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RESULTS CONCERNING THE ANALYSIS OF

GENERALIZED MITTAG-LEFFLER FUNCTION

ASSOCIATED WITH EULER TYPE INTEGRALS

Abstract. In this paper, we obtain some results on certain Eu-
ler type integrals involving generalized Mittag-Leffler function de-
fined by Salim and Faraj [20]. Further, we deduce some special
cases involving Mittag-Leffler function, Wiman function, Prab-
hakar function, exponential, binomial and confluent hypergeomet-
ric functions. Moreover, we obtain a relation between Laguerre
polynomials and Whittakar function.
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1. Introduction and preliminaries

New extensions of some of the well-known special functions (e.g. gamma
function, beta function and Gauss hypergeometric function, etc.) have been
widely studied in recent past years. By interesting a regularization factor
e−bt−1, Chaudhary and Zubair [6] have introduced the following gamma
function:

(1) Γr(u) =

∫ ∞

0
vu−1 exp

(
−v − r

v

)
dv.

Chaudhary et al. [7] considered the extension of Euler’s beta function as
follows:

(2) Γr(u,w) =

∫ ∞

0
vu−1(1− v)w−1 exp

(
−r

v(1− v)

)
dv.

They also extended the Gauss’s hypergeometric function [8] as follows:

(3) Fr(ξ, ζ;λ;u) =

∞∑
n=0

(ξ)n
Br(ζ + n, λ− ζ) un

B(ζ, λ− ζ) n!
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(r ≥ 0; | u |< 1, ℜ(λ) > ℜ(ζ) > 0),

where (ξ)n denotes the usual Pochhammer symbol (see [18]).
Özergin et al. [15] studied some fundamental properties of the generalized

beta type function B
(ξ,ζ,m)
r (u,w) (see [18]):

(4) B(ξ,ζ,m)
r (u,w) =

∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−r

vm(1− v)m

]
dv

(ℜ(ξ) > 0, ℜ(ζ) > 0, ℜ(r) > 0, ℜ(u) > 0, ℜ(w) > 0.)

For ξ = ζ and m = 1, equation (4) reduces to equation (2).
The Mittag-Leffler function [14] was introduced in connection with its

method of summations of some divergent-series. It naturally occurs as
the solution of fractional ordered integral or differential equations. Many
researchers (see [1]-[5], [9], [10], [11], [15], [21]) studied and defined the
generalization of Mittag-Leffler function as:

Gosta Mittag-Leffler [14] introduced the function in 1903 as follows:

(5) Eξ(u) =
∞∑
n=0

un

Γ(ξn+ 1)
, (ξ ∈ C;ℜ(ξ) > 0.)

A generalization of Eξ(u) was given and studied by Wiman [22] as follows:

(6) Eξ,ζ(u) =
∞∑
n=0

un

Γ(ξn+ ζ)
, (ℜ(ξ) > 0,ℜ(ζ) > 0; ξ, ζ ∈ C.)

By means of the series representation a further generalization of Eξ,ζ(u) is
introduced by Prabhakar [16] as follows:

(7) Eλ
ξ,ζ(u) =

∞∑
n=0

(λ)nu
n

Γ(ξn+ ζ)
(ℜ(λ) > 0,ℜ(ξ) > 0,ℜ(ζ) > 0; λ, ξ, ζ ∈ C.),

Further generalization of Mittag-Leffler function Eλ,δ
ξ,ζ (u) was defined by

Salim [19] as follows:

(8) Eλ,δ
ξ,ζ (u) =

∞∑
n=0

(λ)n un

Γ(ξn+ ζ) (δ)n
,

where (ξ, ζ, λ, δ ∈ C; ℜ(ξ) > 0, ℜ(ζ) > 0, ℜ(δ) > 0, ℜ(λ) > 0).
A more generalized form was introduced by Salim and Faraj [20] as fol-

lows:

(9) Eλ,δ,q
ξ,ζ,p(u) =

∞∑
n=0

(λ)qn un

Γ(ξn+ ζ)(δ)pn
,

where ξ, ζ, λ, δ ∈ C; min {ℜ(ξ),ℜ(ζ),ℜ(λ),ℜ(δ)} > 0; p, q > 0, q ≤ ℜ(ξ + p)

and (λ)qn = Γ(λ+qn)
Γ(λ) is the generalized Pochhammer symbol.
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2. Main results

Theorem 1. If µ, ν, γ, δ, u, w ∈ C; ℜ(µ) > 0, ℜ(ν) > 0, ℜ(λ) > 0,
ℜ(δ) > 0,ℜ(u) > 0, ℜ(w) > 0, ℜ(p) > 0, ℜ(q) > 0,ℜ(t) > 0; p, q > 0,
q ≤ ℜ(µ+ p), then the underlying result holds true:∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−v

vm(1− v)m

]
Eλ,δ,q

µ,ν,p(sv
µ)dv(10)

=
∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (δ)pn
B

(ξ,ζ,m)
t (u+ µn,w).

