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THE NORMING SETS OF MULTILINEAR FORMS
ON R? WITH A ROTATED SUPREMUM NORM

ABSTRACT. Let n € N, n > 2. An element (x1,...,2,) € E™ is
called a norming point of T € L("E) if ||z1|| = -+ = [jz,|| = 1
and |T'(z1,...,2y)| = ||T|, where L(™E) denotes the space of all
continuous n-linear form on E. For T € L("E), we define

Norm(T') = {(xl,...,xn) EE": (z1,...,2,)

is a norming point of T}.

Norm(T') is called the norming set of T.
Let 0 <60 < 7 and E?Oo 6) = R? with the rotated supremum norm

(@, )l (00,6) = max{|xcos¢9 +ysind|, |zsinf — ycos9|}.

In this paper, we characterize Norm(7T') for every T € ‘C(mg%oo,é’))

for m > 2.
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1. Introduction

In 1961 Bishop and Phelps [2] showed that the set of norm attaining
functionals on a Banach space is dense in the dual space. Shortly after, at-
tention was paid to possible extensions of this result to more general settings,
specially bounded linear operators between Banach spaces. The problem of
denseness of norm attaining functions has moved to other types of mappings
like multilinear forms or polynomials. The first result about norm attaining
multilinear forms appeared in a joint work of Aron, Finet and Werner [1],
where they showed that the Radon-Nikodym property is sufficient for the
denseness of norm attaining multilinear forms. Choi and Kim [3] showed
that the Radon-Nikodym property is also sufficient for the denseness of norm
attaining polynomials. Jiménez-Sevilla and Paya [5] studied the denseness
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of norm attaining multilinear forms and polynomials on preduals of Lorentz
sequence spaces.

Let n € N, n > 2. We write Sg for the unit sphere of a Banach space
E. We denote by L("FE) the Banach space of all continuous n-linear forms
on I endowed with the norm ||| = sup(g, ... z.)espx-xsp 1T (@1, 7+ )]
T € L("E) is symmetric if T(z4(1),--.,To@m)) = T(21,...,2,) for every
x1,...,Tn € E and permutation o on {1,...,n}. L;("FE) denote the closed
subspace of all continuous symmetric n-linear forms on E. An element
(x1,...,2y) € E™ is called a norming point of T if |z1|| = -+ = [|zn] = 1
and |T(x1,...,2zn)| = ||T]-

For T'e L("E), we define

Norm(T') = {(371, ceyXp) € E": (x1,...,2y) is a norming point of T}.

Norm(T) is called the norming set of T. Notice that (x1,...,z,) € Norm(T)
if and only if (e121,...,€y2yn) € Norm(T') for some ¢, = +1 (k= 1,...,n).
Indeed, if (z1,...,2,) € Norm(T'), then

T (121, ..., enxyn)| = l€1- - €T (1,...,2n)| = |T(z1,...,2)| = ||T]],

which shows that (e1x1, ..., epxy) € Norm(T). If (e121, . . ., €nxy,) € Norm(T)
for some ¢, = +1 (k=1,...,n), then

(€1, .., Tn) = (61(611’1), .. ,en(enmn)) € Norm(T).

The following examples show that Norm(7') = () or an infinite set.

Example. (a) Let

o0

T(($i)i€N, (%)z‘eN) = z; %:L“Zyl € Ly(%co).

We claim that Norm(7") = 0. Obviously, ||T|| = 1. Assume that Norm(7') # 0.
Let ((xi)iGNv (Zh’)ieN) € Norm(T'). Then,

=1 =1
1= ‘T<<33z‘)ieN; (%‘)ieN)‘ < Z §|xz’ ’yz’ < Z ? =1,
1= =1

which shows that |z;| = |y;| = 1 for all ¢ € N. Hence, (z;)ien, (¥i)ien € co-
This is a contradiction. Therefore, Norm(7) = 0.
(b) Let

T((gji)iGNa (yi)iEN) =T1Y1 € 55(260).
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Then,

