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1. Introduction

Let the unit disc is defined as E = {z : z € C, |z| < 1} where C denotes
the complex plane. Ay,(p > 1) denotes the class of analytic functions f in
the unit disc £ and of the form

(1) fl) =224 ) apt.

k=p+1

In particular, A, = Aj, the class of analytic functions of the form f(z) = z+
S22, a2z and which are normalized by the conditions f(0) = f/(0)—1 = 0.
By S we denote the class of functions in .4; which are univalent in F.

Let U denotes the class of analytic functions in £ which can be expressed

[o.@]
w(z) = Z crz”,
k=1

and with the conditions w(0) = 0, |w(z)| < 1. The functions in the class
U are known as Schwarz functions. It was proved in [15] that for w € U,
ler] <1 and |ea] <1 — |eg]?

For two analytic functions f and ¢ in F, f is said to be subordinate to
g if there exists a Schwarz function w € U such that f(z) = g(w(z)) and

as
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symbolically it is written as f < g. Further, if the function ¢ is univalent in
E, then f < g is equivalent to f(0) = ¢g(0) and f(E) C g(E).

By S;(a) and Ky(a) (0 < o < p), we denote the subclasses of A, which
are respectively the classes of p-valently starlike functions and p-valently
convex functions of order v and defined as

i) = {f . fe A, Re <Z}Eé§)> > az€ E}

and

ICp(a):{f:feAp,Re <<Z}c//((§)))/> >a,z€E}.

The classes S, () and KCy(r) were investigated by Goluzin [5]. It can be

!

easily seen that f € KCp(«) if and only if SZAyS Sy(a). For 0 < o < 1,
p

Si(a) = §*(a) and K (a) = K(a), the classes of starlike functions of order
a and convex functions of order « respectively, introduced by Robertson
[19]. Also §;(0) = S, and K,(0) = K, the classes of p-valent starlike
functions and p-valent convex functions respectively. Further S§7(0) = S*
and K1(0) = K, the well known classes of starlike functions and convex
functions respectively

Umezawa [21] established the class Cp(«) of p-valent close-to-convex func-
tions defined as

zf'(2)
9(2)

For p =1, o = 0, the class Cp(«) reduces to C, the class of close-to-convex
functions introduced by Kaplan [8].
Reade [18] introduced the class CS™* of close-to-star functions defined as

CS* = {f:fGAl,Re (f(z)> >0,g€8*,z€E}.
9(z)
The class of close-to-star functions has the same relation with the class of
close-to-convex functions as the class of starlike functions bear to the class
of convex functions.
The corresponding class of p-valent close-to-star functions is denoted by
CS*(p) and defined as

Cp(oz):{f:fEAp,Re< )>a,g€S;,zEE}.

pf(2)
9(2)

For p = 1, CS*(p) agrees with the class CS*. Various subclasses of close-to-star
functions were studied in [3, 10, 12, 13, 14, 16].

CS*(p)z{f:fGA,,,Re( >>O,g€S;,z€E}.
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For -1 < B < A < 1and 0 < a < p, Aouf [1] established the

class P(A, B;p; ) which consists of the functions of the form p(z) = p +

%zt p+[pB+(A-B)(p—a)
> heq Pr2" such that p(z) < B

(i) P(A,B;1;a) = P(A, B;a), the class introduced by Polatoglu et
al. [17].

(i) P(A, B;1;0) = P(A, B), asubclass of A; introduced by Janowski [7].

Further, for -1 < B < A <1 and 0 <« < p, Aouf [1, 2], introduced the
following useful classes:

