ARG R S R e N A TSR VIEASTS R ERT

Nr 29 1999

MARIA GORZENSKA, MARIA LESNIEWICZ, CZESEAW PRETKI

APPROXIMATION OF FUNCTIONS OF SEVERAL VARIABLES
IN EXPONENTIAL WEIGHTED SPACES

ABSTRACT: In this note we define some operators L. and U, of the Szasz-Mira-

kjan type in exponential weighted spaces of functions of several variables. In Sec. 2 we
give some basic properties of these operators. The main theorems are given in Sec. 3.
The similar results for functions belonging to polynomial weighted spaces are
given in [3]. Some properties of these operators for functions of one variable with
exponential weighted spaces are given in [4].
KEY WORDS: linear positive operator, approximation theorem, function of several
variables.

1. NOTATION

1.1. Let N'=N:={12..}, N)=N,:=NuU{0}, R'=R:=(-0+w),
R, =R, :=(0+), R =R,:=R, u{0} and, for every fixed meN, let
N™ :={H=(n,.n,): n,eN for 1<k<m}. Analogously are defined Ny,
R"™, R and R'. For X,y eR', X =(x,..%,), Y =(},-Vm)> and AER we
define: X +5:=(x; 4+ Y1 Xm +Vn)s AX=(Ax,.0%,), T=Y=(X =V
X = Voi)yt X[V = (0 [ViieXm (V) AE Y ERT X <y 1f and only if x, <y,

for 1<k<m (analogously ¥<7) and AeR"™ if A, =4 for 1<k<m.

3; A4 Ym
Moreover let j F@)dt = j j o t,)dtdt,. dt, and, for keNI, let

=ZZ and k —> & if and only if £, — 400 for 1< j<m.
F20 k=0 ky=0

1.2. Let for a fixed pe R,
(1) A E R x€R,,

and let for a fixed pe R (with some me N)
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2) vy (®) =] ] v, (%), TR
=l

For a fixed peR” we define the exponential weighted space C;, of all
real-valued functions f defined on R} for which v;(-)/f(-) is uniformly

continuous and bounded on R;" and the norm is defined by the formula

3) l|f|l;:=§tkgv5(>?)|f(f)l-
XeRq
For feC;,, we define the modulus of continuity
o(f Cpil= sup |05 fQ,, TR,
0<h<t

where A f(X):= F(E+h) - f(X) for h,% € R". Next, for a fixed @ € R and

~
~

6 <& <1, we define the class Lip(C5,,;&) of all functions f € C5,, for which

p.m?
O(f;Cps B = 017 152+ L")

as f, >0, for 0<k<m.

1.3. In the papers [2] — [4] were considered the following operators L, and
Uy tori e G

@ L,(f) 1=iﬂ,,,,-()f)f(%}
=0
szZ
©) U,(f0):= 3,0 5 [ 14

neN and x e R, where
1 (mx)¥
coshnx (2))!

JEN,,

2

(6) , a, (x)=

and coshx, sinhx, tanhx are the elementary hyperbolic functions.
In [4] was proved that L, and U,, ne N, are a linear positive operators

into C for every g>p>0, provided that

from the space C iy

Pl
n>p(ng/p)™". Moreover some approximation properties of these operators are

given in [2] and [4].
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1.4. In this note we introduce the operators L[%l, neN™, i=12, in the

space C~, with some me N and peR]. For ne N”, keN! and X R

p.m
we set
(7) L 4@ = [an s G
j=1
T
8) By @ =] 5, ),

. =
where a, i, (x;) is defined by (6). Next, for f€C;,,, neN" and X € Ry, we

define the operators L i=12, as follows

9) LY(f%) = NAF,;(f)f(%}
k>0
21?:5
(10) LP(fF) =2 Bz ®) [ f(OHF.
Faghn 2k

From (6) — (10) we deduce that LY, 7ie N™, i=1,2, is well-defined on

every C;,, and L is linear positive operator.

Since Zan’k (x)=1 forall xe R, and ne N, we have by (6) - (10)

j=0
(11) L (LX)=1 forall XeRY, AeN", i=12.

Next, we observe that if f(X)=f(x)):f,(x,)-f,(x,) for XeR and
fie(x)eC, ., 1<k<m, with some p,eR,, then feC;, with

P =(py»---p,,) and moreover for all ¥ € R and # € N™ holds

(12) LD =1L, )
J=1

(13) L (f®) =10, (/).
J=l1
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In this paper we shall denote by M, the suitable positive constants

depending only on indicated parameters p, q.