Norm(T') = {((:I:l,:pg,xg, ce)s (il,yg,yg,...)> €co X ¢ : |z <1,

| <1forj>25.
’yJ’ J

A mapping P : E — R is a continuous n-homogeneous polynomial if
there exists a continuous n-linear form L on the product E X --- x E such
that P(z) = L(x,...,z) for every x € E. We denote by P("FE) the Banach
space of all continuous n-homogeneous polynomials from F into R endowed
with the norm || P|| = sup), =1 [P(z)|-

An element x € F is called a norming point of P € P("E) if ||z|| = 1 and
|P(z)| = ||P||. For P € P("E), we define

Norm(P) = {:1: € E : z is a norming point of P}.

Norm(P) is called the norming set of P. Notice that Norm(P) = () or a
finite set or an infinite set.

Kim [7] classified Norm(P) for every P € P(3(%), where (2 = R? with
the supremum norm.

If Norm(T') # 0, T € L(™FE) is called a norm attaining n-linear form
and if Norm(P) # (), P € P("E) is called a norm attaining n-homogeneoue
polynomial.(See [3])

For more details about the theory of multilinear mappings and polyno-
mials on a Banach space, we refer to [4].

It seems to be natural and interesting to study about Norm(T") for T' €
L("E). For m € N, let £ := R™ with the the £,-norm (1 < p < 00). Notice
that if E = (7" or (2, and T € L("E), Norm(T) # () since Sg is compact.
Kim [6, 8, 9, 11] classified Norm(T') for every T' € L4(202.), L(202.), L(242),
Ls(203) or Ls(342). Kim [12] classified Norm(T) for every T € £(2Ri(w)),
where Ri(w) denotes the planewith the hexagonal norm with weight 0 <

w <1 [[@,9) gy = max {Jyl, o] + (1 = w)lyl}.
Let 0 <6 < 7 and 6%00 o) = R? with the rotated supremum norm

(7, 9) | (c0,6) = max{|a:cos€ +ysinf|, |xsinfd — ycos@\}.

Kim [10] introduced the rotated supremum norm on the plane and classi-
fied the extreme, exposed and smooth points of the unit ball of 5(26?00,9))7
respectively.

In this paper, we characterize Norm(T') for every T € L(
m > 2.

m€2

(0079)) for
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2. Results

Lemma A ([11]). Let n,m > 2. Let T € L("™}) with

T((xgl),...,:c,g)),...,(azgm),...,x%m)» = Z @iy, xl(ll)x(m)

tm
1<ip<n, 1<k<m

for some aj,...;,, € R. Then
T = max{]ail,..im\ 1<ip<n, 1<k< m}
Lemma B. Let 0 < 6 < 7. Then, /2 and E%Ooﬁ) are isometric by the
mapping ¢ : €3 — E%oo,@) such that
o(z,y) = ((m + y)cosh + (y — x)sinb, (x —y)cosd + (z + y)sin@).

Proof. It follows that for (z,y) € £2,

| (€ w)cost + (v — 2)sind (@~ y)cost + (x + y)sind) H(ooﬁ)

= max{’ cosf((z +y) cos + (y — ) sin6) + sin 0 ((x — y) cosf
+ (z + y) sin6)

sinf((z + y) cos 0 + (y — x) sin )

)

—cosf((z —y)cosf + (z +y) sin@)‘}
= masx {|z +yl. |z 9|} = 2 + Iyl = |29l

The following shows relations between the norming sets of E(mf%oo 0))
and L£(™2).

