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APPROXIMATION OF GROWTH NUMBERS
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ABSTRACT: The paper deals with growth and approximation of
solutions (not necessarily entire) of certain elliptic partial differen-
tial equations. These solutions are called Generalized Bi-Axially
Symmetric Potentials (GBASP’s). The GBASP's are taken to be
regular in a finite hyperball and influence of the growth of their
maximum moduli on the rate of decay of their approximation
errors in sup norm is studied. The author has been obtained
the characterizations of the g-growth number and lower g-growth
number of a GBASP H € Hg, 0 < R < oo in terms of rate of
decay of approximation error E,(H, Ry), 0 < Ry < oo. Finally
we have obtained a necessary condition for a GBASP H € Hp to
be of perfectly regular growth.
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1. Introduction

Generalized bi-axially symmetric potentials (GBASP's) are the solutions of
the elliptic partial differential equation

O*H 82H+2a+18£ 20+ 10H

1.1 =
(1.1) Ox? + Oy? y Oy xr Or

0 -
) a7ﬁ> 27

which are even in z andy Gilbert [2]. A polynomial of degree n which is
even in x and y is said to be a GBASP polynomial of degree n if it satisfies
(1.1). A GBASP H, regular about origin, can be expanded as

(1.2) H=H(r0) = Z an 72" PP (cos 2 0)

n=0

where x = rcosf, y = rsinf and Pr(f"ﬁ ) (t) are Jacobi polynomials.
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Let Dp = {(az,y) ca? 4 y? < RQ}, 0 < R < o0 and Dg be the closure of
Dpr. A GBASP H is said to be regular in Dp, if series (1.2) converges uni-
formly on every compact subset of Dg. Let Hg be the class of all GBASP's
H regular in D/, for every R’ < R but for no R’ > R. The functions in the
class Hy are called entire GBASP’s.

McCoy [7] considered the approximation of pseudonaltyic functions on
the disc. Pseudonanlytic functions are constructed as complex combinations
of real-valued analytic solutions to be Stokes-Beltrami system. These solu-
tions include the GBASP’s. McCoy obtained some coefficient and Bernstein
type growth theorems on the disc. It is significant to mension that hear the
results and methods are different from those of McCoy.

A GBASP H is said to be regular on Dg,, 0 < Ry < oo, the closure of
Dp,, if it is regular in Dg for some R < Ry. Let Hpg, be the class of all
GBASP's a regular on Dg,. For H € Hp,, set

(1.3) IH|[g, = max [H(z,y)],
(x’y)eDRO
where [|-|| is the uniform norm on Hpg,.

For H € Hp,, the approximation error E, (H, Ryp) is defined as
(1.4) En(H,Ro) = inf |[H —glg,

where m,, consists of all GBASP polynomials of degree at most 2n.

The concept of index ¢, the g-order p(q) and lower g-order A(q) are in-
troduced by Bajpai et al. [1] in order to obtain a measure the growth of the
maximum modulus, when it is rapidly increasing. Thus, let M (r, H) — oo,
r— Rand g=2,3,... set

. logld M (r, H)
H, R) = limsup
Pl B = o (R (R — )
where M(r,H) = meax|H (r,0)] is the maximum modulus function and

logl® M(r,H) = M(r,H), logld™ ' M(r,H) = loglogl?? M(r,H). The
GBASP H € Hp is said to have the index ¢ if pq(H, R) < oo and pg—1(H, R) =
oo. If ¢ is the index of H then py(H, R) is called the g-order of H.
Let f(2) = Y ar2¥, (ap # 0) and v(r) = max{k : u(r) = |ap|7*}
k=0
(0 < r < R). The g-growth number v and lower g-growth number ¢ of f(z)
are defined analogues to Kapoor [4] as

i s logl=2 v (r)
= l11msu
TR (R /(R — r)p@+AW@
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o log[q_Z] v(r)
0= (R = ) e A@
where A(q) = 1if ¢ =2, A(q) = 0if ¢ = 3,4, ... and p(r) is the maximum
term of f(z) on |z| = r.
In the same manner the g-growth number 7,(H) and lower g-growth
number 0,(H) of the GBASP H € Hp are defined as