‘ 2. AUXILIARY RESULTS

2.1, First we shall give some basic properties of the operators L, and U,
defined by (4) — (6). In [2], [4] and [5] are proved the following lemmas:
Lemma 1 ([2]). For every x € Ry and n € N we have
L,(x) =1=U,(x),

L, (t-x)x) < 25X
n

U ((t-x)%x) < M m
4n

Lemma 2 ([4]). For every q> p>0 there exist positive constant M, . and

a natural number n, > p(Inq/p)™" such that for all x € R, and n>n,

L, : i
(vp(t) Jq

<M,,
o |
vq(x)L((t x). J
R £
e
(F=x) 4
ot

Lemma 3 ([5]). For every fixed se N, and q> p>0 there exists positive
constant M , . and natural number ny, n,> p(ng/ p)"', such that for all

oS

n>n, holds
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1 <M .

)

Using Lemma 1 and Lemma 2, we shall prove

sup v, (x) Z

xeRg

Xa (%)

Lemma 4. Let p,q be fixed numbers and q> p. Then there exist a positive

constant M , , and natural number n, > p(In q/p)”" such that for every x € R,

and n > n,

¢ du \

v, (x)L, j——;x
va(u) x+1

<M :

¢ du i

Ve U, || —=|:*

f [j[vp(u)

Proof. We shall prove only the above inequality for L, because the proof for
U, is analogous. As in [4] by (1) we have
t

I : du| < 1 + - |t—x|, X,teR;.
xvp(u) v,() v,(x)

Hence for every xe R,, ne N and g> p we get

vq(x)Ln[l vjfu) ;st vq(x>Ln('£p(t)‘ J+L (t=x;2).

Using the Holder inequality and Lemma 1 and Lamma 2 we obtain

L, (1 = x:x) < (L, ((t = )30 2HL, (L)}Y? < Jm
n
1/2 2
v, (x)L, -lt—'—i‘;x <v,sL, (£5 ) ji 1 5 <M x+1,
Vp(t) v (t) Vp(f) p.q =
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for every x>0 and n>n,. where n, is given in Lemma 2. Summing up, we
obtain the desired inequality for Z,. =

2.2. Applying the above lemmas, we shall prove two lemmas on the operators
L

Lemma 5. For every fixed me N, p,§eR! and §>p there exist positive
constant M= and 7" =(n,...n, ) € N satisfying the condition

=1
(14) n; >p1[lnij for 1<j<m,
%

such that forall i >n", e N", and i =1,2 we have

L{l}[ 1~ ;-J <
Vﬁ(’) 7

Proof. By (1) - (12) we have for X € R’ and ne N”

Hm 1
7 (X L:{‘]‘} ———l >
Vq(x) 7 ( i( ) J & nj[ pj(t) JJ

T g
qu(x)Lﬁ [Vﬁ(7)’xJ e 1;[ v‘lj (xj)UnJ[vpj (tj)’xj ]

From this and by Lemma 2 we immediately obtain the desired assertion (15). ®

2

(15)

Lemma 6. Let feCs;, with some me N, peR and let GeR! and

g > p. Then there exist positive constant M 55 and " eN™ satisfying the
condition (14) such that for all A >n", e N™, and i =12

2

(16) “Lf,i’(fr)" < Myl 715
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This inequality and (6) — (10) show that LY, fie N™,

positive operator from the space C,, into Cg, with g >p, provided that

i=12, is a linear
~ ~ %
n>n".

Proof. From (1) — (10) we get for X e R, 7e N™ and i =12

57}

which by (3) and Lemma 5 implies (16) for 7 >7%" and i=1.2.

)| LY (%) < |1 7], v ® |

3. THE MAIN THEOREMS

3.1. In this part we shall prove two theorems on the degree of approximation

of functions feC;,, by LY. Forafixed meN and peR] we define the

space

of
= G e Com R fori = o= ot
P m {f 517,- < p.m or m}

Theorem 1. Suppose that feC;;’m with some fixed me N and peR!.

Then for every fixed § € R and > p there exist positive constant M~ and

.4
nW'e N" satisfying the condition (14) such that for all X€R]', fA>#"

(neN) and i =12 we have

(17) g

ox

xj+l

9|09 - @) < Myp Y

n.

J=1 J

A P

Proof. Let X =(x,,...,x,,) be a fixed point in Rj". Then by our assumption

we can write for every 7 =(1,,..£,) € R}’

AOEVIEEDY j —f(yk )y,

k=1 g,
where ¥, = (x,,

ceeXp_y My olisy oy ). From this and by (11), for e N™ and
1=12 follows
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LY (fF): D)~ fE) =3, L‘;{j 15, ;J
=1 Uy

and consequently for g > p

But by (1) — (3) we have

)
o vy
_[ 5—%f (V) duy,

Xy

2

X

%) L8 (£(7): %)~ £(F)| < S v, (@) LY
k=1

o
ox,

73

o L o
J'_ﬁ';:f(yk)duk X

2

*r
% du, -
Pl v (yk)
tk d
ad: for 2<k<m-1
—k+l p_, vpk (uk )
4
af IL'LI 1 '[ du,
ax, 5\ 2 vpj(tj) Z v, (Ju,)
af ﬁ 1 ]ﬁ du,, ‘
ox,, G Ve ) )12 v, ()|