Theorem C. Let m > 2. Let T € [,(mﬁ%oo 9)) with
1 1 m m 1 m
1<k<m, i=1,2
Let Wi = (cost — sinf, cos® + sinfl), Wa = (cosh + sinfl, — cosh + sinb).
We define Sy € L(™3) by

ST <(t§1)’ tgl))? R (tgm)’ tgm))) - T(tgl)Wl + tél)W?’ e ’tgm)Wl + tém)Wz)

= Z A“thl(ll) tee tl(:j)

1<k<m, ip=1,2
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The following assertions hold:
(@) |T|| = max{\Ail...im\ vip=12and 1<k < m};

(b) Norm(T') = {( fOwy + W, ™y +t§m>W2> :
(.6, (™, 6™)) € Norm(sr) }.
Proof. (a). We claim that [|T[| = [[S7|zome)-
Let (xgj),:ngj)) € S@? ) for 1 < j < m. Let
tgj) = 1(((:0519 — sin G)xgj) + (cos 6 + sin G)xgj)),
) = 3 ((cos 6 + sin G)xgj) + (—cosf + sin G)asgj)).

t9Wy for 1< j < m.
It follows that

(@D, 20), - @™, o))
’T< Wity W, t(m)Wlthgm)WQ)‘
— )ST( i ’tgl)) (t(m) t(m)))) < HSTHL(me%)-

Thus, [|T] < [|S]|zme)-
Let (tgj),tg])) € Sp for 1 < j < m. It follows that

‘ST<(t(1) t(l)) ,(t(m),tém))ﬂ
‘T( Wy +t(1)W2,"' t(m)W1+t;m)W2)‘

< I |&wremaf
1<j<m

=7 T 16”1+ =|I7].
1<j<m

Thus, [|S7||z(me2) < [T Thus, the claim holds. By Lemma A, (a) is proved.
(b). Let
M = {(1W+ W, AW W)
((tﬁ”, £y, ™, tg““)) c Norm(S)}.
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By Lemma B, M C (Se(z 6))’” =82 XX SZ% ”' We will show that
Norm(7T') = M. ’ 7

(00,0)
(Q). Let ((xgl),xg )), - ,(xgm),xgm))> € Norm(T). It follows that

ISl = 17 = |P(( a2, @™ 2]
= [P(£9wa + W, W+ W)
- \sT(@&”,té”),w ()|

Thus, ((tgl),tgl)),- t(m ) € Norm(S7). Therefore,

(", 280), (@l ) (AWt Wa, W W ) e M.

(2). Let (tg”Wl W, .t gm)W1+t§m)W2) € M. By the definition

of M, (0,40, (6, 67)) € Norm(si).
It follows that
IT) = 157l oy = [Sr (2, 60), (™, 4™))

_ ‘T(tgl)ﬂﬁ +t M Wa, W 4 tém)%) (

Since 117 W1 + 15 W; € S , for1<j<m,

(9w + 68Wa, W W ) € Norm(T).
This completes the proof.

Theorem D. Let m>2, 0<0 < 7§ andT € E(mﬁ%ooﬁ)) with

1 m m 1 m

T(@ ), @™l = Y aial) el
1<k<m, i1=1,2

for some a;,...;,, € R. Let Sy € L(™3) be the one in Theorem C. Write T =

(@iyoip)i =19 and ST = (Aiy.iy)i —19- Let My gy be the 2™ x 2™-matriz

such that My, gy T' = St for every T € E(mf?ooﬁ)). Then My, ) is invertible
and M~}

1
m(e) = 27 Mm(g)-
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Proof. Note that for every T € E(mf%oo’g))a

(Mm(G)T) ((xgl)vxgl))v ) (mgm)vlém)))
= T(((cos 0 — sin H)xgl) + (cos 6 + sin 0)3551),
(cos 6 + sin 9)3:&1) + (—cos @ + sin G)mgl)),
, ((cos @ — sin G)xgm) + (cos 6 + sin H)xém),
(cos @ + sin )z (m) 4 + (—cos @ +sin H)xém) ))
Claim. Mi(e) = 2™ 1d, where Id is the identity matrix.

