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1. Introduction

Semi-open sets, preopen sets, a-open sets, S-open sets and b-open sets
play an important part in the researches of generalizations of continuity
for functions and multifunctions in topological spaces. By using these sets,
various types of continuous multifunctions are introduced and studied. The
notions of minimal structures, m-spaces, m-continuity and M -continuity
are introduced and studied by the present authors [25], [27]. By using these
notions, the present authors obtained the unified theory of continuity for
functions and multifunctions in [19], [20], [21], and [28].

The notion of N-closed sets in topological spaces is investigated in [17]
and [18]. The study of upper/lower nearly continuous multifunctions is
given in [7] and [8]. A generalization of nearly continuous multifunctions
is obtained in [20]. In [11], [16], C-continuous functions are investigated.
Some characterizations of C-quasi continuous multifunctions are published
in [30]. Some forms of C-continuous multifunctions are published in [20].
Some forms of S-continuous multifunctions are studied in [10], [23] and [24].
A unified theory of S-continuity for multifunctions is obtained in [26].

The notion of ideal topological spaces was introduced in [14] and [34].
As generalizations of open sets, the notions of [-open sets, semi-I-open
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sets, pre-I-open sets, a-I-open sets, [$-I-open sets and b-I-open sets are
introduced and used to obtain new decomposition of continuity. The notion
of I-continuous (resp. semi-I-continuous) multifunctions is introduced in
[1](resp. [2]). Quite recently, the notion of nearly I-continuous multifunc-
tions is introduced in [3].

The purpose of this paper is to extend the notion of m-continuous mul-
tifunctions to nearly m-continuous multifunctions in bitopological spaces.
Moreover, we obtain a unified form of nearly continuous, C-continuous and
S-continuous multifunctions on ideal bitopological spaces.

Throughout the present paper, (X, 7) and (Y, o) always denote topolog-
ical spaces and F' : (X,7) — (Y, 0) presents a mutifunction. For a multi-
function F': (X, 7) — (Y, 0), we shall denote the upper and lower inverse of
a subset B of Y by FT(B) and F~(B), respectively, that is,

Ft(B)={zx€ X :F(z) C B} and F~(B)={z € X : F(x) N B # 0}.

2. Preliminaries

Definition 1 ([25]). A subfamily mx of the power set P (X ) of a nonempty
set X is called a minimal structure (briefly m-structure) on X if ) € mx
and X € mx.

By (X, mx), we denote a nonempty set X with an m-structure mx on X
and call it an m-space. Each member of mx is said to be mx-open (briefly
m-open) and the complement of an mx-open set is said to be mx-closed
(briefly m-closed).

Definition 2 ([15]). Let (X, mx) be an m-space. For a subset A of X,
the mx-closure of A and the mx-interior of A are defined as follows:

(1) mCl(A) =({F:ACF,X\Femx},

(2) mint(A) =\ J{U : U C A,U € mx}.

Definition 3 ([15]). An m-structure mx on a nonempty set X is said
to have property B if the union of any family of subsets belonging to mx
belongs to mx.

Lemma 1 ([15]). Let (X, mx) be an m-space. For subsets A and B of
X, the following properties hold:
(1) mCl(X \ A) = X \ mInt(A) and mInt(X \ 4A) = X \ mCl(A4),
(2) If (X \ A) € mx, then mCl(A) = A and if A € mx, then
mlnt(A) = A,
(8) mCl(0) = 0 and mCl(X) = X, mInt(0) = 0 and mInt(X) = X,
(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),
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(5) mInt(A) C A C mCl(A),
(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).

Lemma 2 ([29]). Let (X, mx) be an m-space and myx have property B.
For a subset A of X, the following properties hold:

(1) A € mx if and only if mInt(A) = A,

(2) A is mx-closed if and only if mCl(A) = A,

(8) mInt(A) € mx and mCl(A) is mx-closed.

Let (X, 7,72) be a bitopological space. A subset A of X is said to be
Tio-open [4] if A = 7-Int(7e-Int(A)). In this paper, we call a subset A
(i,7)-open if A= ilnt(jInt(A)), where i # j,4,5 = 1, 2.