Proof. In order to obtain our main result, we indicate the L.H.S of (10)
be denoted by I1 and using (9), we get

I1 =

∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

] ∞∑
n=0

(λ)qn sn vµn

Γ(µn+ ν) (δ)pn
dv,

which, on using generalized beta function in (4), yields

I1 =
∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (δ)pn

∫ 1

0
vµn+u−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
dv

=

∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (δ)pn
B

(ξ,ζ,m)
t (u+ µn,w)

■

Corollary 1. On setting ξ = ζ, (10) reduces as:∫ 1

0
vu−1(1− v)w−1 exp

[
−t

vm(1− v)m

]
Eλ,δ,q

µ,ν,p(sv
µ) dv(11)

=

∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (δ)pn
B

(m)
t (u+ µn,w).

Corollary 2. On setting t = 0, δ = 1, p = 1, (11) reduces as:

1

Γ(ξ)

∫ 1

0
vu−1(1− v)w−1 Eλ,q

µ,ν (svµ) dv(12)

=

∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (1)n
B

(m)
t (u+ µn,w) = Eλ,q

µ,ν+w(s).
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Theorem 2. If µ, ν, λ, δ, η, u, w ∈ C; ℜ(µ) > 0, ℜ(ν) > 0, ℜ(λ) > 0,
ℜ(δ) > 0, ℜ(η) > 0, ℜ(u) > 0, ℜ(w) > 0, ℜ(t) > 0; | arg d+bc

d+ac | < π; a, b,
c, d are constants and p, q > 0 then the following result holds true:

∫ b

a
(v − a)u−1(b− v)w−1(cv + d)η(13)

× 1F1

[
ξ; ζ;

−t

(v − a)m(b− v)m

]
Eλ,δ,q

µ,ν,p(s(b− v)h) dv

= (ac+ d)η
∞∑
l=0

∞∑
n=0

(ξ)l (−t)l(λ)qn sn

(ζ)l l! Γ(µn+ ν)(δ)pn
B(u− lm,w + hn− lm)

×(b− a)u+w+hn−2lm−1
2F1

[
u− lm, −η;

u+ w + hn− 2lm;

−(b− a)c

ac+ d

]
.

Proof. Let L.H.S of (13) be denoted by I2. We expand the function 1F1

into series form and using (9), we have

I2 =

∫ b

a
(v − a)u−1(b− v)w−1(cv + d)η

∞∑
l=0

(ξ)l (−t)l

(ζ)l l! (v − a)lm (b− v)lm

×
∞∑
n=0

(λ)qn sn (b− v)hn

Γ(µn+ ν) (δ)pn
dv

=
∞∑
l=0

∞∑
n=0

(ξ)l (−t)l (λ)qn sn

(ζ)l l! Γ(µn+ ν) (δ)pn

×
∫ b

a
(v − a)u−lm−1(b− v)w+hn−lm−1 (cv + d)η dv.

By using a well known formula (see [12], P. 1996 (2.7), see also [17], p-263),
we get

∫ b

a
(v − a)ξ−1(b− v)ζ−1(cv + d)η dv

= B(ξ, ζ)(b− a)ξ+ζ−1(ac+ d)η 2F1

[
ξ,−λ; ξ + ζ;

−(b− a)c

(ac+ d)

]
.

(ℜ(ξ) > 0, ℜ(ζ) > 0;
∣∣∣arg d+ bc

d+ ac

∣∣∣< π).

We get the desired result (13). ■
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Corollary 3. For ξ = ζ, the result (13) reduces to∫ b

a
(v − a)u−1(b− v)w−1(cv + d)η(14)

× exp

[
−t

(v − a)m(b− v)m

]
Eλ,δ,q

µ,ν,p(s(b− v)h) dv

= (ac+ d)η
∞∑
l=0

∞∑
n=0

(−t)l(λ)qn sn

l! Γ(µn+ ν)(δ)pn
B(u− lm,w + hn− lm)

× (b− a)u+w+hn−2lm−1
2F1

[
u− lm, −η;

u+ w + hn− 2lm;

−(b− a)c

ac+ d

]
.

Corollary 4. For ξ = ζ and t = 0, the result (13) reduces to∫ b

a
(v − a)u−1(b− v)w−1(cv + d)ηEλ,δ,q

µ,ν,p(s(b− v)h) dv(15)

= (ac+ d)η
∞∑
l=0

∞∑
n=0

(λ)qn sn

Γ(µn+ ν)(δ)pn
B(u, w + hn)

× (b− a)u+w+hn−1
2F1

[
u, −η;

u+ w + hn;

−(b− a)c

ac+ d

]
.