. log[q_2] ’U(T, H)
Tl = s TR ) B AT

lg=2]
%) = lim Byt /(Z)g_ T))Zﬁzgimm ’
where A(q,H) = 1, if ¢ = 2, A(¢,H) = 0, otherwise, and v(r,H) =
max {k: p(r,H)} = m;xx{ak TQkP,ga’m(cos 29)} is the rank of maximum
term of H € Hp.
We have the following definitions:

Definition 1. A GBASP H € Hp, 0 < R < oo, having g-order
pq(H,R)(pg(H,R) > 0, ¢ = 2,3..., is said to have g-type T,(H, R) and
lower q-type t,(H, R) if

) log[q_l] M(’)", H)
T,(H,R) = hljlj;p (Rr/(R — r))pa(HR)

o loglm M H)
tq(H, B) = lim inf (Rr/(R — r))palHLR)
(0 < t4(H, R) < T,(H,R) < o)

Definition 2. A GBASP H € Hg having reqular growth is said to be of
perfectly reqular growth if T,(H, R) = t,(H, R) < cc.

Generally, the growth of entire functions is measured in terms of its order
and type. It has been observed ([1], [3]) that the growth numbers play an
important role to studying the growth of entire/analytic functions. Juneja
[3] characterized some theorems involving the ratio of the consecutive co-
efficients occurring in the Taylor series expansion of analytic functions and
growth numbers for ¢ = 2 in unit disc. The GBASP are natural extensions
of analytic/harmonic functions. Hence we anticipate properties similar to
those of the harmonic functions found from associated analytic functions by
taking its real part [6]. In this article we have obtained the characterizations
of the g-growth number and lower ¢g-growth number of a GBASP H in terms
of the ratio of approximation errors defined by (1.4) in sup norm in finite
disc and a necessary condition for GBASP to be of perfectly regular growth.
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2. Auxiliary results

Now we give some auxiliary results which have been used in proving the
main theorems.

o0
Lemma 2.1. Let f(z) = ) an, 2™ have g-growth number v and lower
k=0
q-growth number 6. Let u(ny) = m log™ |an, /@ny,, | u(ng) > u(ng—1)
for k > ko and {ny} denotes the sequence of principal indices such that

ng — o0 as k — oo. Then

ax p(a)+A(g)
(2.11) v = limsup logld=2 ny < log™ )
k—s00 (ng — ng—1) Any_y
and
1 ap p(a)+A(q)
(2.12) § > limsup logld=2 n;_, ( log™ >
k—oo (nk - nk—l) Any 4

where A(q) =1 if ¢ =2 and A(q) =0 if ¢ = 3,4, .... The equality holds in
(2.12) provided loglt=A nyyy ~loglt=2 ny, as k — oo, log* t = max(0, log t)
fort > 0.

Proof. First let v < co. By definition of v for any ¢ > 0 and for all r
such that R > r > rg = ro(e), we have

Ry \P@+A)
R— r) ’

loglt 2 v(r) < (v +¢) <
Since u(ny) forms a strictly increasing function of k for k > ko,
v(r) =ng for u(ng_1) <r <u(ng).

Hence, for r in the above range

Rr ) p(0)+A(q)

lg—2]
log nk<(7+5)<R_r

Since the inequality holds for all » > u(ng_1), we have
R — u(ng—1

Ru(ng_1)
1 } p(a)+A(q)

(9)+A(q)
(v+e) > loglt=2n, [ )]P o

as k — oo.

~ loglt=2 pn, [
w(ny—1)
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Now u(ny) — R as k — oo, therefore on proceeding to limits we get

Gy,

1 p(0)+A(g)
(2.13) v > limsup logl?? n, ( log™* >
k— 00 g — Ng—1

Any_y

This inequality in obviously true for v = oo.
Next assume y > 0. Then for every € such the v > ¢ > 0, there exists a
sequence {rp, } tending to R as k — oo such that

Ry,

p(a)+A(q)
f k=1,23 ...