Definition 4. A subset A of a bitopological space (Y, o1,09) is said to be

(1) (i, j)-N-closed [31] if for every cover {Uy : o € A} of A by o;-open
sets, there exists a finite subset Ay of A such that A C U{ilnt(jCL(U,)) :
o€ Ao},

(2) (i, j)-Lindeldf if every (i, j)-open cover of A has a countably subcover,

(3) (i, j)-compact if every (i, j)-open cover of A has a finite subcover,

(4) (i, j)-connected if A cannot be written as the union of two nonempty
disjoint (i, j)-open sets.

Remark 1. In the following, by BT P we denote the properties (i, j)-N-closed,
(4,7)-Lindeléf, (i, j)-compact, and (4, j)-connected.

3. mBT P-continuous multifunctions

Definition 5. Let (X, mx) be an m-space and (Y, 01,02) a bitopological
space. A multifunction F : (X,mx) — (Y,01,02) is said to be

1) (i, j)-upper mBTP-continuous at a point x € X if for each o;-open set
V of Y containing F(z) and having BT P complement, there exists U € mx
containing x such that F(U) C V,

2) (i, j)-lower mBTP-continuous at a point x € X if for each o;-open set
V of Y meeting F(x) and having BT P complement, there exists U € mx
containing x such that F(u) NV # 0 for each u € U,

3) (i, j)-upper/lower mBTP-continuous if F' has this property at each
point z € X.

Theorem 1. For a multifunction F : (X, mx) — (Y, 01,02), the follow-
ing properties are equivalent:

(1) F is (i, j)-upper mBTP-continuous;

(2) FH(V) = mInt(F*(V)) for each o;-open set V of Y having BTP
complement;

(3) F~(K) =mCl(F~(K)) for every BTP and o;-closed set K of Y;
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(4) mCl(F~(B)) C F~(iCl(B)) for every subset B of Y having the BTP
o;-closure;

(5) F*(ilnt(B)) C mInt(F*(B)) for every subset B of Y such that
Y \ iInt(B) is BTP.

Proof. (1) = (2): Let V be any o;-open set of Y having BT'P com-
plement and x € F* (V). Then F(z) C V and there exists U € my con-
taining = such that F(U) C V. Therefore, x € U C F*(V) and hence
z € mInt(F* (V). This shows that F*(V) C mInt(F+(V)). Therefore, by
Lemma 1 we obtain F* (V) = mInt(F*(V)).

(2) = (3): Let K be any BT P and oy-closed set of Y. Then, by Lemma 1
we have X\ F~(K) = FT(Y\K) = mInt(F*(Y\K)) = mInt(X \ F~ (K)) =
X \ mCl(F~(K)). Therefore, we obtain F~(K) = mCIl(F~ (K)).

(3) = (4): Let B be any subset of Y having the BT P o;-closure. By
Lemma 1, we have F~(B) C F~(iCl(B)) = mCIl(F~(iCl(B))). Hence
mCl(F~(B)) ¢ mCl(F~(iCl(B))) = F~(iCl(B)).

(4) = (5): Let B be a subset of Y such that Y \ iInt(B) is BT P. Then
by Lemma 1 we have

X \ mInt(F(B)) =mCl(X \ F*(B)) =mCl(F~ (Y \ B)) C
C F(iCI(Y \ B)) C F~ (Y \ iInt(B)) = X \ F*(ilnt(B)).
Therefore, we obtain F* (ilnt(B)) C mInt(F*(B)).

(5) = (1): Let x € X and V be any o;-open set of Y containing
F(x) and having BT P complement. Then z € F* (V) = F*(ilnt(V)) C
mInt(EF*(V)). There exists U € mx containing x such that U c F*(V);
hence F(U) C V. This shows that F' is (4, j)-upper mBT P-continuous. W

Theorem 2. For a multifunction F : (X,mx) — (Y, 01,09), the follow-
ing properties are equivalent:

(1) F is (i, j)-lower mBTP-continuous;

(2) F~(V) = mInt(F~V)) for each o;-open set V of Y having BTP
complement;

(3) FH(K) = mCl(F*(K)) is for every BTP and o;-closed set K of Y;

(4) mCl(F*(B)) c F*(iCl(B)) for every subset B of Y having BTP
o;-closure;

(5) F~(ilnt(B)) C mInt(F~(B)) for every subset B of Y such that
Y \ ilnt(B) is BTP.

