of which
consists of all subsets of the following form:

B={(U,...,Uy) : Uy,..., Uy are open subsets of X, k € N},
where

(U1, ..., Up) ={A € CL(X): AC | J Ui, ANU; # 0 for each i < k}.

i<k

Note that, by definition, 2%, F,(X) and F(X) as the subspaces of CL(X),
every element of the sets 2%, F,(X) and F(X) is nonempty. Hence, they
are topologized with the appropriate restriction of the Vietoris topology.
Moreover,

(1) CL(X) is called the hyperspace of nonempty closed subsets of X;

(2) 2% is called the hyperspace of nonempty compact subsets of X;
(3) Fn(X) is called the n-fold symmetric product of X;
(4) F(X) is called the hyperspace of finite subsets of X.

It is obvious that F(X) = Upe1 Fn(X) and Fp(X) C Fpy1(X) for each
n € N.

Remark 1 ([10]). Let X be a space and let n € N.
(1) Fpn(X) is closed in F(X).
(2) fn: X" = Fp(X) given by fr((z1,...,20)) ={z1,...,2,} is a closed
finite-to-one mapping.
(3) fi: X — Fi(X) is a homeomorphism.
(4) Every F,,(X) is a closed subset of F,,(X) for each m,n € N, m < n.

Notation 1 ([7]). If Uy,...,Us are open subsets of a space X then
(Ut,...,Us) 5(x) denotes the intersection of the open set (Ui,...,Us) of the
Vietoris Topology, with F(X).

Notation 2. Let X be a space. If {z1,...,2,} is a point of F(X) and
{w1,.., 20} € (Un,...,Us) 5(x), then for each j <, we let Uy, = ([{U €
{U,...,Us} s 2 € U}, Observe that (Uy,, ..., Uz,.) r(x) C (Ui, ..., Us) r(x)-

Definition 1 ([5]). Let P be a family of subsets of a space X.

(1) The family P is a network for X, if for any neighborhood U of a point
x € X, there exists a set P € P such thatx € P C U.

(2) The family P is an sp-network for X, if for each x € U N A with U
open and A subset in X, there is a set P € P such that x € P C U and
rePNA.

Remark 2 ([5]). Base = sp-network = network.
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Definition 2. Let X be a space.
(1) The space X is said to be a stric Bo-space [5], if X is reqular and has
a countable sp-network.
(2) The space X is called a P-space [1], if every Gs-set in X is open.
(3) The space X is said to be sequentially separable [2], if it has a count-
able sequentially dense subset. A set D is sequentially dense in a space
X if each point x € X is the limit of some sequence of points of D.

Definition 3. Let X be a space.

(1) The space X is a strongly Fréchet-Urysohn space [9], if for every
decreasing sequence {A, : n € N} of subsets of X with x € A, for any
n € N, there exist points x, € A, (n € N) such that {z, : n € N}
converges to the point x.

(2) The space X is a Fréchet-Urysohn space [3], if for any A C X and
any x € A, there exist points x,, € A such that {x, : n € N} converges
to x.

(3) The space X 1is called a quasi-k-space [8] (resp., k-space [6], sequen-
tial space [8]), if a subset A of X is closed whenever AN K is closed in
K for every countably compact (resp., compact, compact metric) subset
K of X.

(4) The space X is called a ky-space [6], if it is the union of countably
many compact subsets K, such that a subset A of X is closed whenever
AN K, is closed in K, for alln € N,

Remark 3 ([3], [5], [8]). 1. Strongly Fréchet-Urysohn spaces = Fréchet-
Urysohn spaces = sequential spaces = k-spaces = quasi-k-spaces.
2. k,-spaces = k-spaces = quasi-k-spaces.

Definition 4 ([5]). A topological space X is called the sequential fan,
which is denoted briefly as S, if X is the quotient space by identifying all
the limit points of w many non-trivial convergent sequences.

2. Main results

Lemma 1. Fvery subspace of a stric Bg-space is a stric Bg-space.

Proof. Let Y be a subspace of a stric Bg-space X. Since X is a stric
Bo-space, X is regular and has a countable sp-network P. Observe that Y
is regular. If we put

Gg={PNY:PeP},

then it is easy to check that G is a countable sp-network for Y. Therefore,
Y is a stric Bp-space. |
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By Remark 1 and Lemma 1, we obtained the following theorem.

Theorem 1. Let X be a space. If F(X) is a stric Bo-space then so
s X.

Lemma 2. For each n > 2, (S,)" is sequential but (S,,)? is not Fréchet
-Urysohn.

Proof. It follows from [5, Example 4.3] that S,, is a regular Fréchet-Urysohn
and k,-space. Therefore, (S,,)" is sequential for each n > 2 by Remark 3, 6,
7.5] and [8, Theorem 2.2]. Furthermore, we have (S,,)? is not Fréchet-Urysohn.
Otherwise, since the Fréchet-Urysohn property is hereditary, S,, x ({z1(m) :
m € N} U {x}) is Fréchet-Urysohn, where the sequence {z1(m) : m € N}
converges to z in S, such that the set {z;(m) : m € N} U {z} is not
discrete. By [9, Theorem 12], S, is strongly Fréchet-Urysohn. This is a
contradiction. |

Lemma 3 (Theorem 4.2 [5]). The following conditions are equivalent for
a topological space X .