z .
. In particular,

S*(A,B;p;a):{fifEAp,Zf/<Z) _<p+[pB+(A—B)<p—CK)]Z’Z€E}

f(2) 1+ Bz

and

K(A,B;p;a) = {f L f €Ay,

!/ /
IO L pbB(A-Boalk  p).
f'(2) 1+ Bz
The following observations are obvious:
(1) S*(1, =1;p;a) = Sy () and K(1, =1;p; ) = Kp(av).
(i) S*(A, B;p; 0) = S;(A, B) and K(A, B; p;0) = Kp(A, B), the classes
studied by Hayami and Owa [6].
(ii1) S*(A, B; 1; ) = S*(A, B; o), the class studied by Polatoglu et al. [17].
(iv) §*(A,B;1;0) = S*(A,B) and K(A, B;1;0) = K(A, B), the sub-
classes of starlike and convex functions respectively, introduced by Janowski [7]
and studied further by Goel and Mehrok [4].
(v) S*(1,-1;1;a) = S*(a) and K£(1,-1;1;a) = ().
(vi) §*(1,—-1;1;0) = S* and K£(1,—1;1;0) = K.
Throughout this paper, we assume that -1 < D < (C <1, -1 < B <
A<1,0<a<p, 0<pB<pandzeckF.
Getting motivated by the above work, we take into account the following
definitions:

Definition 1. Let CS*(A, B; C, D;p; 5; ) denote the class of functions
f € Ay and satisfying the condition

pf(2) Pt [pD + (C — D)(p — B)lz
9(2) 1+ Dz ’

where -
g(z) =22 + Z dpz* € 8*(A, B; p; Q).
k=p+1
Definition 2. CS(A, B; C, D; p; 5; a) is the class of functions f € A,
which satisfy the condition
pf(z)  p+[pD+(C—D)lp-hHlz
h(z) 1+ Dz ’
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where

hz) =22+ > ba* € K(A Bip;a).
k=p+1

The following points are to be noted:
(i) CS*(A, B;C,D;p;0;0) =CS*(A, B;C, D; p).
(1i) CS* (A, B;C, D;1;0;0) = CS*(A, B; C, D), the subclass of close-to-star
functions investigated by Mehrok and Singh [12].
(7i1) CS*(1,—-1;C, D;1;0;0) = CS*(C, D), the subclass of close-to-star
functions studied by Mehrok et al. [13].
() CS*(1,-1;1,—1;1;0;0) =CS™.
(v) CST(A, B; C, D;p;0;0) =CSi(A, B;C, D;p).
(vi) CS1(1,—-1;C,D;1;0;0) = CS7(C, D), the subclass of close-to-star
functions studied by Mehrok et al. [1]].

In this paper, we investigate various properties such as the coefficient
estimates, growth theorems, argument theorems and inclusion relations for

the classes CS*(A, B; C, D; p; B; ) and CS7(A, B; C, D; p; 5; ). The results
already proved by various authors, will follow as special cases.

2. Preliminary results

Lemma 1 ([1)). If P(z) = ptpD+(C = D)p = Hlw(z) =p+

1+ Dw(z)
S pez® € P(C, D;p; B), then

pn] <(C=D)(p—$), n=p.
The bounds are sharp for w(z) = z" and for the function
P(z)=p+(C—-D)(p—pB)z"+ ...

Lemma 2 ([11]). Let —1 < Dy < D; < C; < Cy <1, then

1+ Ciz - 14 Cyz
14+ Dyz 14 Doz’

Lemma 3 ([20]). If ¢¥(z) is regular in E, ¢(z) and h(z) are convex
univalent in E such that ¢(z) < ¢(2), then (z)xh(z) < ¢(2)*h(z), z € E.

Lemma 4 ([1]). For g(z) =27+ 1, dp2" € 8*(A, B; p; ),

n—(p+1) |(B - A)(p - a) + B]|

’dn‘ S H]ZO j +1

n > 1.

)
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Lemma 5 ([1]). Let g € S*(A, B;p;«), then for |z| =7, 0 <r < 1, we
have

(A=B)(p—c) (A=B)(p—a)

rP(1=Br) 5 <|g(z)| <1+ Br) 5, B#0,
rPe= A=) < |g(2)| < rPeAP=o) B = .

Lemma 6 ([1]). For g € S*(A, B;p; ),

— <

CBr=lsin ! (Br) if B#0,
Alp— a)r if B=0.