Proof. The proof is similar to that of Theorem 1. |

Corollary 1. Let (X,mx) be an m-space and mx have property B.
For a multifunction F : (X, mx) — (Y,01,02), the following properties are
equivalent:

(1) F is (i, j)-upper mBTP-continuous;
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(2) FT (V) is mx-open for each o;-open set V of Y having BTP comple-
ment;
(3) F~(K) is mx-closed for every BTP and o;-closed set K of Y.

Proof. This is an immediate consequence of Theorem 1 and Lemma 2. B

Corollary 2. Let (X,mx) be an m-space and myx have property B.
For a multifunction F : (X, mx) — (Y,01,02), the following properties are
equivalent:

(1) F is (i, j)-lower mBTP-continuous;

(2) F~(V) is mx-open for each o;-open set V of Y having BTP comple-
ment;

(3) FT*(K) is mx-closed for every BPT and o;-closed set K of Y.

Proof. This is an immediate consequence of Theorem 2 and Lemma 2. B

Theorem 3. For a multifunction F : (X,mx) — (Y, 01,02), the follow-
ing properties are equivalent:

(1) F is (i, j)-upper mBTP-continuous at x € X ;

(2) x € mInt(EF*(V)) for every o;-open set V of Y containing F(x) and
having BTP complement;

(3) x € F~(iCl(B)) for every subset B of Y having BTP o;-closure such
that x € mCl(F~(B));

(4) x € mInt(F*(B)) for every subset B of Y such that x € F*(iInt(B))
and Y — ilnt(B) is BTP.

Proof. (1) = (2): Let V be any o;-open set of Y containing F'(x) and
having BT P complement. There exists an mx-open set U containing x
such that F(U) C V. Thus z € U C F*(V). Since U is mx-open, we have
z € mInt(F+(V)).

(2) = (3): Suppose that B is any subset of Y having BT P o;-closure
such that € mCl(F~(B)). Then iCl(B) is o;-closed and Y — iCl(B) is a
o;-open set having BT P complement. Let ¢ F~(iCl(B)), then x € X —
F~(iCl(B)) = F*(Y —iCl(B)). This implies that F(z) C Y —iCl(B). Since
Y —iCIl(B) is a o;-open set having BT P complement, by (2) we have x €
mInt(F* (Y —iCl(B))) = mInt(X — F~ (iC1(B))) = X —mCIl(F~ (iCl(B))) C
X —mCl(F~(B)). Hence z ¢ mCI(F~(B)).

(3) = (4): Let B be any subset of Y such that x ¢ mInt(F*(B)) and Y —
ilnt(B) is BT P. Then we have r € X —mlInt(F*(B)) = mCl(X —F*(B)) =
mCl(F~ (Y — B)). By (3) we have z € F~(iCl(Y — B)) = F~(Y —ilnt(B)) =
X — F*(ilnt(B)). Hence z ¢ F*(ilnt(B)).

(4) = (1): Let V be any o;-open set of Y containing F'(z) and having
BTP complement. We have z € F*(V) = F*(ilnt(V)). Then, by (4) = €
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mInt(FT(V)). Therefore, there exists U € my such that z € U C F* (V).
Thus F(U) C V. This shows that F is (4, j)-upper mBT P-continuous at
reX. |

Theorem 4. For a multifunction F : (X,mx) — (Y,01,02), the follow-
ing properties are equivalent:

(1) F is (i, j)-lower mBTP-continuous at v € X;

(2) x € mInt(F~(V)) for every o;-open set V of Y having BTP comple-
ment such that F(x) NV # (;

(3) x € FT(iCI(B)) for every subset B of Y having BTP o;-closure such
that x € mC1(F*(B));

(4) x € mInt(F~(B)) for every subset B of Y such that x € F~ (ilnt(B))
and Y — ilnt(B) is BTP.