It follows that for every T € .C(mE%ooﬁ)),

Vo[ (Mt T) (0,8, 87, 2)]
= Myuo) T(((cos 0 — sin 0)2'" + (cosd + sin 0)z'"
(cos 0 + sin0)z\") + (— cos 0 + sin 9)9051)),
, ((cos 6 — sin 0)a\™ + (cos 6 + sin §)z5™,
(cos @ + sin G)xgm) + (—cos @ + sin 9):Ugm)))
- T<<(0059 ~ siné) [(cose —sin®)zl) + (cosf + sme)xg”}
+ (cosf + sin 0) [(cos 0 + sin6)z{" + (— cos  + sin 9)939)} ,
(cos @ + sin ) [(cos 6 — sin G)xgl) + (cos 6 + sin Q)xgl)]
+ (= cos 0 + sin 0) [(cos 0 + sin 0)2'" + (— cos f + sin e)xg”} )
, ((cos 6 — sinf) [(cos 0 — sin0)z\™ + (cosf + sin 9>xgm>}
+ (cos + sin 0) [(cos 0 + sin e)x("” + (— cosf + sin e>xgm>} ,
(cos @ + sinf) [(cos 6 — sin ¢9) ) 4 (cos B + sin 0)xs (m )}
+ (—cos + sin 6) [(cos 6 + sin H)xgm) + (— cosf + sin Q)xgm)} ))
=7(ef",208"), - (2", 22§™))
=277 ((afay). - @™, 2™)),

which implies that M%(Q)T = 2™ T for every T € E(mﬁ%oo’e)). Thus, the
Claim holds. Since

[det(My,9))]> = det(M}, ) = det(2™ 1d) = 2™,
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det(M,,(9)) # 0. Therefore, M, is invertible and MT;(IG) = o M (6)-

This completes the proof. |

Corollary E. Let m > 2. Let T € E(?’E%OO p)) with

7@ 2", @), @ a) = Y g el
1<k<3, ir=1,2

for some a;,iyi; € R. Then,
IT|| = max {)(cos@ —sinf)3ai1; + (cos b + sin@)>ag

+ cos26(cos @ + sin6)(aj22 + ag12 + az21)
+ cos26(cos @ — sin0)(az11 + a121 + a112)|,

)(cos 0 + sin 9)3a111 — (cos — sin 9)3a222

+ cos26(cos @ — sin @) (a2 + ag12 + az21)

— cos20(cos 0 + sin 0)(az11 + ai21 + a112)|,

) cos 26(cos 0 + sin 0)ai11 + cos 26(cos O — sin 0)azze

_|_
+

cos  — sin 9)3a122 — cos 20(cos 0 + sin ) (ag12 + a221)

(
(

cos 0 + sin 9)3(1211 — cos 20(cos O — sin 0)(a191 + a112)|,

) cos 26(cos 0 + sin 0)ai11 + cos 26(cos O — sin 0)azze

— cos20(cos @ + sinf)ajze + (cos @ — sin 9)3a212

— c0s 20(cos 0 + sin 0)aga; — cos 26(cos O — sin 0)azi;

+ (cosf + sin 0)3(1121 — cos 20(cos O — sinf)aqq2|,

’ cos 26(cos 0 + sin 0)ai11 + cos 26(cos O — sin 0)azze
— c0s26(cos @ + sin 6)(a122 + az12) + (cos § — sin 0)3ago
— cos26(cos @ — sinf)(az11 + a21) + (cosf + sin 9)3a112’,

cos 20(cos 0 — sinf)aj11; — cos 26(cos O + sin 0)agoe

cosf — sin 0) as11 + cos 20(cos @ + sin 6)(a121 + a112)|,

+ (cos @ + sin 6)3a;99 — cos 26(cos @ — sin 6) (az12 + azo1)
— (

cos 20(cos @ — sinf)aj11 — cos 26(cos O + sin 0)agoe

— cos 20(cos @ — sin@)ajz2 + (cos 6 + sin 9) as12
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— cos26(cos 0 — sinf)aga; + cos26(cos b + sin 0)ag11

—(cosf — sin 9)3(1121 + cos 26(cos O + sin 0)ay12

cos 26(cos 0 — sin 0)ai11; — cos 26(cos O + sin 0)azze
— c0s 26(cos @ — sin 6)(a122 + az12) + (cos 6 + sin 0)3ag;

+ cos 20(cos 0 + sin6)(az11 + ai21) — (cosf — sin 9)3a112‘ }
Proof. Let St € £L(3/2) be such that

se((#.67), 67, 47), 7. 47))

- T(tgl)Wl + Wy, M 4 tgm>W2).

