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ABSTRACT. We consider an R&D cost reduction function in a
Cournot competition model inspired by the logistic equation. We
present the associated game and observe the existence of three
different economical behaviors depending upon the firms’ deci-
sions in terms of investments. We exhibit the boundaries of these
investment regions.
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1. Introduction

We consider a Cournot competition model where two firms invest in R&D
projects to reduce their production costs. This competition is modeled by a
two-stage game (see d’Aspremont and Jacquemin [2]). In the first subgame,
two firms choose, simultaneously, the R&D investment strategy to reduce
their initial production costs. In the second subgame, the two firms are in-
volved in a Cournot competition with production costs equal to the reduced
cost determined by the R&D investment program.

We use an R&D cost reduction function inspired by the logistic equation
(see Equation 2 in [6]) which was first introduced in Ferreira et al[6]. The
main differences between this cost function and the standard R&D cost
reduction function (see [2]) are explained in that same paper.

For the first subgame, consisting of an R&D investment program, we
observe the existence of four different Nash investment equilibria regions
that we define as follows (see [6]): a competitive Nash investment region
C where both firms invest, a single Nash investment region S; for firm Fi,
where only firm F) invests, a single Nash investment region Sy for firm Fj,
where only firm Fb invests, and a nil Nash investment region N, where
neither of the firms invest.

The nil Nash investment region N consists of four nil Nash investment
regions, Ny, Npg, Ny and Ngg where neither of the firms invest and so
have constant production costs. The single Nash investment region S5; can
be decomposed into two disjoint regions: a single favorable Nash investment
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region Sl-F where the production costs, after investment, are favorable to firm
F;; and a single recovery Nash investment region SZR where the production
costs, after investment are, still, favorable to firm F}; but firm F; recovers,
slightly, from its initial disadvantage. The nil Nash investment region N
determines the set of all production costs that are fixed by the dynamics.
The competitive Nash investment region determines the region where the
production costs of both firms evolve along the time. The single Nash invest-
ment region S; determines the set of production costs where the production
cost of firm F5 is constant, along the time, and just the production costs of
firm F} evolve. Similarly, the single Nash investment region So determines
the set of production costs where the production cost of firm F} is constant,
along the time, and just the production costs of firm F5 evolve.

In this paper we exhibit the boundaries of each of these Nash investment
regions.

2. The model

As in Ferreira et al[6] we consider an economy with a monopolistic sector
with two firms, F} and F5, each one producing a differentiated good, and
assume that the representative consumer preferences are described by the
following utility function

(1) Ulqr, 2) = aq1 + ags — (B} + 2vq1q2 + Ba3) /2,

where ¢; is the quantity produced by the firm F;, and «, 3 > 0. The inverse
demands are linear and, letting p; be the price of the good produced by
the firm F;, they are given, in the region of quantity space where prices are
positive, by

pi = — Bq; —vq;-

The goods can be substitutes v > 0, independent v = 0, or complements
v <0.

Demand for good i is always downward sloping in its own price and in-
creases (decreases) the price of the competitor, if the goods are substitutes
(complements). The ratio v2/3% expresses the degree of product differenti-
ation ranging from zero, when the goods are independent, to one, when the
goods are perfect substitutes. When v > 0 and +2/3? approaches one, we
are close to a homogeneous market.

The firm F; invests an amount v; in an R&D program a; : Rg — [bs, ¢4
that reduces its production cost to

e(e; —cp)v;

(2) ai(vi) = ¢; — N o
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Now, we explain the parameters of the R&D program: (i) the parameter
¢; is the unitary production cost of firm F; at the beginning of the period
satisfying ¢;, < ¢; < a; (i9) the parameter ¢y is the minimum attainable
production cost; (iii) the parameter 0 < e < 1 as the following meaning:
since b; = a;(+00) = ¢; — €(¢; — ¢r.), the maximum reduction A; = €(¢; — )
of the production cost is a percentage 0 < ¢ < 1 of the difference between
the current cost ¢; and the lowest possible production cost cr; (iv) the
parameter A > 0 can be seen as a measure of the inverse of the quality of
the R&D program for firm F;, because a smaller A will result in a bigger
reduction of the production costs for the same investment. Note that, in
particular, ¢; — a;() gives half A;/2 of the maximum possible reduction A;
of the production cost for firm F;. Let us define, for simplicity of notation,
i = G(CZ‘ - CL).