Proof. The proof is similar to that of Theorem 3. |

For a multifunction F : (X, mx) — (Y, 01,02), we define D . »(F) and
D, prp(F) as follows:

Dt orp(F) = {z € X : F is not (i, j)-upper mBT P-continuous at z},

D, prp(F) = {2z € X : F is not (i, j)-lower mBT P-continuous at x}.

Theorem 5. For a multifunction F : (X,mx) — (Y,01,02), the follow-
ing properties hold:

D} prp(F) = Uceo,prpi FH(G) — mInt(F*(G))}
= Upeiprp{F " (ilnt(B)) — mInt(F7(B))}
= Upeprp{mCl(F~(B)) — F (iC(B))}
= Uper {mCI(F~(H)) - F~(H)},
where 0; BT P is the family of all o;-open sets of Y having BTP complement,
iBTP is the family of all subset B of Y such that Y — ilnt(B) is BTP,
BTP is the family of all subsets of Y having BTP o;-closure,
F is the family of all subset H of Y which is BTP and o;-closed.

Proof. We shall show only the first equality and the last since the proofs
of other are similar to the first.

Let # € D o n(F). By Theorem 3, there exists a o;-open set V of ¥
having BT P complement such that z € F™(V) and # ¢ mInt(F*(V)).
Therefore, we have z € FH(V) — mInt(F*(V)) C Ugeo,prptF " (G) —
mInt(F*(G))}.

Conversely, let = € Ugey, prptF T (G) — mInt(F*(G))}. There exists
a o;-open set V of Y having BTP complement such that z € F*(V) —
mInt(FT(V)). By Theorem 3, we obtain z € D} o..(F).
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We prove the last equality.

Une 7 {mCl(F~(H)) — F~(H)}
C Upeprp{mCI(F~(iCI(B))) — F~ (iCI(B))} = D}, grp(F).

Conversely, we have

Dy, prp(F) = Upeprp{mCl(F~ (iC(B))) — F~(iC(B))}
C Une 7 (mCUF™(H)) - F~(H)}.

Theorem 6. For a multifunction F : (X,mx) — (Y, 01,02), the follow-
ing properties hold:

D, prp(F) = Uger,prplF ™ (G) —mInt(F~(G)) }
= Upeiprp{F ™ (ilnt(B)) — mInt(F(B))}
= UBGBTP{mCI(F+(B)) — FH(iCI(B))}
= Uper{mCUF*(H)) - F*(H)}.

Proof. The proof is similar to that of Theorem 5. |

4. Ideal topological spaces

Let (X, 7) be a topological space. The notion of ideals has been intro-
duced in [14] and [34] and further investigated in [12].

A nonempty collection I of subsets of a set X is called an ideal on X
[14], [34] if it satisfies the following two conditions:

(1) A€ I and B C A implies B € I,

(2) Ae I and B € [ implies AUB € 1.

A topological space (X, 7) with an ideal I on X is called an ideal topolog-
ical space and is denoted by (X, 7,I). Let (X, 7,I) be an ideal topological
space. For any subset A of X, A*(I,7) = {x € X : UN A ¢ [ for every
U € 7(x)}, where 7(x) = {U € 7 : x € U}, is called the local function of A
with respect to 7 and I [12]. Hereafter A*(I,7) is simply denoted by A*. It
is well known that CI*(A) = AU A* defines a Kuratowski closure operator
on X and the topology generated by C1* is denoted by 7*.

Lemma 3 ([12]). Let (X, 7,1I) be an ideal topological space and A, B be
subsets of X. Then the following properties hold:

(1) A C B implies CI*(A) C CI*(B),

(2) CI*(X) = X and CI*(0) =0,

(3) CI*(A) UCI*(B) C CI*(AU B).
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A) (i,j)mIO(X)

Let (X, 11, 72,I) be an ideal bitopological space. For any subset A of X,
A5(I,7j) ={z € X :UNA ¢ for every U € 7j(z)}, where 7j(z) = {U €
7j:x € U}. We put jCI"(A) = AU A7 for every subset A of X.