Lemma 7 ([2]). For h(z) = 2P + 3772 1, bez* € K(A, B; p; ),
p n—(p+1) ;
by| < ———1IT B—A)(p-— B > 1.
b= S B A Bl =
Lemma 8 ([2]). Let h € K(A, B;p; ), then for |z| =7, 0 <r <1, we
have
(A=B)(p=a) (A-B

p / @ (1B T < (=) < p / #1481 B e, B £,
0 0

p / P lemAP=tgr < |h(2)| < p / LAty B =0,
0 0
Lemma 9. If g(z) = 2P + Zzozpﬂ dypz* € S*(A, B;p; ), then

(A-B)(p—a)

d <
’p+1|_ p+1

and

d <
‘p+2‘_ p+1

Proof. As g € §*(A, B; p; ), therefore we have

(A-B)p-a) max{1 (A= B)(p—a) - B|}
) , |

w(E __(A-Bp-aw) i~ .
9z)  PT (A +Bu() (2) kzlvk cU.

On expanding the above expression and equating the coefficients of zP*! and
2P+2 it yields
(A-B)(p—a)n

p+1

dp—l—l =

and

dyio = (A— B)(Qp o)y [(A-B)p- 0;)(];:’31514 —B)(p— Oé)ﬁ.
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On applying the triangle inequality in the above equations, we obtain

dpia] < EZDNE=
and A-B A-B B
|dpt2| < (4~ ;(p_ %) Y2 + (A~ L(i_l @)~ 5] |-

It is well known [9] that for w(z) = >3, 12" € U, [y < 1and |2 — 7| <
max{1, |s|}.

Using these results in the above inequalities, the proof of the Lemma is
obvious. |

3. Results for the class CS*(A, B; C, D; p; §; «)

Theorem 1. If f € CS*(A, B;C, D;p; B;«), then forn > 1,

n—(p+1) (B — A)(p — ) + Bj| n (C—-D)(p-B)
=0 .
Jj+1 P

(2) lan| < TI

n—1 .
_ B —A)(p— )+ Bj
1 Hm (P+1)‘(
2 j+1

m=p+1

The result is sharp.
Proof. As f € CS*(A, B;C, D;p; 3;a), therefore by Definition 1, we

have
(3) pf(z) = 9(2)P(2),
where o
g(z) = 2P + Z 2" € 8*(A, B;p;a)
k=p+1
and

P(z)=p+ > pez" € P(C,D;p; B).
k=1

Expansion of (3) yields,
(4) p[1+ap+1z+ap+222+ o+ a2 P4

= [1+dpp12 +dpy22® + ... +dp2" P+ ... ]
X[p4prz+pd+ . 2+
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On equating the coefficients of 2"~ P on both sides of (4), we have
(5) pan = pdyp + prdy—1 + p2dp_2... + Pn—p-1dp1 + Pr_p.
Application of triangle inequality and using Lemma 1 in (5), it gives
(6)  plan| < pldp| + (C = D)(p — B) [1 + |dpp1| + |dpra] + ... + |dn—1]].

Using Lemma 4 in (6), we can easily obtain the result (2). Equality is
attained in (2), for the functions f, defined by

_ Gl p+{pD +(C = D)(p - B)}022
(7) fo(2) = (1- Bélz)(B—Ag(p—a) 1+ Doyz )

|01] = [62] =1, B # 0. L

Remark 1. (i) On putting o = 0, f = 0 in Theorem 1, we can easily
obtain the result for the class CS*(A, B; C, D;p).

(ii) For p =1, a = 0, 8 = 0, Theorem 1 agrees with the result due to
Mehrok and Singh [12].

(iii) For A=1,B= -1, a =0, =0, p=1, Theorem 1 leads to the
result established by Mehrok et al. [13].

(iv) On putting A=1,B=-1,C=1,D=—-1,a=0,8=0,p=11in
Theorem 1, we can easily obtain the result derived by Reade [18].

Theorem 2. For f € CS*(A, B;C, D;p; B; ) and for |z =7, 0 <r <1,
we have for B # 0,

L gty [P RO DI g
1, “=B)w-a) [p+{pD + (C— D)(p— B)}r] |
g;r(l—i—Br) [ 1+ Dr ]7
for B=0,
(9) ;Tpe—A(p—a)r |:p - {pD + ici_l)f)(p - /B)}T:| < ‘f(Z)‘
< lrpeA(P_O‘)T |:p i {pD t (C _ D)(p — 5)}7“:| .
~p 1+ Dr

Estimates are sharp.