The sets of possible new production costs for firms £} and F5, given initial
production costs ¢; and ¢y are, respectively,

A1 = Al(Cl, CQ) = [bl, Cl] and A2 = AQ(Cl, 62) = [bg, CQ],

where b; = ¢; — €(¢; — cr.), for 1 € {1,2}.

The R&D programs a; and as of the firms determine a bijection between
the investment region Rar X Rg of both firms and the new production costs
region Ay X As, given by the map

a=(a,a2) : Rf xRy — A X As
(v1,v2) = (a1(v1),az(ve))

where
;Ui

)\—i-'l)i.
We denote by W = (W1, Ws) : a (Rf x RJ) — Ry x RY

ai(vi) = C; —

A(CZ’ — CLi)

Qi —C — M

Wi (az) =
the inverse map of a.

3. Output and R&D investment regions

The Cournot competition with R&D investment programs to reduce the
production costs consists of two subgames in one period of time. The first
subgame is an R&D investment program, where both firms have initial pro-
duction costs and choose, simultaneously, their R&D investment strategies
to obtain lower new production costs. The second subgame is a typical
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Cournot competition on quantities with production costs equal to the re-
duced costs determined by the R&D investment program. As it is well
known, the second subgame has a unique perfect Nash equilibrium. The
analysis of the first subgame is of higher complexity and can be found with
detail in Ferreira et al[6].

The new production costs region can be decomposed, at most, into three
disconnected economical regions characterized by the optimal output level
of the firms (see Figure 1):

M, The monopoly region M; of firm Fj that is characterized by the opti-
mal output level of firm F; being the monopoly output and, hence, the
optimal output level of firm F5 is zero;

D The duopoly region D that is characterized by the optimal output levels
of both firms being non-zero and, hence, below their monopoly output
levels;

Ms The monopoly region Mo of firm F, that is characterized by the opti-
mal output level of firm F, being the monopoly output and, hence, the
optimal output level of firm F} is zero.

/
9 M, // / /
s /
8 — / /
— W,
2
S 7 1/ /

Figure 1. We exhibit the duopoly region D and the monopoly regions M; and M,
for firms F; and F3, respectively, in terms of their new production costs (a1, az);
I, with ¢ € {1,2} are the boundaries between M; and D. Reproduced from [6].

The boundary between the duopoly region D and the monopoly region
M; is Iy, with ¢ € {1,2}. The explicit expression characterizing lys,, the
boundary between the monopoly region M; and the duopoly region D, is
presented in [6].

To determine the best investment response function Vi(ve) of firm Fj
to a given investment ve of firm F5, we study, separately, the cases where
the new production costs (a1 (v1,v2),az2(v1,v2)) belong to (i) the monopoly
region M7; (ii) the duopoly region D; (iii) the monopoly region M.
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Let ¢z be the minimum attainable production cost and « the market
saturation. Given production costs (c1,¢2) € [cr,a] X [cr,al, the Nash
investment equilibria (vi,ve) € Rf{ X ]Rar are the solutions of the system

{ v1 = Vi(vg)
vg = Va(v1)

where V7 and V5 are the best investment response functions computed in
the previous sections.

All the results presented, consistently with [6], hold in an open region of
parameters (cr, €, a, A, 3,7) containing the point (4, 0.2, 10, 10,0.013,0.013).

The Nash investment equilibria consists of a unique, or two, or three
points depending upon the pair of initial production costs. The set of all
Nash investment equilibria form the Nash investment equilibrium set (see
Figure 2):

C the competitive Nash investment region C that is characterized by both
firms investing;

S; the single Nash investment region S; that is characterized by only one of
the firms investing;

N the nil Nash investment region N that is characterized by neither of the
firms investing.