Definition 6. Let (X, 7y, 79,I) be an ideal bitopological space. A subset
A of X is said to be

(1) (i, j)-a-I-open [9] if A C ilnt(jCI*(ilnt(A))), fori # j, i,5 = 1,2,

(2) (i, j)-semi-I-open [6] if A C jCI*(ilnt(A)), for i #j, 1,5 =1,2,

(3) (i, j)-pre-I-open [5] if A C ilnt(jCI*(A)), fori#j,i,7=1,2,

(4) (i, j)-b-I-open [32] if A C ilnt(jCI*(A)) U jCI*(ilnt(A)), for i # j,
ij=1,2,

(5) (i, j)-B-I-open [6] if A C jCl(ilnt(jC1*(A))), fori # 7, i,j = 1,2,

(6) (i j)-weakly semi-I-open if A C jCI*(iInt(jCl(A))), fori # j, i,j =
1,2,

(7) (i, 3)-weakly b-I-open [33] if A C jCl(iInt(jCI*(A)))UjCl* (iInt(jCL(A))),
fori#£j,1,5=1,2,

(8) (i, j)-strongly B-I-open if A C jCI*(ilnt(jCI*(A))), fori # j, i,j =
1,2.

The family of all (¢, j)-a-I-open (resp. (i, j)-semi-I-open, (i, j)-pre-I-open,
(i,4)-b-I-open, (i,j)-B-I-open, (i,7)-weakly semi-I-open, (i, j)-weakly b-I-
open, (i, j)-strongly -I-open) sets in an ideal bitopological space (X, 71, 72, I)
is denoted by (i, 7)alO(X) (resp. (i,7)SIO(X), (i,7)PIO(X), (i,j)BIO(X),
(,))BIO(X), (i, )YWSTO(X), (i, )W BIO(X), (i,§)SFIO(X)).

Remark 2. By (i,j)mIO(X), we denote each one of the families (7, j)«
10(X), (i,7)SI0(X), (i,7)PIO(X), (i,7)BIO(X), (i,7)B1O(X), (i,j)WS
10(X), (i,j))WBIO(X), (i,j)SBIO(X).

Lemma 4. Let (X, 71, 12,1) be an ideal bitopological space. Then (i,7)m
I0(X) is a minimal structure and has property B.

Proof. By Lemmas 1(3) and 3(2), (¢,)mIO(X) is a minimal structure
on X. It follows from Lemmas 1(4) and 3(1) that (¢, j)mIO(X) has property
B. [ |

Definition 7. Let (X, 71,72,1) be an ideal bitopological space. For a
subset A of X, we define (i,7)mCl;(A) and (i, 7)mInt;(A) as follows:

(1) (i,j)mCl;(A) = {F: AC F, X\ F € (i,j)mIO(X)},

(2) (i,5)mInt;(A) = U{U : U C A,U € (i,j)mIO(X)}.

If (4, j)mIO(X) = (4,7)alO(X) (resp. (i,5)SIO(X), (i,7)PIO(X), (i,7)
BIO(X), (i,7)B10(X), (i,/)WSIO(X), (i,j)WBIO(X), (i,j)SBIO(X)),
then we have
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(1) (i, 5)mCl(A) = (4, 5)aCl;(A) (vesp. (4,5)sClr(A), (i, j)pCl(A), (i,5)b
Clr(A), (i, 5)BCL(A), (i, j)wsCl(A), (i, j)wbCli(A), (i,7)sBCli(A)).

(2) (4,j)mInt;(A) = (i, j)odnt(A) (vesp. (i,7)sInt;(A), (i,7)pnt;(A),
(4,7)bIntr(A), (i,7)BIntr(A), (i, j)wslnt;(A), (i, 7)wblnt;(A), (i,j)sfIntr(A)).

B) (1,2)mIO(X)

Let (X, 7,72) be a bitopological space. A subset A of X is said to be
T172-0pen [22], [13] if A € 71 U7y. The complement of a 7 m2-open set is said

to be Ti79-closed. The collection of 7179-open sets is denoted by 71720(X)

or (1, 2)O(X).