By Theorem C, ||T|| = [|S7||£(32). Expanding Sr, we conclude the proof. B

_ t 342
Let T' = (a111, az22, a122, az12, a221, a211, a121, a112)" € L, o)) and let

A111 = (cosf —sin 9)3a111 + (cos 0 + sin 9)3a222
+ cos26(cos 0 + sin 6

(

)(a122 + a212 + a221)
+ cos26(cosf — sin 6)(

(

)

azi1 + a121 + a112),

Agon (cos 6 + sin 9)3a111 — (cosf — sin 9)3a222
+ cos26(cos @ — sin ) (a2 + a212 + az21)
— cos26(cos O + sin6)(az11 + a1o1 + a112),
A9 = cos260(cosf + sinf)ayi; + cos 20(cos O — sin 0)agas
+ (cosf — sin 9)3a122 — cos 20(cos 0 + sin 0)(ag12 + a221)
+ (cosf + sin 9)3a211 — cos 20(cos O — sin0)(aj21 + a12),
Ag1a = cos26(cosd + sinf)aq11 + cos 20(cos O — sin 0)azao
— cos26(cos B + sinf)ajze + (cosf — sin 0)3a212
— cos 26(cos 0 + sin f)age; — cos 20(cos 6 — sin 0)ag11
+ (cos 0 + sin 9)3a121 — cos 26(cos 0 — sin 0)a112,
Ag91 = cos26(cos + sinf)aii1 + cos 26(cos f — sin 0)azze
— cos26(cos @ + sin ) (aj22 + az12) + (cosf — sin 0)3(1221
— cos26(cos O — sinf)(az11 + aj21) + (cosf + sin 0)3a112,
Ag11 = cos26(cosf — sinf)aji; — cos 20(cos O + sin 0)agao
+ (cos @ + sin )3ay29 — cos 20(cos § — sin ) (az12 + a291)
— (cosf — sin 9)3a211 + cos 26(cos 0 + sin 0)(ai21 + ar12),
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A191 = cos26(cosf — sinf)aii; — cos 20(cos 6 + sin 0)agos
— cos20(cos @ — sin@)ajz2 + (cos @ + sin 9)3a212
— cos20(cos 0 — sin @) aza; + cos 20(cos  + sin 0)aa1y
— (cosf — sin 9)3a121 + cos 26(cos 0 + sin 0)aii2,
A2 = cos26(cosf —sinf)aji; — cos 20(cos 0 + sin 0)agoo
— c0s26(cos @ — sin 0)(a122 + az12) + (cos O + sin 0)3ago

+ cos 26(cos 6 + sin 0) (a1 + a121) — (cos Bsind)>ay1s.

Then,

1 1 2 2 3 3
st (7 67), (17,6, (1,67
= Y At e £Ca).

11 Ti2 Vi3
1<k<3, ip=1,2

By Corollary E, ||S7|| = max{]Ai1¢2i3\ tip=1,2and 1 <k < 3}.
By Theorem D, Mj(g) is invertible and that T = M St = §Mz(g) St

Example. Let W C (Sz? 9))”. We denote

Sym(W) = {((xo(l)ayo(l))7 B (xa(n)7 ya(n)))
: X = ((x1,51), -, (Tn,yn)) €W,

o is a permutation on {1,... ,n}}

¢ 2
Let T' = (a111, a222, a122, 212, @221, G211, @121, A112)" € ﬁ(gﬁ(oo’g)) such that