S,nS,nC 8,nS,nCE

Figure 2. Full characterization of the Nash investment regions in terms of the
firms’ initial production costs (¢1,c2). The monopoly lines I, are colored black.
The nil Nash investment region N is colored grey. The single Nash investment
regions S7 and Sy are colored blue and red, respectively. The competitive Nash
investment region C' is colored green. The region where S; and S5 intersect are
colored pink, the region where S; and C' intersect are colored lighter blue and the
region where Sy and C intersect are colored yellow. The region where the regions
S1, So and C intersect are colored lighter grey. Reproduced from [6].
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In Figure 2, the Nil Nash investment region is the union of Nrr, Npm,
Npr and Ngpg and the Single Nash investment region is the union of SZF
and SZ-R. The economical meaning of the subregions of N and 5; is explained
in the next subsections.

Denote by R = [cr, a] X [cr, ] the region of all possible pairs of produc-
tion costs (c1,c2). Let A° = R — A be the complementary of A in R and
let Ranp be the intersection between the Nash investment region A and the
Nash investment region B.

4. Single Nash investment region

The single Nash investment region S; consists of the set of production
costs (c1,c2) with the property that the Nash investment equilibrium set
contains a pair (vq,v2) with the Nash investment v; = V;(0) > 0 and the
Nash investment v; = Vj(v;) = 0, for j # i.

The single Nash investment region S; can be decomposed into two disjoint
regions: a single favorable Nash investment region SZ»F where the production
costs, after investment, are favorable to firm Fj, and in a single recovery Nash
mvestment region SZR where the production costs, after investment are, still,
favorable to firm F}; but firm F; recovers a little from its disadvantageous
(see Figure 3).

Figure 3. Full characterization of the single Nash investment region S; and of the
nil Nash investment region N in terms of the firms’ initial production costs (¢, ca).
The subregions N, Npg, Ngr and Ngg of the nil Nash investment region N
are colored yellow. The subregion S of the single Nash investment region S; is
colored lighter blue. The subregion Sf" of the single Nash investment region S is
decomposed in three subregions: the single Duopoly region SP colored blue, the
single Monopoly region SZ-M colored green and the single Monopoly boundary region
SE colored red. Reproduced from [6].
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The single favorable Nash investment region SiF can be decomposed into
three regions: the single Duopoly region SZ»D, the single Monopoly region SZ-M
and the single Monopoly boundary region SZ-B (see Figure 3). For every cost
(c1,¢2) € SE, let (a1(v1), az(v2)) be the Nash new investment costs obtained
by the firms F; and F5 choosing the Nash investment equilibrium (v, vg)
with vo = 0. The single duopoly region SiD consists of all production costs
(c1, ¢2) such that for the Nash new investment costs (a1 (v1), a2(ve)) the firms
are in the duopoly region D (see Figure 3). The single monopoly region S
consists of all production costs (c1,c2) such that for the Nash new costs
(a1(v1),az2(vz)) the Firm Fj is in the interior of the Monopoly region M;.
The single monopoly boundary region SZB consists of all production costs
(c1,c2) such that the Nash new investment costs (ai(v1),az(v2)) are in the
boundary of the Monopoly region [y, .

We are going to characterize the boundary of the single monopoly region
SM (due to symmetry, a similar characterization holds for $31). In the next
subsections, we present the boundaries of S by separating them into four
distinct boundaries: the upper boundary U A;I , that is the union of a vertical
segment line U, 1131 with a curve Ug , the intermediate boundary I é‘{ , the lower
boundary Lg{ and the left boundary LeS{u (see Figure 4). The left boundary

of the single monopoly region Le% is the right boundary d; of the nil Nash
investment region Ny g that will be characterized in Section 5.

The boundary of the single monopoly boundary region S¥ is the union
of a upper boundary US’% and a lower boundary Lgl (see Figure 5).

The boundary of the single duopoly region SP is the union of a upper
boundary Usl?l, a lower boundary Lé?l and a left boundary Le?1 (see Figure 6).
The left boundary of the single duopoly region Le?1 is the right boundary dg
of the nil Nash investment region Ny that will be characterized in Section 5.