Definition 8. Let (X, 11, 72,1) be an ideal bitopological space. For any
subset A of X, A*(I,m1,72) ={x € X :UNAE&I for every U € y20(x)},
where 11720 (x) = {U € mm0O(X) : @ € U}, is called the local function of
A with respect to 71, 7o and I [22]. Hereafter A*(1,11,72) is simply denoted
by AX

T17T2"

Definition 9 ([22]). Let (X, 11, 72,I) be an ideal bitopological space. For
any subset A of X, we put CI7_ (A) = AUA; . Then CI . (A) defines a

Kuratowski closure operator on X and the topology generated by ClI7, . (A)
is denoted by 77 ., .

Hereafter, we denote CI; . (A) by (1,2)Cl(A) and X —CI7 (X — A) by
(1,2)Int;(A).

Lemma 5. Let (X, 71,72,1) be an ideal bitopological space. For subsets
A and B of X, the following properties hold:

(1) AC (1,2)CL(A),

(2) (1,2)Cl;(0) =0 and (1,2)Cl;(X) = X,

(8) If A C B, then (1,2)Cl;(A) C (1,2)Cl;(B),

(4) (1,2)Cl;(A) U (1,2)Cly(B) C (1,2)Cl; (AU B).

Definition 10 ([22]). Let (X, 71, 72,1) be an ideal bitopological space. A
subset A of X is said to be

(1) (1, 2)-a-I-open if A C mInt((1,2)Cl;(m1Int(A))),

(2) (1, 2)-semi-I-open if A C (1,2)Cl;(m1Int(A)),

(3) (1, 2)-pre-I-open if A C mInt((1,2)Cl;(A)),

(4) (1, 2)-b-I-open if A C (1,2)Cl;(m1Int(A)) U mInt((1,2)Cl(A)),

(5) (1, 2)-p-I-open if A C 7 Cl(m1Int((1,2)Cl;(A))).

Tha family of (1, 2)-a-I-open (resp. (1,2)-semi-I-open, (1, 2)-pre-I-open,

(1, 2)-b-Iopen, (1, 2)-5-Iopen) sets is denoted by (1,2)alO(X) (resp.
(1,2)SIO(X), (1,2)PIO(X), (1,2)BIO(X), (1,2)BI0(X)).

Remark 3. By (1,2)mIO(X) we denote each one of the families (1, 2)«
10(X), (1,2)SIO(X), (1,2)PIO(X), (1,2)BIO(X), and (1,2)BI0(X).
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Lemma 6. Let (X, 11,72, 1) be an ideal bitopological space. Then (1,2)m
I0(X) is a minimal structure which has property B.

Proof. By Lemmas 1 and 5, (1,2)mIO(X) is a minimal structure. It
follows from Proposition 3.27 of [22] that (1,2)mIO(X) has property B. It
is similarly proved that (1,2)BIO(X) has property B. |

Definition 11. Let (X, 71,72,1) be an ideal bitopological space. For a
subset A of X, we define (1,2)mCl;(A) and (1,2)mInt;(A) as follows:

(1) (1,2)mCl;(A) =n{F: AC F, X\ F € (1,2)mIO(X)},

(2) (1,2)mInt;(A) = U{U : U C A,U € (1,2)mIO(X)}.

If (1,2)mIO(X) = (1,2)alO(X) (resp. (1,2)SIO(X), (1,2)PIO(X),
(1,2)BIO(X), (1,2)BI0(X)), then we have

(1) (172)mCII( ) ( 72)04011( ) (resp. (172)5011(‘4)7 (1,2)])01[(14),
(1,2)bCL1(A), (1,2)5C11(A)),

(2) (1,2))mInt;(A) = (1,2)alnt;(A) (resp. (1,2)sInt;(A), (1,2)pInt;(A),
(1,2)bInt(4), (1,2)8Tnts(A)).