A = Aogg = —Ar12 = —A191 = — Aot = —Aj2e = —Ag1p = —Ag = 1.
Notice that
Norm(T) = Sym ({( +(EWy — (1 — £)Wy), W7, £1W3),
(£ (W1 — (1 — t)Wa), £ Wy, £Ws),
(£ (W1 + (1 — t)Wa), £ Wy, W) 1 0 < £ < 1})

The following characterizes the norming sets of E(W%oo,e))'

Theorem F. Letn € N and T € L("(( ) with | T|| = 1. Then,

n
Norm(7T') = U (Af UA, UBy1UByo),
k=1
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where W1 = (cosf — sin 6, cos § + sin ), Wo = (cos @ + sinf, — cos 6 + sin §),
A: = {(:l: X1, j:Xk_l,i(ﬂ/Vl + (1 — t)WQ),:l:Xk+1, RN :|:Xn>

c (S% 9))” (T (X1, Xpom1, W, Xig, -, £X5)
X T(Xi,0 o Xpo1, Wa, Xgr,o o, Xn) = 1,0 S <1

AT = {(in, e X, (W — (1 t)Wz),iXkH,...,an)

€ (Sf%oo 9))” (T (X1, Xpm1, Wi, Xig, - £X,)
X T(Xla" . 7Xk—15W27X/€+17' . aXn) = _170 <t< ]-})
Bk,l = {(:I:Xl,...,ﬂ:Xk_l,:twl,:l:Xk+1,..., Xn) S (Se(g 8))":

1= |T(X0, o, X, Wi, X, £X5)

> ‘T(Xla'”7Xk—17W27Xk+15"'7Xn)|}7
Bk72 = {(:EXl,...,:EXk_l,:tWQ,zl:Xk+1,...,:l:Xn) S (Se(g 8))":

1= |T(X1, o, Xy, Wa, Xpg, - £X5)

> T (X0 X, W, K, Xa) |

Proof. Let Fj, = Az UA, UBp1UBgo fork=1,...,n.

(©). Let <X1,...,Xn) € Norm(T). Let 1 < k < n be fixed. Then
X = Agk)W1 + )\gk)Wg for some )\gk), )\gk) € R with |)\§k)| + |)\§k)| =1
Case 1.

T(X17 s )Xk—17W17Xk+17 s 7:tXTL)
X T(X1,. .., Xp—1, Wo, Xpet1,. .., X)) = 1

Since ||T'|| = 1, we have

1=T(X1,. ., Xpe1, W1, Xpg1, ..., £X,)
= T(X1,..., X1, Wo, Xy, ..., Xn)

or

—1

(X17 s 7Xk—17W13Xk+15 .. 7:l:XTL)

T
T(X17 s 7Xk—17W27Xk)+17 e 7XTL)
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Claim 1. X € { £ (W1 + (1 —t)W3): 0<t < 1}.

By n-linearity of T', it follows that

1= T(X1,...,X,) = T(X1,. .., Xee1, AW+ AP W), Xppr,. .0, X0)
= WP (X, X, W X, X
+ AT (X0, Xy, Wa, X, - X |
k k k k
= A A < D =1
Thus, |)\gk) +)\gk)| = |)\§k)| + |)\§k)| = 1. Hence, sign()\gk)) = sign(Agk)). Thus,

Xi € {4 A8 W, (AP + (A8 ) )
C{t(ter+(1—t)er):0<t <1}
Therefore, X € A} C F;, C Uj=1 Fi-
Case 2.

T(X1,. . X1, Wi, X, £X,,)
X T(Xl, NN ,Xk_l,WQ,Xk+1, RN ,Xn) =—1.

Since ||T|| = 1, we have

1=T(X1,..., Xe1, Wi, Xiy1, ..., £X0)
= _T(Xla"'vXk717W27Xk+l7‘"7Xn)

or

—1=T(X1,..., Xp—1, W1, Xpy1, ..., £X5)
= _T(Xl)'"an—l)W2)Xk+17"')Xn)'

Claim 2. X € { £ (W1 — (1 —t)W3): 0 <t < 1}.