The single recovery Nash investment region S{* has three boundaries: the
upper boundary Ug‘l, the left boundary Legl, and the right boundary Rgl (see
Figure 7).
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4.1. Boundary of the single monopoly region SM

In this subsection we exhibit the boundary of the single monopoly region

9.2 9.4 9.6 9.8 10

¢

Figure 4. (A) Full characterization of the boundaries of the single monopoly region
SM: the upper boundary U gl is the union of a vertical segment line U ~l91 with a
curve U§ ; the lower boundary Lg{ ; and the left boundary Leg’{ ; (B) Zoom of the
upper part of figure (A) where the boundaries U, gl and U él can be seen in more
detail. Reproduced from [6].

4.2. Boundary of the single monopoly boundary region S

In this subsection we exhibit the boundary of the single monopoly bound-
ary region S’lB .

10—

6.5

Figure 5. Full characterization of the boundaries of the single monopoly boundary
region SP: the upper boundary U. g and the lower boundary L?l. Reproduced
from [6].
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Note that the upper boundary of the single monopoly boundary region
U 5]-?1 is the lower boundary of the single monopoly region Lg{ .
4.3. Boundary of the single duopoly region SP

In this subsection we exhibit the boundary of the single duopoly region
b,

A B

Figure 6. (A) Full characterization of the boundaries of the single duopoly region
SP: the upper boundary UL ; the lower boundary LY ; and the left boundary Leg ;
(B) Zoom of the lower part of Le£ . Reproduced from [6].

Note that the upper boundary of the single duopoly region U SDl is the
lower boundary of the single monopoly boundary region Lgl. The left
boundary of the single duopoly region Leg1 is the right boundary ds of
the nil Nash investment region Ny g.

4.4. Boundary of the single recovery region S¥

In this subsection we exhibit the boundary of the single recovery region
SF.

The single recovery region Sf* (because of the symmetry, a similar char-
acterization holds for SQR) has three boundaries: the upper boundary U 51 ,
the left boundary Lgl, and the right boundary Rgl.

5. Nil Nash investment region

The nil Nash investment region N is the set of production costs (c1,c2) €
N with the property that (0, 0) is a Nash investment equilibrium. Hence, the
nil Nash investment region N consists of all production costs (c1,ca) with
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Figure 7. Full characterization of the boundaries of the single recovery region S¥:
the upper boundary U 51?31 ; the right boundary R§15 and the left boundary Legl. In
green the competitive Nash investment region C', in grey the nil Nash investment
region IV, in red the single Nash investment region S for firm F5 and in blue the
single recovery region Sf for firm Fy. Reproduced from [6].

A B C

Figure 8. Full characterization of the nil Nash investment region N in terms of
the firms’ initial production costs (¢1,c2): (A) The subregion Ny, of the nil Nash
investment region IV is colored grey corresponding to initial production cost such
that the firms do not invest and do not produce; (B) The subregion Ny of the nil
Nash investment region N is colored grey corresponding to initial production cost
such that the firms do not invest and do not produce and dark blue corresponding
to cases where the firms do not invest but firm F} produces a certain amount ¢
greater than zero; (C) The subregion Nypy of the nil Nash investment region N
is colored grey corresponding to initial production cost such that the firms do not
invest and do not produce; dark blue corresponding to cases where the firms do
not invest but firm F; produces a certain amount ¢; greater than zero and dark
red corresponding to cases where the firms do not invest but firm Fy produces a
certain amount ¢y greater than zero. Reproduced from [6].
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the property that the new production costs (a1(v1), az(v2)), with respect to
the Nash investment equilibrium (0,0), are equal to the production costs
(c1,¢2).

The nil Nash investment region N is the union of four disjoint sets: the
set N1 consisting of all production costs that are low for both firms (see
Figure A); the set Nppg (resp. Npr) consisting of all production costs that
are low for firm F (resp. F») and high for firm Fy (resp. F}) (see Figure B);
and the set Ny consisting of all production costs that are high for both
firms (see Figure 8C).

