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ABSTRACT. The structure of this paper is to introduce the new
sequence space of Riesz type of the form r%(AP) by using modulus
function. We will prove that it is complete linear paranormed
space. It will be shown to be linearly isomorphism with £(p).
Further, some inclusion relation will be computed.
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1. Introduction

We denote the set of all sequences with complex terms by Q. It is a
routine verification that 2 is a linear space with respect to the coordinate
wise addition and scalar multiplication of sequences which are defined, as
usual, by

C+n=(C)+ (m) = (C + k)
and

B¢ = B(Ck) = (BC),

respectively; with ¢ = (¢x), n = () € Q and 8 € C. By a sequence space
we define a linear subspace of €2 i.e., the sequence space is the set of scalar
sequences(real or complex) which is closed under co-ordinate wise addition
and scalar multiplication. Throughout the paper N and C denotes the set
of non-negative integers and the set of complex numbers, respectively. As in
[8, 11, 12], we denote by ¢, ¢ and ¢y, respectively, the space of all bounded
sequences, the space of convergent sequences and the sequences converging
to zero. Also, by ¢1, ¢(p), cs and bs we denote the spaces of all absolutely,
p-absolutely convergent, convergent and bounded series, respectively, as can
be seen in [9, 14, 37].

As in [10], [15]-[18], for an infinite matrix T" = (¢; ;) and v = (1) € €,
the T-transform of v is Tv = {(Tv);} provided it exists V ¢ € N, where
(Tv)i = 32720 tigvs-



40 SAMEER AHMAD GUPKARI

For an infinite matrix 7' = (t; j), the set G, where
(1) Gr={v=(v;) €eQ : Tv e G},

is known as the matrix domain of 7" in G [23, 24, 33].
A infinite matrix G = (g, ) is said to be regular if and only if the following
conditions hold:

(ii) lim onp =0, (k=0,1,2,...),
n—oo
(iii) > lows| < M, (M >0,n=0,1,2,...).
k=0

n
Let (gx) be a sequence of positive numbers and let us write, Q, = > g
k=0
for ne N. Then the matrix R = (r],) of the Riesz mean (R, ¢,) is given
by
@
) o if 0<k<n,
Tnk =
0 it kE>n.
The Riesz mean (R, ¢,) is regular if and only if @, — 0o as n — oo as
can be seen in [29, 35].

Quite recently, in [32], the author has introduced the following:

Pk

k
ri(u,p) == (G) €Q: Y Qlkz u;jqiCj| <0
k §=0

where, 0 < pr, < H < o0.
In [20], the author introduced the following difference sequence spaces
W(A) -
W(A) ={C=(G) € Q: (AG) e W},

where, W € {l, ¢, co} and Ay = Ck — Cp1-
In [2], the author has studied the sequence space as

bu, = {g: (Ge) € Q2 ) Azl < oo},

k

where 1 < p < co. With the notation of (1), the space bv, can be redefined
as

bu, = (Ip)a, 1 <p < oo
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where, A denotes the matrix A = (A,) defined as

(—1)" 7k if n—1<k<n,
Anlc:
0, if k<n—1ork>n.

In [25], the author introduced the concept of modulus function. We call
a function F : [0, 00) — [0,00) to be modulus function if
(1) F(¢) =0 if and only if zeta = 0,
(it) F(C+n) <{Q)+{n)V¢=0,n7=0,
(¢97) F is increasing, and
(iv) F is continuous from the right at 0.
One can easily see that if F; and J» are modulus functions then so is Fi +F3;
and the function F7 (j € N), the composition of a modulus function F with
itself j times is also modulus function.
Recently, in [30] the new space was introduced by using notion of modulus
function as follows:

L(F) = {c = () Y IFGDI< oo}.

The approach of constructing a new sequence space by means of matrix
domain of a particular limitation method has been studied by several au-
thors. (/s)y and ch(see [36]), (bp)o, = Xp and ({oo) o, = Xoo(see, [28]),

(loo) gt = rt, ’ s (O = rl and (Co)pt = ro(see [19]), (Ep)lRt = th, (see, [1]),
(p)gr = €} and (loo) gr = €l (see, [3]), (co)4r = ag and car = al(see, [4]),
(c o(u, [p)]]f)v :1 ap(u, p) and [C(u,p)] ar = ag(u,p) (see, [5], r9(u, p) = {l(p) } e
see, and etc.

2. The sequence space r%(A?) of non-absolute type

In this section, we define the Riesz sequence space ro(A?;) , and prove
that the space r?E(Ag ) is a complete paranormed linear space and show it is
linearly isomorphic to the space I(p).

Let A be a real or complex linear space, define the function 7 : A — R
with R as set of real numbers. Then, the paranormed space is a pair (A;7)
and 7 is a paranorm for A, if the following axioms are satisfied for all {, n € A
and for all scalars 3:

(i) 7(0) =0,

(i) 7(=¢) = (C),

(i#) 7(C+n) < 7(C) +7(n), and

)

(iv) scalar multiplication is continuous, that is,
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|8, — B] = 0 and h((, — ¢) — 0 imply 7(5,(n — B¢) — 0 for all f's in R
and (’s in A , where 6 is a zero vector in the linear space A. Assume here
and after that (pg) be a bounded sequence of strictly positive real numbers
with suppy = H and M = max {1, H}. Then, the linear space o (p) was

k
defined by Maddox [23] as follows :
foo(p) = {C = (G) = suplGy [ < oo}

which is complete space paranormed by

1M
Q) = [sgpwcupk]

We shall assume throughout that p;. ' +{p,} ! provided 1 < infpp< H <
00, and we denote the collection of all finite subsets of N by F', where N={0,
1,2, ... .

