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A COMMON FIXED POINT THEOREM FOR TWO
MULTIFUNCTIONS DEFINED ON CLOSED BALL

ABSTRACT. We prove a common fixed point theorem for two mul-
tifunctions defined on a closed ball of a complete metric space
with values in the set of all nonempty and closed subsets of this
space, multifunctions which satisfy an implicit contractive relation
of Latif-Beg type.
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1. Introduction and preliminaries

Let X be a nonempty set. We denote by P(X) the set of all nonempty
subsets of X. Let T': X — P(X) be a multifunction. We denote by Fiz(T)
the set of fixed points of T, i. e. Fiz(T)={zx € X |z €T (z)}.

Let (X,d) be a metric space, xg € X and r > 0. Further on we shall
use the notations: B(zg,r) = {x € X |d(zo,z) < 1}, Pa(X) = {Y €
P(X) Y is a closed set }.

Assuming that (X, d) is complete, M. Frigon and A. Granas [2] proved a
fixed point theorem for a multifunction T : B(zq,r) — P.(X). A. Petrusel
[4] generalized the result of M. Frigon and A. Granas for multifunctions
which satisfy Reich type conditions. A fixed point theorem for a multifunc-
tion which satisfies a general condition was proved by R. P. Agarwal and D.
O’Regan in [1]. Recently, A. Sintamarian [7] proved a common fixed point
theorem for two multifunctions 11, Ty : B(wo,7) — P.(X), which generalizes
the results of M. Frigon and A. Granas, A. Petrusel and R. P. Agarwal and
D. O’Regan.

Quite recently A. Sintamarian [8] proved a common fixed point theorem

for two multivalued mappings 71,75 : B(zo,r) — Py(X), which satisfy a
contractive condition of Latif-Beg type [3].

Theorem 1 ([8]). Let (X,d) be a complete metric space, xg € X, r > 0

and Th, Ty : B(zg,r) — Py(X) two multifunctions. We suppose that
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(i1) there exist aii,...,a15 € Ry, with a1 + a12 + a13 + 2a14 < 1, such
that for each x € B(xg,r), any uy € Th(x) and for ally € B(xo,r), there
exists uy € To(y) so that

d(uz, uy) < and(z,y)+a12d(z, uz)+ar3d(y, uy)+arad(z, uy)+ai5d(y, uz);

(i9) there exist as,...,a2 € Ry, with as + ass + a3 + 2a24 < 1, such
that for each x € B(zo,r), any u, € To(z) and for all y € B(zo,r), there
ezists u, € T1(y) so that

d(ug, uy) < ag1d(z,y)+aznd(x, ug)+asd(y, uy)+aad(z, uy)+asd(y, ug);

(73) there exists yo € T1(xo) U Ta(zo) so that

d(z0, y0) < (1 e {all +aig + aia as1 + as + asu })

1-— (a13 + a14) 11— (023 + a24)
Then Fix(Ty) = Fix(T») € Py(X).

In [5] and [6] is introduced the study of fixed points for mappings satisfy-
ing implicit relations. The purpose of this paper is to prove a common fixed
point theorem for two multifunctions T4, T : B(wg,7) — Py (X), which sat-
isfy a new type of implicit relation, which generalizes [8, Theorem 3.1]. Also,
we give a fixed point theorem for a multifunction T : B(zg,r) — Pu(X)

satisfying an implicit relation, which generalizes [8, Theorem 3.2] .

2. Implicit relations

Let F be the set of all continuous multifunctions F(t1,...,ts) : RS — R
satisfying the following conditions:
(F}) F is non-increasing in variables ts, ..., tg;

(F») there exist h € [0,1) and g > 0 such that for every u,v,w > 0 with
F(u,v,v 4+ w,u+w,u+ v+ w,w) <0, we have u < hv + gw.

Example 1. F(tl, . ,t6) = tl — a1t2 — a2t3 — a3t4 — a4t5 — a5t6, where
ai,...,a5 € Ry, with a1 +as 4+ as +2a4 < 1.
(F1) Obviously.
(Fy) Let F(u,v,v+w,u+w,u+v+w,w) =u—av—az(v+w)—azg(u+w)—
as(ut+v+w)—asw < 0. Then u < hv+ gw, where 0 < h = flﬂlﬂ <1

—(az+aq)
gztaztastas 0

and g = T—(astar) =

Example 2. F(t1,...,tg) = t1 — k max{ta,t3,t4,t5,t6}, where 0 <
k< 1/2.
(F1) Obviously.
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(Fy) Let F(u,v,v + w,u + w,u + v + w,w) = u — k max{v,v + w,u +
w,u+v+w,wt =u—k(u+v+w) <0. Then u < hv + gw, where
O<h=g=k/(1-k) <1.