Corollary 5. For a = 0 and b = 1, the result (13) reduces to∫ 1

0
(v)u−1(1− v)w−1(cv + d)η(16)

× 1F1

[
ξ; ζ;

−t

(v)m(1− v)m

]
Eλ,δ,q

µ,ν,p(s(1− v)h) dv

= (ac+ d)η
∞∑
l=0

∞∑
n=0

(ξ)l (−t)l(λ)qn sn

(ζ)l l! Γ(µn+ ν)(δ)pn
B(u− lm,w + hn− lm)

× 2F1

[
u− lm, −η;

u+ w + hn− 2lm;

−c

d

]
.

Theorem 3. If µ, ν, λ, δ, α, γ, u, w ∈ C; ℜ(µ) > 0, ℜ(ν) > 0, ℜ(λ) > 0,
ℜ(δ) > 0, ℜ(α) > 0, ℜ(γ) > 0, ℜ(u) > 0, ℜ(w) > 0, ℜ(t) > 0, p, q > 0,
then the following result holds true:∫ 1

0
(v)u−1(1− v)w−u−1(1− zvα(1− v)γ)−a(17)

× 1F1

[
ξ; ζ;

−t

(v)m(1− v)m

]
Eλ,δ,q

µ,ν,p(sv
µ) dv

=

∞∑
l=0

∞∑
n=0

(a)l z
l(λ)qn sn

l! Γ(µn+ ν) (δ)pn
B

(ξ, ζ, m)
t (u+ µn+ αl, w + γl − u).
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Proof. For suitability, let L.H.S of (17) be denoted by I3. Applying (9)
and expressing (1− zvα(1− v)γ)−a into binomial series (see [18]), we get

I3 =

∫ 1

0
(v)u−1(1− v)w−u−1(1− zvα(1−)vγ)−a

1F1

[
ξ; ζ;

−t

(v)m(1− v)m

]
×

∞∑
l=0

(a)l z
l vαl (1− v)γl

l!

∞∑
n=0

(λ)qn sn vµn

Γ(µn+ ν) (δ)pn
dv

=
∞∑
l=0

∞∑
n=0

(a)l z
l(λ)qn sn

l! Γ(µn+ ν) (δ)pn

∫ 1

0
(v)u+αl+µn−1(1− v)w+γl−u−1

× 1F1

[
ξ; ζ;

−t

(v)m(1− v)m

]
dv

=
∞∑
l=0

∞∑
n=0

(a)l z
l(λ)qn sn

l! Γ(µn+ ν) (δ)pn
B

(ξ, ζ, m)
t (u+ µn+ αl, w + γl − u)

which, upon using (4), yields our desired result (17). ■

Corollary 6. For ξ = ζ in (17), and then using the integral formula [see
[12], Equation (3.5)] we obtain the underlying result:∫ 1

0
(v)u−1(1− v)w−u−1(1− xvα(1− v)γ)−a exp

[
−t

(v)m(1− v)m

]
dv

=

∞∑
r=0

(a)r xr

r!
B

(m)
t (u+ αr, w + γr − u)

thus, (17) reduces to∫ 1

0
(v)u−1(1− v)w−u−1(1− xvα(1− v)γ)−a(18)

× exp

[
−t

(v)m(1− v)m

]
Eλ,δ,q

µ,ν,p(sv
µ) dv

=

∞∑
l=0

∞∑
n=0

(a)l x
l(λ)qn sn

l! Γ(µn+ ν) (δ)pn
B

(m)
t (u+ µn+ αl, w + γl − u).

Corollary 7. For ξ = ζ and a = 0, (17) reduces as follows:∫ 1

0
(v)u−1(1− v)w−u−1 exp

[
−t

(v)m(1− v)m

]
Eλ,δ,q

µ,ν,p(sv
µ) dv(19)

=

∞∑
n=0

(λ)qn sn

Γ(µn+ ν) (δ)pn
B

(m)
t (u+ µn, w − u),
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where B
(m)
t is the extended beta function given by (2).

Relationship with Laguerre Polynomial and Whittaker function:

Taking ξ = ζ, t = β, a = 0 and considering the following equality:

e
−β

v(1−v) = e
−β
1−v e

−β
v

and then using the definition (9) and the following generating function of
the Laguerre polynomial (see [18])

e
−β

v(1−v) = e−βe
−β
v (1− v)

∞∑
r=0

Lr(β)v
r,

in (17), we get

I3 =

∫ 1

0
(v)u−1(1− v)w−u−1 e−β e

−β
v(1−v)(20)

×
∞∑
r=0

Lr(β) v
r

∞∑
n=0

(λ)qn sn vµn

Γ(µn+ ν) (δ)pn
dv

= e−β
∞∑

r,n=0

Lr(β) (λ)qn sn

Γ(µn+ ν) (δ)pn

∫ 1

0
(v)u+µn+r−1(1− v)w−u−1 e

−β
v dv(21)

finally, using the following integral representation [see [13], P. 25(2.2)]∫ 1

0
(v)u−1(1− v)w−1 e

−β
v dv = Γ(w) β

u−1
2 e

−β
2 W (1−u−2w)