6. Competitive Nash investment region

Figure 9. Firms’ investments in the competitive Nash investment region. The com-
petitive Nash investment region is colored green, the single Nash investment region
S1 (respectively Ss) is colored blue (respectively red) and the nil Nash investment
region N is colored grey. Reproduced from [6].

The competitive Nash investment region C consists of all production costs
(c1, c2) with the property that there is a Nash investment equilibrium (v, v2)
with the property that v; > 0 and v > 0. Hence, the new production costs
ay(vi,v2) and ag(vi,ve) of firms Fy and Fy are smaller than the actual
production costs ¢; and co of the firms F; and F5, respectively.

In Figure 2, the boundary of region C' consists of four piecewise smooth
curves: The curve C] is characterized by ai(v1) = ¢ i.e v1 = 0; the curve
Cy is characterized by ag(vy) = c2 i.e v2 = 0; the curve C3 corresponds
to points (c1, c2) such that the Nash investment equilibrium (a1 (v1), az(v2))
has the property that m(a1,a2) = 71 (a1, c2); and the curve Cy corresponds
to points (c1, c2) such that the Nash investment equilibrium (a1 (v1), az(v2))
has the property that w1 (a1, a2) = m1(c1,a2).
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The curve Cy (respectively Cf) is the common boundary between the
competitive region C' and the single recovery region S& (respectively Sf%).
The boundary C5 can be decomposed in three parts C’3D , Cf and C’é‘/l . The
boundary C:? consists of all points in C3 between the points P3 and F3 (see
Figure 9). The boundary C¥ — {P3} has the property of being contained
in the lower boundary of the single duopoly region SP of firm Fy. The
boundary Cf consists of all points in C3 between the points Es and Fj
(see Figure 9). The boundary C% has the property of being contained in
the lower boundary of the single monopoly boundary region SQB of firm F5.
The boundary Cé\/[ consists of all points in C3 between the points F3 and V
(see Figure 9). The boundary Cé‘/f has the property of being contained in
the lower boundary of the single monopoly boundary region S of firm F.
Because of the symmetry, a similar characterization holds for the boundary
Cy. The points Ps, Py, (Q and V' are the corners of the competitive region
C' (see Figure 9). The point @ is characterized by being in the intersection
between the competitive region C' and the nil Nash region Nrz. The point
P; (respectively Pj) is characterized by being in the intersection between
the competitive region C' and the nil region NZ; (respectively NP;). The
point Fs3 in the boundary of the competitive region C' is characterized by
belonging to the boundaries of the single duopoly region Sf and the single
monopoly boundary region S¥ (see Figure 9). The point F in the boundary
of the competitive region C' is characterized by belonging to the boundaries
of the single monopoly boundary region S and the single monopoly region
SM (see Figure 9).

7. Conclusions

The following conclusions are valid in some parameter region of our
model. We described four main economic regions for the R&D deterministic
dynamics corresponding to distinct perfect Nash equilibria: a competitive
Nash investment region C where both firms invest, a single Nash investment
region for firm Fp, Sy, where only firm Fj invests, a single Nash investment
region for firm F5, So, where only firm F5 invests, and a nil Nash investment
region N where neither of the firms invest.

The nil Nash investment region has four subregions: Npr, Nrg, Ngr
and Npypg. The single Nash investment region can be divided into four
subregions: the single favorable region for firm Fy, ST, the single recovery
region for firm Fy, ST, the single favorable region for firm Fy, SI°, the single
recovery region for firm Fy, S¥. The single favorable region Sf (due to
the symmetry the same characterization holds for S') is the union of three
disjoint regions: the single duopoly region S where the production costs,
after the investments, belong to the duopoly region D; the single monopoly
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boundary region S where the production costs, after the investments, be-
long to the boundary of the monopoly region [/, ; and the single monopoly
region S where the production costs, after the investments, belong to the
monopoly region M;.

From Section to Section , we exhibited the boundaries of the different
Nash investment regions.