Example 3. F(t1,...,tg) = t2 — k max{t3, tsts, tsts}, where 0 < k <

1/4.

(F1) Obviously.

(F2) Let F(u,v,v 4+ w,u+w,u+v+w,w) =u? — k max{v?, (v + w)(u +
w), (utv+w)w} < 0. Then u?—k(u+v+w)? < 0and u < Vi(utv+w).

g — Vk
Hence v < hv + gw, where 0 < h =g = v < 1.
Example 4. F(ti,...,tg) = t§ + 13 + 1+ttﬁ — (at3 + bt3 + ct3), where

a,byc>0and a+b+c < 1/4.

(F1) Obviously.

(F2) Let F(u,v,v+w,u+w,u+v+w,w) = u3+u2+m — [av? +
b(v +w)? + c(u+w)? < 0. Then u? — [av? + b(v+w)? + c(u+w)?] <0,
which implies u? < (a 4+ b+ ¢)(u + v + w)?. Hence u < hv + gw, where
0<h:g: Vva+b+e < 1.

1—+va+b+c

3. Common fixed points

Theorem 2. Let (X,d) be a complete metric space, o € X, r > 0 and

Ty, T : B(xg,r) — Py(X) two multifunctions such that

(i) for each x € B(xg,7), any u, € Ti(x) and for all y € B(zo,r), there
exists uy € To(y) so that

Fi(d(ug, uy), d(z, y), d(z, uz), d(y, uy), d(z, uy), d(y, uz)) <0,

where Iy € F;

(ii) for each x € B(xg,7), any uz € To(z) and for all y € B(xo,r), there
exists uy € T1(y) so that

Fy(d(ug, uy), d(x,y), d(z, uz), d(y, uy), d(x, uy), d(y, uz)) <0,

where Fyr € F;
(131) there exists yo € T1(xo) U Ta(zo) such that

d(zo, yO) < (1 - max{hl’ hQ})Tv

where hi, ho are from definition of &F.
Then Fix(Ty) = Fix(T) € Py(X).
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Proof. First, we prove that Fix(T}) = Fix(Ts). Let © € To(x). By (1),
for = y = u,, there exists u, € T1(x) such that

FQ(d(l'v uy)» 0,0, d(l" “y), d(ZE, “y)a 0) < 0.
Since F» € F, then d(z, u,) = 0. Therefore x = u, € T1(z) and = € Fiz(T"),
hence Fix(Ty) C Fix(Ty).

Similarly, by (i), we obtain Fiz(T1) C Fixz(T3).

We put h = max{hi,ha} < 1 and we suppose, for example, that there
exists x1 = yo € Ti(zo) such that d(zo,21) < (1 — h)r. It is clear that
x1 € B(zo, 7).

By (i) we have that there exists x9 € Th(x1) such that

Fi(d(z1,22), d(z0, 21), d(w0, 1), d(21, 22), d(20, 2),0) < 0,
which implies that

Fi(d(z1,22), d(z0, 21), d(w0, 71), d(21, 22), d(T0, 1) + d(21,72),0) < 0.
Since F; € F,

d(zy,x2) < hyd(zg,z1) < hd(zg,z1) < h(1 — h)r.
Using the triangle inequality we obtain

d(wo, ) < d(x0,21) + d(w1,22) < (1 —h)r +h(1 = h)r = (1 = h*)r <,

hence x5 € B(xg,7).
By (ii) we have that there exists x5 € T1(x2) such that

Fy(d(w2,w3), d(21, 22), d(21, 72), d(22, 73), d(71, 23),0) <0,
which implies that
Fy(d(za,x3),d(x1, 22), d(x1, 2), d(x2, 3), d(21, 22) + d(22,23),0) < 0.
Since Fp € F,
d(xg, x3) < hod(x1,2) < hd(xy,xz2) < h?(1 — h)r.
Because
d(xg, x3) < d(x0, z2)+d(x, x3) < (1—h)(1+h)r+h*(1—h)r = (1—h3)r < r,

we have that x5 € B(zg, 7).
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By induction, we obtain that there exists a sequence {x, }n,en with the
following properties:

Ton—1 € T1(z2n—2), @2n € To(T2n-1),
d(xp_1,2,) <h"H1 = R)r,
d(zo,n) < (1 —h™)r <r, which implies that =, € B(xzo,r),

for each n € N*.
The inequality d(z,_1,2,) < A" 1(1 — h)r, which holds for each n € N*,
implies that {xy, }nen is a convergent sequence, because h < 1 and (X, d) is

a complete metric space. Let z* = lim x,,. Obviously 2* € B(x, 7).
n—oo

We shall prove that z* is a fixed point of 17, for example. From xo, €
To(x9,—1) we have by (ii) that there exists u,, € T1(2*) such that

Fy(d(zan, un), d(xon—1,2"), d(xon—1,T2m), d(x*, up),
d(xQn—h un)v d(ZIZ*, '7:271)) < 07

for each n € N*.
Then we have

FQ(d(xQna un)a d(an—la x*)a d(x2n—17 .’L'*) + d(l'*, 1'271)7 d((IZ*, 33271)
+ d(22n, un)a d(T2n-1, x*) + d<x*7 Ton) + d(x2m Un)v d(.%'*, x2n)) <0.

Since Fy € F, then d(zap, up) < ho d(xon—1, %)+ g2 d(z*, 2y,). On the other
hand, we have that

d(z*, un) < d(z*, x2,)+d(z2n, un) < d(z*, T2n)+ho d(z2—1, %) +g2 d(z*, T2n).

Letting n tend to infinity we obtain that x* = lim,_ o uy. Since u, €
Ti(z*), for all n € N* and Ti(z*) is closed, it follows that z* € Fiz(T1) =

Let us prove that Fix(T1) = Fiz(T2) € Py(X). For this purpose let
yn € Fix(Ty) = Fix(T), for each n € N* such that y, — y*, as n — oo.
Clearly y* € B(wo,7). For example, for y, € Ti(y,) we have that there
exists vy, € To(y*) so that

Fy (d<yn7 'Un)v d(ym y*)a 0, d(y*, vn)7 d<yn7 Un)v d(y*a yn)) <0,

which implies that

Fi(d(yn, vn), dYn, ¥ ), d(Yn, ") + d(Yn, ¥ ), d(y*, yn) + d(Yn, vn),
d(Yn,vn) + dWYn, ¥*) + d(Yn, "), d(y", yn)) < 0.
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Since Fy € F, then d(yn, vn) < h1 d(yn,y*) + 91 d(yn, y*). Letting n tend to
infinity we obtain that lim,, .~ v, = y*. Since v,, € T»(y*), for each n € N*
and Ts(y*) is closed, it follows that y* € Tx(y*). Therefore Fix(1Ty) =
Fiz(Ty) € Pay(X). n

Corollary 1. Theorem 1.
Proof. The proof follows from Theorem 2 and Example 1. |

If Ty =15 =T in Theorem 2, then we obtain the following theorem.

Theorem 3. Let (X,d) be a complete metric space, zo € X, r > 0 and
T : B(xg,r) — Py(X) a multifunction such that:

(i) for each x € B(xo,r), any u, € T(x) and for all y € B(zo,r), there
ezists uy € T'(y) so that

F(d(ufﬂﬂ uy)> d(.%, y)7 d(.%’, uw)v d(% Uy), d(l‘, uy)a d(ya um)) S O,

where F' € F;
(79) there exists yo € T(xo) such that

d(zo,y0) < (1 = h)r,

where h is from definition of F.
Then Fix(T) € Py(X).

Corollary 2. [8, Sintamarian] Let (X,d) be a complete metric space,
9o € X, r >0 and T : B(zg,7) — Py(X) a multifunction for which there
exist ai,...,as € Ry, with a; + az + as +2a4 < 1 such that:
(i) for each x € B(xg,r), any u, € T(x) and for all y € B(zo,r), there
exists uy € T'(y) so that

d(uz, uy) < a1 d(z,y) +az d(z, uz) + az d(y, uy) + as d(@, uy) + as d(y, uz);
(13) there exists yo € T'(xq) such that

ay +ag +aq

d <1l1l-—
(x()vy()) —[ 1_ (a3+a4) r

Then Fiz(T) € Py(X).

Proof. The proof follows from Theorem 3 and Example 1, where h =
a1+az+ay |
1—(az+as)”
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