It follows that

1 = T(X1,..., X,)
= T(Xl,--.,kala()\gk)Wl+/\§k)W2)an+1,---7Xn)
= |MT (X1, Xpo1, Wi, Xiggt, -5 Xin)
+ T (X1, Xy, Wa, X1, -, X)) |
k k k k
= NP =2 < DI+ =1
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Thus, ])\gk) — )\;k)\ = \)\gk)\ + \/\é’“)\ = 1. Hence, sign()\gk)) = —sign()\gk)).
Thus,

X5, € (I — A0 W, — (A0 [ — A0 ) }
C{E{Wr—(1—-t)Ws):0<t <1},
Therefore, X € A, C Fj, C U?:1 F;.
Case 3.
1= |T(X1,. .., X1, Wi, Xppp1, .., £X3) |
> |T(X1, . Xiom1, Wo, Xig1, -5 X)) |-

Claim 3. /\gk:) = 0.
Assume that )\gk) # 0. It follows that
1= |T(X1,...,X5)|
= T (X1, X, AW+ 200W0), X1, X)) |
< BT (X, X, W, X, X))
+ T (X, X, Wy Xt X))
< T (X0, X, Wi, X, X)) |+ AP
< PP+ =1,
which is a contradiction. Thus, Agk) = 0 and so X = Wj. Therefore,
X € Bra € Fr CUj_y Fi
Case 4.

1= [T(X1, o Xeot, Wa, Xig1, oo, £X0) |
> |T(X0, o X, Wi, X, X |-

Claim 4. A" =0,
Assume that A" £ 0. By (%), it follows that
1= |T(X1,...,Xn)|
= |T(X1, . X, OB W +20W0), X1, X |
< PP (X X WL X X
+ AT (X X, Wa,y X, -, X))
M e 2N T (X, Xy, W X, - X)) |
AL+ Y <1,

IN A
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which is a contradiction. Thus, Ay = 0 and so X}, = W5. Therefore, X € By, »
CFr C U?:1 Fj.

(2). We will show that Fj, C Norm(7T) for every 1 < k < n.
Let 1 <k <nbe fixed and Y = (Y1,...,Y,) € Fy.
Suppose that Y € AZF.
Then Yy, = (¢ W1 + (1 — t;)Ws) for some 0 < ¢, <1 and
T(}/h ceey Yk*la le Yk+17 s 7:|:Yn)
X T(Yl, cey kal, WQ, Yk+1, cee ,Yn) =1.

It follows that

1=T(Y,...,Y,)
=T(Y1,..., Vo1, (teWh + (1 — tp)Wa), Yig, ..., Vo)
= |t:T (Y1, Y1, W1, Yigt, .., Ya)
+ (1= te)T (Y1, Y1, Wo, Vi, ..., V)|
= |tp + (1 —tg)] = 1.
Thus, Y € Norm(T).
Suppose that Y € A, .
Then Yy, = (W1 — (1 — t)Wa) for some 0 < ¢ <1 and
T(Y1,.. Y1, Wi, Yig1, ..., 1Y)
xT (Y1, .., Y1, Wo,Yiin, ..., Yy) = —1.

It follows that

1 =T(Yy,...,Y,)
= T(Y1,..., Y1, (teWh — (1 — tg) W), Yig, ..., Vo)
= [T (Y1, ., Vo1, W1, Yigt, - ., Ya)
(1= tx)T (Y1, Yie1, Wo, Yig, ..., Ya) |
= |te + (1 —tp)[=1.

Thus, Y € Norm(T).
Suppose that Y € By, ;. Then Y, = £W; and

IT(YV1,.... )| = |T(V, .. Yoo, Wi, Yiga, .., £Y5) | = 1.

Thus, Y € Norm(T).
Suppose that Y € By 2. Then Y}, = £W>5 and

|T(Y1,....,Y)| =|T(Y1, ..., Vi1, Wa, Yipq, ..., £Y,) | = 1.
Thus, Y € Norm(7'). We complete the proof. [ |
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