Acknowledgments. We thank an anonymous referee for the sugges-
tions. We thank the Programs POCTI and POSI by FCT and Ministério da
Cieéncia, Tecnologia e do Ensino Superior, Calouste Gulbenkian Foundation
and Centro de Matemadtica da Universidade do Minho (CMAT) for their
financial support. Bruno Oliveira gratefully acknowledges financial support
from PRODEP III by FSE and EU and Miguel Ferreira gratefully acknowl-
edges financial support from Fundacado para a Ciéncia e a Tecnologia (FCT)
given through a PhD scholarship.

References

[1] AMIR R., EVSTIGNEEV 1., WOODERS J., Noncooperative versus coopera-
tive R&D with endogenous spillover rates, Core Discussion Paper 2001/50,
Louvain-la-Neuve, Belgium.

[2] D’ASPREMONT C., JACQUEMIN A., Cooperative and noncooperative R&D
in duopoly with spillovers, American Economic Review, 78(1988), 1133-1137.
Erratum. In American Economic Review 80: 641:642.

[3] BRANDER J.A., SPENCER B.J., Strategic commitment with R&D: the sym-
metric case, The Bell Journal of Economics, 14(1983), 225-235.

[4] COURNOT A., Recherches sur les Principes Mathématiques de la Théorie des
Richesses, Paris, 1838.English edition: Researches into the Mathematical Prin-
ciples of the Theory of Wealth, Edited by N. Bacon. New York: Macmillan,
1897.

[5) DEBoONDT R., Spillovers and innovative activities, International Journal of
Industrial Organization, 15(1997), 1-28.

[6] FERREIRA M., OLIVEIRA B.M.P.M., PINTO A.A., Patents in new technolo-
gies, Journal of Difference equations and Applications, 15(2009), 1135-1149.

[7] FERREIRA F.A., FERREIRA F., FERREIRA M., PINTO A.A., Quantity com-
petition in a differentiated duopoly, Intelligent Engineering Systems and Com-
putational Cybernetics, Springer Netherlands, Chapter 30, 2008.

[8] KAMIEN M., MULLER E., ZANG I., Research joint ventures and R&D cartels,
American Economic Review, 82(1992), 1293-1306.

[9] KAMIEN M., ZaNG 1., Competing research joint ventures, Journal of Eco-
nomics and Management Strategy, 2(1993), 23-40.

[10] KATZ M., An analysis of cooperative research and development, Rand Journal
of Economics, 17(1986), 527-543.

[11] PiNTO A.A., Game Theory and Duopoly Models, (Postgraduate and Research
Level) Interdisciplinary Applied Mathematics, Springer-Verlag, 2008, 1-275.



42 M. FERREIRA, B.M.P.M. OLIVEIRA AND A.A. PINTO

[12] PiNTO A.A., OLIVEIRA B., FERREIRA F.A., FERREIRA M., Investing to sur-
vive in a duopoly model, Intelligent Engineering Systems and Computational
Cybernetics, Springer Netherlands, Chapter 23, 2008.

[13] TIROLE J., The Theory of Industrial Organization, MIT Press, MA, 1988.

Luis MIGUEL FERREIRA
ESEIG - INSTITUTO POLITECNICO DO PORTO
LIAAD-INESC PortOo LA
DEPARTMENT OF MATHEMATICS AND RESEARCH CENTER OF MATHEMATICS
OF THE UNIVERSITY OF MINHO, PORTUGAL

e-magl: migferreira2@gmail.com

BRUNO MIGUEL PAZ MENDES DE OLIVEIRA
FACULDADE DE CIENCIAS DA NUTRICAO E ALIMENTACAO
UNIVERSIDADE DO PORTO,
LIAAD-INESC PorTO LA, PORTUGAL

e-mail: bmpmo@fcna.up.pt

ALBERTO ADREGO PINTO
LIAAD-INESC Porto LA
DEPARTMENT OF MATHEMATICS
FAcCULTY OF SCIENCES, UNIVERSITY OF PORTO
DEPARTMENT OF MATHEMATICS AND RESEARCH CENTER OF MATHEMATICS
OF THE UNIVERSITY OF MINHO, PORTUGAL

e-magl: aapintol@gmail.com

Received on 01.10.2009 and, in revised form, on 04.01.2010.