Proof. By taking modulus, (3) yields

(10) pf(2)] = lg(2)[|P(2)]-
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It was proved in [2] that,

p—[pD+(C—-D)p—-pr
1—Dr
P+ [pD+(C—D)p—p)lr
- 1+ Dr
Using the result (11) and Lemma 5 in (10), the results (8) and (9) can be
easily obtained. Sharpness follows for the functions f;, defined as

(11) < |P(2)]

) A=B)@=) [pir{pD+(C—D)(p—B)}dsz]
L(1+ Bdzz) » {p = (1+D5i,(zp = } if B#0,

(12) fp(2) = 1 - |:p+{pD+(CfD)(pf/3’)}64zi| it B=o0,

1+D54Z

where |03| = |04] = |05] = 1. |

Remark 2. (i) On putting a = 0, f = 0 in Theorem 2, we can easily
obtain the result for the class CS*(A, B; C, D;p).

(7i) For p =1, « = 0, f = 0, Theorem 2 agrees with the result due to
Mehrok and Singh [12].

(7i1) For A=1, B=—-1,a=0, =0, p=1, Theorem 2 leads to the
result established by Mehrok et al. [13].

(v) On putting A=1,B=-1,C=1,D=-1,a=0,8=0,p=11in
Theorem 2, we can easily obtain the result derived by Reade [18].

Theorem 3. If f € CS*(A, B; C, D;p; 5; ), then

11,) [% Sinfl(Br)
in—1 (C=D)(p—pB)r .
(13) argf(z)‘ < + s (p—[pD—&-(C—D)(p—B)}Dr?)} if B#0,
& 5 AW —a)r

- 1 (C-D)(p—B)r . _
+ sin (p*[pDHCfD)(pfﬁ)}Dﬂ)} if B=0.

The results are sharp.

Proof. Again from (3), we have

pf(z) = g(2)P(2),
which implies

f(z)

argzp' < JargP(2)] + |arg 2

arg——-=-

(14 =

It was proved by Aouf [1] that

o (C—D)(p—-B)r
(15) |argP(z)| < sin™" (p —[pD+(C—-D)(p— ﬂ)]Dr2> '
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On using (15) and Lemma 6, the results (13) can be easily obtained. Results
are sharp for the function defined in (12). [ |

Remark 3. (i) On putting o = 0, § = 0 in Theorem 3, we can easily
obtain the result for the class CS§*(A, B;C, D;p).

(#i) For p =1, « = 0, f = 0, Theorem 3 agrees with the result due to
Mehrok and Singh [12].

(7it) For A=1,B=—-1,a=0, =0, p=1, Theorem 3 leads to the
result established by Mehrok et al. [13].

(iv) On putting A=1,B=-1,C=1,D=-1,a=0,5=0,p=11in
Theorem 3, we can easily obtain the result derived by Reade [18].

Theorem 4. Let f € CS*(A, B; C, D;p; 5; ), then

(=H)(C=D) , (p—a)(A-B)

16 <
(16) laps1] < p P+ 1

and

(
|: :|

if (A=B)(p—a)—B|<p+1,
(D) lapial < | OBfoeel[HaBlmarcs]

2 p+1

(C—D)(p—8) | (A=B)(p—)
+ (ODo=) [ (=Bipmc) 4 4

if [(A=B)p—a)=B|>p+1.

\

The bounds are sharp.

Proof. From Definition 1, using the principle of subordination, it gives

pf(z) _ p+[pD+(C = D)(p = Blw(z)
g(z) 1+ Dw(z)

On expanding and comparing the coefficients, it leads to

L (C=D)p-)

, w(z) el.