(1) X is a k-space with a point-countable sp-network.

(2) X is a Fréchet-Urysohn space with a point-countable cs*-network.

Example 1. There exists a stric Bg-space X such that F,(X) is not a
stric Bg-space for each n > 2, hence F(X) is not a stric By-space.

Proof. For each n > 2, (S,,)" is sequential but (S,)? is not Fréchet-
Urysohn by Lemma 2. It follows from Remark 1(2) and [10, Remark 4.2,
Lemma 4.4] that F,(S,) is sequential for each n > 2 but F»2(S,) is not
Fréchet-Urysohn. On the other hand, by Remark 1(4), F2(S,,) is closed in
Fn(Sy) for each n > 2. Therefore, F,,(S,,) is not Fréchet-Urysohn for each
n > 2. Furthermore, it follows from [5, Example 4.3] that the sequential
fan S, is a regular Fréchet-Urysohn space with a countable sp-network.
This implies that it is a stric Bo-space. However, F,(S,) does not have a
point-countable sp-network for each n > 2. Otherwise, there exists n > 2
such that F,,(S,) has a point-countable sp-network. Since F,(S,) is se-
quential, F,(S,) is a k-space by Remark 3. It follows from Lemma 3 that
Fn(Sw) is a Fréchet-Urysohn space, which is a contradiction. Therefore,
Fn(Sy) does not have a point-countable sp-network for each n > 2. This
proves that F,,(S,,) is not a stric Bg-space for each n > 2. By Remark 1(1)
and Lemma 1, F(S,,) is not a stric B-space. [

Lemma 4. Let X be a space. If U is an open subset of F(X), then | JU
is an open subset of X.
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Proof. Let U be an open subset of F(X) and z € |JU. Then, z €
{z,z1,...,2,} with {z,21,...,2,} € U. Tt follows from Notation 2 that we
can find open subsets U, Uy, ,...,U;, of X such that x € U, z; € Uy, for
each j <r, and

{z,21,. 20} € (Usy, Uy U ) pxy CU

On the other hand, if z € U, then {z,z1,..., 27} € (Uz,Usy, ..., Us,) r(x) C
U. Hence, z € |JU. Thus, U, C |JU. Therefore, | JU is an open subset of
X. ]

Theorem 2. Let X be a space. Then, X is a P-space if and only if so
is F(X).

Proof. Necessity. Let X be a P-space and U be a Gs-set in F(X). Then,
there exists a sequence {U,, : m € N} consisting of open subsets of F(X)

such that Y = () U,,. We prove that U is open in F(X).
meN
In fact, let {z1,...,2,.} € U. Then, {z1,...,2,} € Uy, for each m € N.

For each m € N, since U,, is open in F(X), by Notation 2, there exist open
subsets Ul(71 ), e U;gn) of X such that z; € U,(;Z.n) for each j < r, and
{111, R ,xr} S <U(m) ce U(m)>]:(X) C Up,.

xry ? ? T Xy

Moreover, since z; € () U;gn) for each j < r, we have

meN
{xl,...,xr}€<ﬂ o ). ﬂ >
meN meN
m) _
c < m) L Ulm >]__(X)C ﬂ U =U.
meN meN
Since X is a P-space, [ Ué’”) is open in X for each j < r. It shows that
meN
the set ( [ UJ(,T), 5 N Ua,m ) F(x) is open in F(X). Hence, U is open in
meN mEN

F(X).

Sufficiency. By definition of P-spaces, it is easy to check that P-spaces
are hereditary. Hence, by Remark 1, if F(X) is a P-space, then X is a
P-space. |

Theorem 3. Let X be a space. Then, X is sequentially separable if and
only if so is F(X).
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Proof. Necessity. Assume that X is sequentially separable and D is a
countable sequentially dense subset of X. We put

D:{{dl,...,dt}E.F(X)idl,...,thD,teN}.

Then, it is clear that D is a countable subset of F(X). Moreover, D is
sequentially dense in F(X).

In fact, let {z1,...,2,} € F(X). Then, for each j < r, there exists a
sequence {xgn) : n € N} of points of D such that {xEn) : n € N} converges
to x; in X. For each n € N, we put

Let U be an open neighborhood of {z1,...,z,} in F(X). By Notation 2,
there exist open subsets Uy, , ..., Uy, of X such that x; € U, for each j <,
and

{z1,... 20} € (Uays -, Uy ) rx) CU.

Thus, for each j < r, there exists m; € N such that asg-n) € Uy, for every

n > m;. If we put m = max{m; : j < r} then F,, € U for every n > m.
This proves that the sequence {F,, : n € N} of points of D converges to
{z1,...,2,} in F(X).

Sufficiency. Suppose that F(X) is sequentially separable and D is a
countable sequentially dense subset of F(X). If we put D = [JD then D is
a countable subset of X. Furthermore, D is sequentially dense in X.

In fact, let z € X. Then, {z} € F(X). Since D is sequentially dense
in F(X), there exists a sequence {F,, : n € N} of points of D such that
{F, : n € N} converges to {z} in F(X). For each n € N, take z,, € F}, then
xn, € D and it is obvious that the sequence {x, : n € N} converges to x
in X. |
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