C) (1,2)*mIO(X)

Definition 12. Let (X, 11, 72,1) be an ideal bitopological space. A subset
A of X is said to be

(1) (1, 2)*-a-I-open if A C (1,2)Int;((1,2)Cl;((1,2)Int7(A))),

(2) (1, 2)*-semi-I-open if A C (1,2)Cl;((1,2)Int;(A)),

(3) (1, 2)*-pre-I-open if A C (1,2)Int;((1,2)Cl;(A)),

(4) (1, 2)"-b-L-openif A C (1,2)C1((1,2)Int; (A))U(1, 2)Int (1, 2)CL (A)),

(5) (1, 2)*-B-I-open if A C (1,2)Clz((1,2)Intz((1,2)Clz(A))).

The family of (1, 2)*-a-I-open (resp. (1, 2)*-semi-I-open, (1, 2)*-pre-I-
open, (1, 2)*-b-I-open, (1, 2)*-3-I-open) sets is denoted by (1, 2)*alO(X)
(resp. (1, 2)*SIO(X), (1, 2)*PIO(X), (1, 2)*BIO(X), (1, 2)*BIO(X)).

Remark 4. By (1, 2)*mIO(X), we denote each one of the families
(1, 2)*alO(X), (1, 2)*SIO(X), (1, 2)*PIO(X), (1, 2)*BIO(X), and (1,
2)*BIO(X).

Lemma 7. Let (X, 11,72,I) be an ideal bitopological space. Then (1,
2)*mIO(X ) is a minimal structure which has property B.

Proof. The proof is similar to the proof of Lemma 6. |

Definition 13. Let (X, 11,72,I) be an ideal bitopological space. For a
subset A of X, we define (1, 2)*mCli(A) and (1, 2)*mInt;(A) as follows:

(1) (1,2)*mCl;(A) =n{F: ACF, X\ F € (1,2 mIO(X)},

(2) (1,2)*mInt;(A) = U{U : U C A,U € (1,2)*mIO(X)}.
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If (1,2)*mIO(X) = (1, 2)*alO(X) (resp. (1,2)*STIO(X), (1,2)*PIO(X),
(1, 2)*BIO(X), and (1, 2)*5I ( )), then we have the following:

(1) (1,2)*mCl;(A) = (1,2)*aCl; (A) (resp. (1,2)*sCl;(A), (1,2)*pCli(A),
(1,2)*bClI(A) (1,2)*BCl1;(A)),

(2) (1,2)*mlInt;(A) = (1,2)*
(1,2)*bInt; (A), (1,2)*SIntr(A)).

Remark 5. Let (X, 71, 7, I) be an ideal bitopological space. By m;;10(X),

we denote each one of the families A) (7, 7)mIO(X), B) (1,2)mIO(X) and
C) (1,2)*mIO(X). Then m;;IO(X) is an m-structure having proprty B.

alnty(A) (resp. (1,2)*sInt;(A), (1,2)*plnt;(A),

Definition 14. Let (X, 11, 72,1) be an ideal bitopological space. For a
subset A of X, we define m;;Cl;(A) and m;;Int;(A) as follows:

(1) mUCl[(A) = ﬂ{F A C F,X\F € mZ]IO(X)},

(2) mijIntI(A) = U{U :UC AU e ijIO(X)}

5. m;;-1-BT P-continuous multifunctions

Definition 15. A multifunction F : (X, 11,72,1) = (Y,01,02) is said to
be

1) upper m;;-I-BTP-continuous at a point x € X if for each o;-open set
V of Y containing F(z) and having BT P complement, there exists U €
mi; 1O(X) containing x such that F(U) C V,

2) lower my;;-I-BTP-continuous at a point x € X if for each o;-open
set V. of Y meeting F(x) and having BT P complement, there ezists U €
mi;IO(X) containing x such that F(u) NV # 0 for each u € U,

3) upper /lower m;;-I-BTP-continuous if F' has this property at each point
rzeX.