(18) ap+1 = Ap+1 v 1

and

(19) aptz = dysa-+ (= D)o~ dyrcr + 0= e, py

From Lemma 9, for g(z) = 2P + E,ﬁipﬂ dpz* € S*(A, B;p; o), we have
(A-B)(p—a)

2 d <
(0) |p+1|_ p+1
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and

(A—B)(p—a) (A—B)(p— o) - B|
21)  |dpsa] < 2p max{l, ' }

p+1
Keogh and Merkes [9] proved that, for any complex number -,
(22) ez — yei] < max{1, [y}

Application of triangle inequality and using (20), (21) and (22) in (18) and
(19), along with the inequality |c;| < 1, the results (16) and (17) are obvious.
The extremal function for (16) and first inequality of (17) is given by

fiz) = 2+ [(p_ﬁ)(C_D) + (p_i)—(kAl_B)] s
n [(A—B)(p—a) L (C-D)p-p) [1+ (A—B)(p_a)H 2
2 p p+1

+ ...

The extremal function for (16) and second inequality of (17) is given by
CD) | (o)A 5]

fo(z) = 2P+ [(p—ﬁ)

N [(A —I;;(P—Oé) [|(A —p;)tp—la) —B!]
+
OB ]

Theorem 5. Let —1 < Dy =D <(C1 <Co<1and0< fy < f1 <p,
then
CS*(A, B; C1, Dy;p; Br; o) C CS™(A, B; C, Da; p; B2 ).
Proof. Since f € CS*(A, B;C, D1;p; 51; @), so
pf(2) Pt [pD1 4 (C1 — D1)(p — B1)]=
g(z) 1+ Dz '

As -1 <Dy=D1<(C1 <(Cy<1land 0< Sy < B <p, we have
(p—B1)(C1 — Dv) <Dyt (p— B2)(C2 — Dy)
p p

Thus by Lemma 2, we obtain

pf(z)  p+[pDa+ (C2— Do)(p — Bo)l=
9(z) 14 Doz

which implies f € CS*(A, B; Ca, Da; p; B2; ). |

-1<D;+ <1.

)
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Theorem 6. If f € CS*(A, B;C, D;p; B;«), then there exists P(z) €
P(C, D;p; ) such that for all s and t with |s| <1, [t| <1 (s # 1),

F(s2)P(t2)(t2)" _ GﬁgﬁBﬂww,q3¢u
f(tz)P(sz)(sz)P eAlp—a)(s—t)z if B=0.

Proof. Firstly we discuss the case when B # 0. On differentiating (3)
logarithmically, we get

() 2P x(e)
o) " Pl T e P

As g € S*(A, B;p; «), therefore

) PG (A-B)p—a)
f) Pk ? 1+Bz
where (A= B)p=a) is convex, univalent in E. For [s| < 1, |{] < 1
1+ Bz
(s #1),

h(z):/oz<1—ssu_1—ttu>d“

is convex univalent in F. Using Lemma 3, we have

1) P() (A= B)(p—a)s
(F5 Py 2) h < R e

For any function ¢(z) analytic in £ with ¢(0) = 0, we obtain

@) = [ g e b

z

Therefore, we have

2 fuf'(u)  uP'(u du 52 du
[ ) e me- [
tz f(u) P(u) u tz 1 + Bu
which follows the result. On the same lines, we can easily prove the result
for B = 0. |
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4. Results for the class CS](A, B; C, D;p; 5; «)

Theorem 7. Let f € CS7(A, B; C, D;p; 5;«), then forn > 1,

(23) lanl < TN (B = )0 - @) + Bj
L (C-D)p-p)
p
n—1
X 3 e S B — A — o)+ B
m=p+1

The result is sharp.

Proof. The proof is obvious by folowing the procedure of Theorem 1
and applying Lemma 7. Equality holds in (23) for the functions f, defined
by

(24> fp(Z) = p |:/Z prl(l _ B(Sﬁz)MB(p&)dZ]
0
« {P +{pD +(C - D)(p - 5)}572]
1 +D(57Z )
where |0g| = 07| = 1, B # 0. .

Remark 4. (i) On putting a = 0,5 = 0 in Theorem 7, we can easily
obtain the result for the class CS] (A, B; C, D;p).

(7i) On putting A =1,B=—1,aa=0,5=0,p =1 in Theorem 7, we can
easily obtain the result established by Mehrok et al. [14].