Following Altay [1]-[3], Bagarir and Oztiirk [6], Choudhary and Mishra
[7], Ganie and Dowlath [10, 14], Mursaleen [26], Sheikh and Ganie [32]-[34],
Ruckle [30], Sengoniil [31], we define the difference sequence space r%(A%)
as follows:

Pk

k
M ={c=(nea: 3 |F leijAgj < o0
k k=0

where, 0 < pr < H < o0 and s > 0.
By (1), it can be redefined as

rE(AY) ={lP)} re(a):

Define the sequence § = (&), which will be used, by the RLA -transform
of a sequence ¢ = ((x), i.e

k
2) S PN
kj:0

Now, we begin with the following theorem which is essential in the text.

Theorem 1. ro(A%;) is a complete linear metric space paranormed by
ha, defined as

k—1 PR 31
T
Zk: ijz% — qj+1)G + 0 —Ck

with 0 < pp, < H < 0.
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Proof. The linearity of r%(AY) with respect to the co-ordinatewise ad-
dition and scalar multiplication follows from from the inequalities which are
satisfied for ¢, & € rL(AY)( see [14], p.30] )

= Pk 31
3) Z F O Z( — qj+1)(G +mj) + Qs (Ck+77k)
k k
= 0" PR 31
< zk: Q jz% —qj+1 C] QZCIC
Pk ﬁ

1 Ik
+ 13 |F § o
- QS ( QJ+1)77] ank

and for any o € R (see, [13])
(4) jafPt < max(L, [aM).

It is clear that, ha(0)=0 and ha(¢) = ha(—() for all ¢ € rL(AF). Again
the inequality (3) and (4), yield the subadditivity of ha and

ha(a€) < max(1, [a])ha(C).

Let {¢"} be any sequence of points of the space r&-(A%) such that ha ({"—
¢) — 0 and (av,) is a sequence of scalars such that a;,, — a. Then, since the
inequality,

ha(z™) < ha(x) + ha(z™ — )

holds by subadditivity of ha, {ha(¢{™)} is bounded and we thus have

N PR A7
plan¢ = a¢) = [ 3|7 | 5@ — a)lang; —ag)
k k=0
< Jan — o] Ra(C™) + a7 ha(C” — €)

which tends to zero as n — oo, which shows that the scalar multiplication
is continuous. Hence, hn is paranorm on the space r%(AY).

It remains to prove the completeness of the space r%(A). Let {¢7} be
any Cauchy sequence in the space r&(Af), where ¢* = {¢}, (i, ...}. Then, for
a given € > 0, there exists a positive integer ng(e) such that

() ha(¢h=¢7) <e
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for all 4, j > ng(€). Using definition of h and for each fixed k € N, we have

1
M

[(REACE — (RIAC] < | D [(BEA ), — (REA W™ <e
k
for i, j > no(e), which leads us to the fact that {(RLACO)y, (REALCY)g, ...}
is a Cauchy sequence of real numbers for every fixed k¥ € N. Since R
is complete, it converges, say, (RLA(")y — (REA()k as @ — oo. Using
these infinitely many limits (REAC)o, (REAQ)1, ... , we define the sequence
{(RLA)0, (REAC)1, - .. }. From (5) for each m € N and ¢, j > no(e),

m
(6) D REAC K = (REA ™ < ha(¢h =M <M.

k=0

Take any ¢,7 > ng(e). First, let j — oo in (6) and then m — oo, we
obtain '
ha(¢h=¢) <e

Finally, taking e = 1 in (6) and by letting ¢ > ng(1), we have by Minkowski’s
inequality for each m € N that

1
m

D I(REL G| ] < ha(¢" =) +ha(¢") <1+ha(C)

k=0

which implies that ¢ € r&(A%). Since ha(¢ — (") < e for all i > ng(e), it
follows that ¢! — ¢ as i — oo, hence we have shown that 7‘3_-(&’5) ) is complete,
hence the proof of the theorem follows. |

Note that one can easily see the absolute property does not hold on the
spaces rL(AR), that is, ha ha for atleast one sequence in the space
f
rL(AL) and this says that rL(A%) is a sequence space of non-absolute type.
F y F

3. Inclusion relations

In this section, we investigate some of its inclusions properties .

Theorem 2. If pi. and ty are bounded sequences of positive real numbers
with 0 < pr, < tx < oo for each k € N, then for any modulus function F,
FL(AD) C rL(AL),

Proof. For ¢ € r4(AY) it is obvious that

[ Pk

1 QK
Z —qj+1 C_] s —Ck < o0.

k 23:0 Qk

,_.
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Consequently, for sufficiently large values of k say k > kg for some fixed
ko € N.

k—1
qk
F @Z(% —qj+1)G + @Ck < oo.
kj:(] k
But F being increasing and pi < tj, we have
= ¢ b
k
Z F @Z(Qj —¢j+1)G + §Ck
k>ko k j=0 k
s . P
k
<M |F @Z(%’ = qj+1)G + @Ck < 0.
k>ko kj=0 k
From this, it is clear that ¢ € r%(A%) and the result follows. |

Conclusion: In this paper, we have introduced the various generalized
spaces using modulus function. The sequence space r;(Aé’ ) of non-absolute
type have been studied and various topological properties have been com-
puted corresponding to it. Also, we have given the structure of some in-
clusion relation concerning to this new space. The results are more general
than the pre-existing results.

Acknowledgement: We are thankful to the reviewer(s) for the careful
reading and suggestions of the paper that improved its presentation.
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