Remark 6. It follows from Definition 15 that a multifunction F :
(X,11,72,1) = (Y,01,02) is upper/lower m;;-I-BT P-continuous at € X
(on X) ifand only if F' : (X, m;;IO0(X)) — (Y, 01,02) is (¢, j)-upper/ (i, j)-lower
m;;j BT P-continuous at @ € X (on X). Therefore, by Theorems 1, 2 and
Corollaries 1, 2, we obtain the following theorems:

Theorem 7. For a multifunction F : (X, 11,72,1) — (Y,01,02), the
following properties are equivalent:

(1) F is upper my;-I-BTP-continuous;

(2) F*(V) € mi;I0(X) for each o;-open set V of Y having BTP com-
plement;

(8) F~(K) is mi;-I-closed for every BTP and o;-closed set K of Y;

(4) mi;Cli(F~(B)) C F~(iCl(B)) for every subset B of Y having the
BTP o;-closure;
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(5) FT(ilnt(B)) C m;jInt(FT(B)) for every subset B of Y such that
Y \ ilnt(B) is BTP.

Theorem 8. For a multifunction F : (X, 11,72,1) — (Y,01,02), the
following properties are equivalent:

(1) F is lower m;j-I-BTP-continuous;

(2) F=(V) € miIO(X) for each o;-open set V of Y having BTP com-
plement;

(3) FT(K) is my;-I-closed for every BTP and o;-closed set K of Y;

(4) mi;CL (FT(B)) C F*(iC(B)) for every subset B of Y having BTP
o;-closure;

(5) F~(iInt(B)) C my;Int(F'~(B)) for every subset B of Y such that
Y \ iInt(B) is BTP.

Theorem 9. For a multifunction F : (X, 7,70,I) — (Y,01,02), the
following properties are equivalent:

(1) F is upper m;;-I-BTP-continuous at x € X ;

(2) x € mi;Int(E+ (V) for every o;-open set V of Y containing F(x) and
having BTP complement;

(8) x € F~(iCl(B)) for every subset B of Y having BTP o;-closure such
that x € m;;C1(F~(B));

(4) x € m;Int(FT(B)) for every subset B of Y such that x € FT (ilnt(B))
and Y — iInt(B) is BTP.

Proof. The proof follows from Theorem 3. |

Theorem 10. For a multifunction F : (X, 11,m72,1) — (Y,01,02), the
following properties are equivalent:

(1) F is lower m;;-I1-BTP-continuous at v € X;

(2) x € miInt(F~(V)) for every o;-open set V of Y having BTP com-
plement such that F(x) NV # 0;

(3) x € F(iCl(B)) for every subset B of Y having BTP o;-closure such
that x € m;;Cl(F(B));

(4) x € mi;Int(F~(B)) for every subset B of Y such that x € F~ (iInt(B))
and Y — ilnt(B) is BTP.

Proof. The proof is similar to that of Theorem 9. |

For a multifunction F' : (X, 7, 72,I) — (Y, 01,02), we define D;HBTP(F)
and D pr p(F) as follows:

D;UBTP(F) = {z € X : F is not upper m;;-I-BT P-continuous at x},

D;LMBTP(F) = {z € X : F is not lower m;;-I-BT P-continuous at x}.

Theorem 11. For a multifunction F : (X,71,72,1) — (Y,01,02), the
following properties hold:
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Dy, prp(F) = Ugeo,prp{FF(G) = milut(FF(G))}
= UgeiprptF 7 (ilnt(B)) — m;;Int(F*(B))}
= Upeprp{mi; Cl(F~(B)) — F~(iCl(B))}
= Uner{myCUF™(H)) — F~(H)},
where 0; BT P is the family of all o;-open sets of Y having BTP complement,
iBTP is the family of all subset B of Y such that Y — ilnt(B) is BTP,
BTP is the family of all subsets of Y having BTP o;-closure,
F is the family of all subset H of Y which is BTP and o;-closed.

Proof. This is obvious by Theorem 5. |

Theorem 12. For a multifunction F : (X, 11,72,1) — (Y,01,02), the
following properties hold:

D;zijBTP(F) = Uceoprp{F ™ (G) — mijInt(F~(G))}
= Upeiprp{F~ (ilnt(B)) — my;Int(F~(B))}
= Upeprp{mi;CLF*(B)) — F*(iCI(B))}
= Uper{msCUFT(H)) — F*(H)}.

Proof. The proof is similar to that of Theorem 11. |
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