(2.14) log[q*ﬂ v (rp,) > (v —¢) {

Since u(ny) is strictly increasing function of k for k£ > ko and tends to R as
k — oo, for every rp, we can find an integer ny, such that u(ng, ,) <, <
u(nyp, ), and so we have v(ry, ) = ng,. Thus (2.14) gives

Ru(n,, ) r(9)+A(q)
—&) < loglt=2 [pk—l}
O o (R )

1 ] p(q)+A(q)

~ logli2 Nk, [

as p— oo.
u(nkp+1)

Proceeding to limits we get

n,,

1 r(9)+A(q)
(2.15) v < limsup logl9=2 n, ( log™ >
Ng — Nk—1

k—o0

Any_y

This inequality is obviously true if v = 0 (2.13) and (2.15) give (2.11). Now
for proving (2.12), we assume that

1 n
liminf logli=2 ny_, < log™ s =C
k—o0

ng — Ng—1

) p(a)+A(q)

Qny,_q

the inequality in (2.12) obviously holds if C' = 0. Hence we assume that
0 < C < 0. Then for € > 0 and taking k sufficiently large we have

1 a p(a)+A(q)
< log™ | —% ) log[q_ﬂ ng_1>0C—¢
N —Nk—1 Any_4
1 +A
L] an, C— ¢ /(p(@)+A(q))

—log —

Ng — Nk—1 Any,_q lOg[q | Nk—1
or

a C_ - 1/(p(9)+A(9))

2.16 logT | =2 | > (ng —np_q) | —0—
(2.16) P (n — k1) gl 2 nk—1]
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Writing the above inequality for k = N+ 1, N 42, ..., m and adding, we get

“ m ¢ 1/(p(a)+A(q))
(217)  logh | > N (g —ny1) M]
ng—s k=N-+1 log Mk—1

to estimate the right hand side, we put v(t) = ny for ng_; < t < ng and
lg—2| 1/(p(9)+A(q)) . .
G(t) = [(C —¢)/log? t] . Hence right hand side of (2.17), can

be written as

m

Z G (ng—1) (N = n—1) = (M — 1) G (Nn—1)
k=N+1

+ (m—1 = Mn—2) G (nm—2) + K + (nn+2 — nv41) G (nv41)
+ (nn+1 —nN) G (nN) = 1 G (nm—1) — N—1{G (nm—1) G (nm—2)}
+ K — ny11{G (ny+1) — G (nn)} — ny G (ny)

= G (1) — > me1{G (nk-1)) — G (nk—2)} —ny G (ny)
k=N+1
G (1) — /t " (1) dG(E) — nx G ()

1 tm=1 9(t)dG(t)

= G (Nm-1) + / ———+0(1).
Pla)+AQ) Sy
til:[ll gl ¢

Since @ > 1 therefore in view of above expression with (2.17) we have

(nm—l - TZN) G (nm—l)
=2
(pla) +Alg) TT logl 1,
C—¢ 1/(p(a)+A(q))
-l

_ 2\ (p(a)+A(9) _
+ (C E) (nm—l nN) . O(l)

q—2
1/(p(q)+A(q)) TT log” ny 1
(p(q) + Alq)) (10g[q’2] nm—l) i=1

log™ |an,, | > nm G (Nm—1) + —-0(1)

_ [ (C—g) ] 1/(p(9)+A(9)) . - nm—1(1 — O(1))
_log[q_Q] Nm—14 "

q—2 )
(p(q) —|— A(q)) 1:[1 10gmnm—1
r _ 11/ (p(9)+A(q))
- M nm(14+0(1) —O(1)) for large m.
-IOg[q_ ] Nm—1
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Since Nyp—1/Mm < 1, s0
C—¢ 1/(p(q)+A(a))
log™ |an,, | > nm [2}

Proceeding to limits, we get

> C.

liminf logl?=2 n,,_;

Fogjt \an, | ] p(a)+A(q)

Nm

Since § > left hand side of above expression so, we get 6 > C. To prove
equality in (2.12) first we suppose that § > 0. By definition of §, for any
e > 0 and for all » such that R > r > ro(e), we have

loglt=2u(r) > (6 — &) (R7/(R — r))P 0 +A@),
Since u(ny) forms a strictly increasing function of k for k& > ko,
v(r)=mng for u(ng—1) <r <u(ug).