Hence, using (1), (2), (12), Lemma 2 and Lemma 4, we get for i =1

é’xk i ,-
and

B

J Ef(yl)dul <

tm 5

| Zar Oudittn) <

tk 0,_)

e} ~ L
v, (%) LY j i 1 (F,)du,,|;
af m~—l

< JE Al
= l[ﬂ (L7

m P ]_

e A
p’q ﬁxm P nm
t,‘ d

va(f)]f;}} J‘Lf-,fc' =

b 121679

<
tm
du
i Ve (u,,)
tores e

IN
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;xkjs

IJ*- du,

of
< == v, (x;)L, 3% 1oV (X)L,
axk {1_:!1 J[ () ]} L k X vp”(uk)
s | cud i il for n,>n; and 1<k<m-1.
sl o | R\ Y

The identical inequalities we get for i = 2, by (13), Lemma 2 and Lemma 4 for U, .

: Using the above inequalities to (18), we obtain the desired estimation
(17). m

Theorem 2. Suppose that f €C;, withsome me N and p € R[. Then for
every fixed g € R and q > D there exist positive constant M5 and A An*eN™

satisfying the condition (14) such that for all X e R;', W >#%" and ie N", and \

1=12 holds
Xkl Gt
SMma)[prm,\/ lnl ,...,\/ = J

Proof. Let as in [3] f; be the Steklov mean of feC;, defined by the

formula

(19)

h
- 1
1 = — ~+~ dN
[ &) hlhz..hngf(x i) dii
for # € R” and X € R". Then

f®)=f (%)= hh i [(f<x+u) f@)dit

andfor 1<k <m
h bl

T

e [ ozt
WHCTOR A== (11 ST I 1) iy 1) (R ) 1 R 1)

du" =du,..du, du,,,..du,. From this we get for i € R

(fx+u)- f(xX+u") du”

o '—.s}

(20) |£5 = 71 < @ (f.Cs 1)
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(1) /s
ox, 5

which implies 7- e CL . Hence we can write for every Xe€R)', HeN",
h p.m 0 >

<207 0 (f,Cp 3h),; 1<k<m,

EeRf,(7>ﬁandi=1,2 ‘
<v; @ L8 () - 7,0 5) +
+| L 7)1 ® | +| £® - F®) | ety

(22) v (¥

Applying Lemma 6 and (20), we get for 7 > 7" and / € R]"

S, < Mz | £~ fi], S Mz @ (f Con3h)
and

S, < |f- £, s @7 Con).
In view of Theorem 1 and (21) we have

X+l X, +1
= 2M~~ w(f:cpm :h)zh_l

£, j

for i>7" and h e RJ'. Consequently we get from (22)

~(f)| <

x,+1
<My 0 (f.Chmins .h){l'*‘Zh = }

Jj=1 J
for YeR), Ai>n", heRy and i=12. Now, for fixed X and 7, setting

h= (G +D)/n, A Gy + 1)/, vy (%, 1) /n,,) to (23), we obtain the desired
estimation (19). Thus the proof is finished. =

From Theorem 2 we derive the following two corollaries.

Corollary 1. Let f €Cy, with some meN and pe R?. Then for every
XeR" and i =1,2 holds
lim, LI (f3%) = /(%).
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Corollary 2. Let f € Lip(C5,.@) with some me N, peR, & eR and

~

o < 1. Then for every g€ R, q>p, there exist positive constant M5 and

7" eN™ asin Theorem | such that forall X €R;', i>n" and i =12 holds

v B LO(£3) - f(®)] < My [

3.2. Finaly we shall prove the Berstein inequality for the operators Lf,l}
(see. [3]).

Theorem 3. Suppose that f € C;,, withsome me N and p> R". Then for
every fixed qeR], q>p, and §=(sy,...,5,)EN" there exist positive

constant M+ and 7™ € N™ satisfying the condition (14) such that for all

A >n" and i=12 holds the following Berstein inequality
<Mjaz (H” J“f"
q

Proof. Let i =1. In view of (9), (7) and (2) we have for e Nj', X € R/
and ie N"

Syt +8,
a 1 m

B Srtsrteton

S5 S S,
ax A0 X

LY (%)

5 b

LY (%) <
axp Gxir " (7:%)

(Sm) (xm ) <

af:jzl (x; )' &

o e 2k )
ok o)

<ILTT| 2

j=1 k]‘

Pj

;, Dnyty (% )%
‘ v

nj

which by (1) - (3) and Lemma 3 implies
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<

"_é’_;"_w(f;;)

5 S,
adx g

q

m 4 J 0 ! 1
<A T sup v, (e o fans, G| — | <
& j=1 | %j€Ro k;=0 2 ( J
?j

< Myas |71, T T for AT,
=1

The proof of (24) for i =2 is similar.
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