2
, u

2

(β),

ℜ(w) > 0, ℜ(β) > 0 in equation (21), we get

I3 = e−β
∞∑

r,n=0

Lr(β) (λ)qn sn

Γ(µn+ ν) (δ)pn
Γ(w − u)(22)

× β
u+µn+r−1

2 e
−β
2 W (1+u−µn−r−2w)

2
, u+µn+r

2

(β)

= e
−3β
2

∞∑
r,n=0

Lr(β) (λ)qn sn

Γ(µn+ ν) (δ)pn
Γ(w − u)

× β
u+µn+r−1

2 W (1+u−µn−r−2w)
2

, u+µn+r
2

(β),

where Lr(β) is Laguerre polynomial and Wµ,ν(β) is Whittaker function.
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3. Special cases

(i) On replacing p = q = 1 in (10), we have∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
Eλ,δ

µ,ν(sv
µ) dv(23)

=
∞∑
n=0

(λ)n sn

Γ(µn+ ν) (δ)n
B

(ξ,ζ,m)
t (u+ µn,w),

where Eλ,δ
µ,ν(s) is a Mittag-Leffler function defined in (see [17]).

(ii) On replacing p = δ = 1 in (10), we have∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
Eλ,q

µ,ν(sv
µ) dv(24)

=

∞∑
n=0

(λ)qn sn

Γ(µn+ ν) n!
B

(ξ,ζ,m)
t (u+ µn,w),

where Eλ,δ
µ,ν(s) is a Mittag-Leffler function defined in (see [18]).

(iii) On replacing p = q = δ = 1 in (10), we have∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
Eλ

µ,ν(sv
µ) dv(25)

=
∞∑
n=0

(λ)n sn

Γ(µn+ ν) n!
B

(ξ,ζ,m)
t (u+ µn,w),

where Eλ
µ,ν(s) is a Mittag-Leffler function defined in (see [16]).

(iv) On replacing p = q = λ = δ =1 in (10), we have∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
Eµ,ν(sv

µ) dv(26)

=
∞∑
n=0

sn

Γ(µn+ ν)
B

(ξ,ζ,m)
t (u+ µn,w),

where Eµ,ν(s) is a Wiman function defined in (see [22]).

(v) On replacing µ = ν = p = q= λ = δ = 1 in (10), we have∫ 1

0
vu−1(1− v)w−1

1F1

[
ξ; ζ;

−t

vm(1− v)m

]
e(sv) dv(27)

=

∞∑
n=0

(sv)n

n!
B

(ξ,ζ,m)
t (u+ n,w),
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where e(s) is a exponential function.

(vi) On replacing ν = δ = p = q= 1, µ = 0 in (13), we have∫ b

a
(v − a)u−1(b− v)w−1(cv + d)η(28)

× 1F1

[
ξ; ζ;

−t

(v − a)m(b− v)m

]
1F0(λ;−; s(b− v)h) dv

= (ac+ d)η
∞∑
l=0

∞∑
n=0

(ξ)l (−t)l(λ)n sn

(ζ)l l! n!
B(u− lm,w + hn− lm)

× (b− a)u+w+hn−2lm−1
2F1

[
u− lm, −η;

u+ w + hn− 2lm;

−(b− a)c

ac+ d

]
,

where 1F0 is a Binomial function defined in (see [18]).

(vii) On replacing µ = ν = λ = δ = p = q = 1, a = t = 0 in (17), we have

(29)

∫ 1

0
esv(v)u−1(1− v)w−u−1 dv =

Γ(u) Γ(w − u)

Γ(w)
1F1(u;w; s),

where ℜ(w) > 0, ℜ(u) > 0 and 1F1 is a confluent hypergeometric function
defined in (see [18]).

4. Conclusion

The results obtained in this paper are general in nature and can be spe-
cialized to compute numerous known and new integral formulas with several
special functions from the close relationship of generalized Mittag-Leffler
functions. We also connect our main results with Laguerre polynomials and
Whittakar function.
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[22] Wiman A., Über den Fundamentalsatz in der Theorie der Funktionen Eα(x),
Acta. Math., 29(1905), 191-201.



Results concerning the analysis of . . . 59

N. U. Khan
Department of Applied Mathematics

Aligarh Muslim University
Aligarh-202002, India

e-mail: nukhanmath@gmail.com

M. Iqbal Khan
Department of Applied Mathematics

Aligarh Muslim University
Aligarh-202002, India

e-mail: miqbalkhan1971@gmail.com

Received on 10.06.2022 and, in revised form, on 20.11.2022.