Hence, for r in above range and using log[q*Z] Ng_1 ~ log[q*ﬂ ng as k — oo.
After a simple calculation, we obtain

Ay,

1 p(a)+A(q)
§ < liminf loglv=2 ny_, ( log™ ) .
ng — Nk—1

k—oo

ankfl

This inequality is obviously true if § = 0. Hence the proof is completed. W
Lemma 2.2. Let H € Hgr, O < R < o0, and R > Ry. Then

2/ P(a, B)

M(r, H) < lao| + NOESY M(r, h),
where
h(u) =§1((2n+a+ﬁ+1)P(n,a,g))é W
X Bn1 (H, Ro) (u/Ro)™",
P(n,a.8) = P(n+1)I'(n+a+B+1) P (o, 8) P(a+ DI+ 1)

'n+a+1)I(n+6+1) a4+ p8+2)

Proof. Proof of above lemma follows from Kumar and Kasana [5]. W
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3. Main results

We prove the following theorems.

Theorem 3.1. Let H € Hr, O < R < o (Ry < R) and H have
q-growth number v,(H) and lower q-growth number 6,(H). Let

1 E, (H, Ro)(R/Ro)znk
u(ng) = log™ k ,
)= s ) % B, (L, Ro) (R R
u(ng) > u(ng—1) for k > ko and {ny} has been defined as in Lemma 1. Then
(3.11) vq(H) = limsup loglt=2
k—o0
! o, (H. Ro)(R/Bo)*™ 7"
X log 3
(N — Ngp—1) B, (H, Ro)(R/Rg)*™s+1

and
(3.12) 0q(H) > lim inf logl=2 ny_y

<oy o By, (H, Ro) (R/Ro)*™ ]”*@
(= 51) % By, (H, Bo) R/ By

where p*(q) = pg(H,R) + A(q,H). The equality holds in (3.12) provided
log[q_Q] Np1 ~ log[q_Q] ng as k — o0o.

Proof. First let 7,(H) < oo. By (1.6) for any € > 0 and for all r such
that R > r > rg = ro(e), we have

logl?™? v (r, H) < (34(H) + &)(Rr/(R—1))”" 9.
Since u(ny) forms a strictly increasing function of k for k > ko,
v(ir,H) =v(r,h) =ny for wu(ng—1) <r <wu(ng).
Hence for r in above range, we get
log" 2 ny < (vg(H) + ) (Rr/(R—1r))7" 9.
Since this inequality holds for all r > u(ng_1), we get

R—u (nk—l):| p*(q)
Ru(ng—1)
1

(ug—1)

(vq(H)+¢e) > log[q*Q] ny [

p*(a)
~ log[q_Q] ny [ ] as k — oo.
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Now u(ny) — R as k — oo, therefore on proceeding to limits, we have

vq(H) = limsup logl1=2 ny,
k—o0
B (H, Ro)(R/Ry)*™ 17
E (H, Ro)(R/R0)2nk+1

Nk+1

X |log

To prove the reverse inequality, use Lemma 1 and apply Lemma 2.2 to the
function h(u) given by (2.16), (3.12) can be proved in a similar manner on
the lines of proof of (2.12). Hence the theorem follows. [ |

Theorem 3.2. Let H € Hr, 0 < R < oo, (Ry < R) and H have
q-growth number v,(H) and lower q-growth number 64,(H). Then

logla—2]
(3.13) Sq(H) < ~vg(H) lim inf %
k—oo log™ % ny_y

logle—2l ny,
logli=2ln;_,
{e(mg)} such that ne,) < B*Ne(m,,,)- Let re be a value of 7 at which
v(r, H) jumps from a value less than or equal to n.q to a value greater than

or equal to ney)41. Now, since

Proof. Let o* = lign inf . If B* > o* there exists a sequence
— 00

v(re —0,H) <newy < B nepys1 < B (re +0,H),
therefore

lim s logl=2 v (re —0,H)
im su
t—»oop (Rr/(R —1))P" @
la—2] _
< B <limsup log v (ry O*, H)
t—oo (R7/(R—1))r @

0q(H)

IN

< /B*Vq (H)
Since the last inequality holds for all 8* > a*, hence §4(H) < a*v4(H),
which proves (3.13). [ |

Corollary. If H € Hr, 0 < R < o (Ry < R) and H is of perfectly
reqular growth, then log[q_z] ny ~ log[q_Q} ng_1 as k — oo.

The Corollary follows easily from Theorem 3.2 and in view of the fact
that 0 < §4(H) = v4(H) < oo if and only if H is of perfectly regular growth.
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