Theorem 8. If f € CSi(A, B;C, D;p; 5; ), then for |z| =r,0 <r <1,
we have for B # 0,

@) [[[ 0yt [P O Dl )
;

<1£() Y
<[ ey [ DO D6 ],
for B=0,
(26) [ / ' tpleA@a)tdt} [p — {pD + i(i o D)(p— B)}r}
" <)

< [ /D ' tp_leA(p_a)tdt] [p + D +(C - Di(p - /3)}1 |
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Estimates are sharp.

Proof. Following the procedure of Theorem 2 and using Lemma 8, the
proof of Theorem 8 is obvious. Sharpness follows for the functions f, defined
as

% {foz 2P71(1 + Bég2) (A=ty=el dz]

" [p+{pD+(C—D)(p—ﬂ)}591 if B#0,

1+Ddgz
27 fo(z) =
(27) »(2) Lt ot Al
5 [fo 2P~e dz]
\ % [p+{pD+(Srblgggpfﬁ)}5gz} if B=0,
where |58| = ‘(5g| = |510‘ =1. |

Remark 5. (i) On putting a = 0,58 = 0 in Theorem 8, we can easily
obtain the result for the class CS] (A, B;C, D;p).

(i) For A=1,B = —1,aa = 0,8 = 0,p = 1, Theorem 8 leads to the
result proved by Mehrok et al. [14].

Theorem 9. If f € CS7(A, B; C, D;p; 5; «), then

% [L]Ea) sin~!(Br)

N (C=D)(p—B)r :
T s (p—[pDJr(C—Dp)(p—B)]DT2>] if B#0,
[A(p — a)r

o1 (C=D)(p=p)r ' —
+osin (p*[pDJr(CfD)(pfﬁ)]DrQ)] i B=0.

The results are sharp.

Proof. Using the result that, for h € K(A, B; p; a),

h(z
argip)

LIEQ) sin~Y(Br) if B #0,
T |Alp—a)r it B=0,
and following the procedure of Theorem 3, the proof is obvious. Results are
sharp for the function defined in (27). |

Remark 6. (i) On putting « = 0,8 = 0 in Theorem 9, we can easily
obtain the result for the class CS} (A4, B;C, D;p).

(i) For A=1,B = —1,aa = 0,8 = 0,p = 1, Theorem 9 leads to the
result proved by Mehrok et al. [14].
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Theorem 10. If f € CS7(A, B; C, D;p; 5; ), then

plp—)(A-B)  (p-B)(C-D)
p+1 D

(29) api] <
and

( —a)(A—B A-B)(p=a
%JF(C—D)(p—B)[(pl(f)*ﬂ

if (A= B)(p—a)— B| <1,
(30) lapro| < PEUE=B|(A~ B)(p — )p — B]
+(C - D)o 5)| A=) 1

if [(A=B)(p—a)—B|>1

The bounds are sharp.
Proof. It was proved by Aouf [2] that, for h € K(A, B;p; ),

p(A—B)(p—a)
p+1

|bp+1| <

and

p(A—-B)(p—a)
2(p+2)

Following the procedure of Theorem 4 and using the above results, the proof

of Theorem 10 is obvious. The results are sharp for the function defined in

(24). The extremal function for (29) and first inequality of (30) is given by

|bpra| <

maz{1,|(A— B)(p —a)p — B|}.

fo(z) = 2 + [p(p —;Zr(z;l—B) N (p—B)I()C—D)] Ll
pp—a)(A—B)
- [

+wc—m@—mFA‘m@‘®+1”fwm

p+1 D

The extremal function for (29) and second inequality of (30) is given by

fo(z) = 27+ {p(p —;zi(z;l—B) N (p—ﬁ)](jC—D)' 1

[p(p —a)(A-DB)
2(p +2)
(A-B)(p—a) 1] pi2

+ =D p|EDE=

[I(A=B)(p—a)p— B
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Theorem 11. Let -1 <Dy =D1 <C1 <y <1 and0< [y < By < p,
then
CS1(A, B; Cy, Dy; p; fr1;a) C CST(A, B; Ca, Da; p; Bo; ).

Proof. Following the procedure of Theorem 5 and using Lemma 2, the
proof is obvious. n
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