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1. Introduction and preliminaries

Levine [12] defined semiopen sets which are weaker than open sets in topo-
logical spaces. After Levine’s semiopen sets, mathematicians gave in several
papers different and interesting new open sets as well as generalized open
sets. In 1968, Velicko [24] introduced J-open sets, which are stronger than
open sets, in order to investigate the characterization of H-closed spaces.
In 1997, Park et al. [19] have introduced the notion of d-semiopen sets
which are stronger than semiopen sets but weaker than d-open sets and
investigated the relationships between several types of open sets. In 1979,
Popa [20] introduced the useful notion of rare continuity as a generalization
of weak continuity [11]. The class of rarely continuous functions has been
further investigated by Long and Herrington [13] and Jafari [7] and [8]. The
concept of rare ds-continuity in topological spaces as a generalization of
super continuity is introduced by Caldas et al. [3].

The notion of weakly ds-continuous functions is introduced by Ekici in [6].
The purpose of the present paper is to further investigate some more prop-
erties of weakly ds-continuous functions. This type of functions is weaker
than both super continuous functions and J-semi-continuous functions and
stronger than rare ds-continuous functions.

Throughout this paper, (X, 7) and (Y, o) (or simply, X and Y) denote
topological spaces on which no separation axioms are assumed unless explic-
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itly stated. If A is any subset of a space X, then CI(A) and Int(A) denote
the closure and the interior of A, respectively.

A subset A of X is called regular open (resp. regular closed) if A =
Int(CIl(A)) (resp. A = Cl(Int(A))). Recall that a subset A of X is called
semi-open [12] if A C Cl(Int(A)). The complement of a semi-open sets is
called semi-closed. A subset A of X is called preopen [15] if A C Int(CI(A)).
A rare or codense set is a set A such that Int(A) = (), equivalently, if the
complement X \ A is dense. A point x € X is called a d-cluster [24] of A if
SNU #  for each regular open set U containing x. The set of all j-cluster
points of A is called the §-closure of A and is denoted by Cls(A) . A subset
A is called d-closed if Cls(A) = A. The complement of a d-closed set is
called d-open. The J-interior of a subset A of a space (X, 7), denoted by
Ints(A), is the union of all regular open sets of (X, 7) contained in A.

A subset A of a topological space X is said to be J-semiopen sets [19]
if there exists a d-open set U of X such that U ¢ A C CI(U), equiva-
lently if A C Cl(Ints(A)). The complement of a d-semiopen set is called
a d-semiclosed set. A point z € X is called the §-semicluster point of
Aif ANU # 0 for every d-semiopen set U of X containing x. The set
of all §-semicluster points of A is called the d-semiclosure of A, denoted
by sCls(A) and the d-semiinterior of A, denoted by sInts(A), is defined
as the union of all d-semiopen sets contained in A. We denote the col-
lection of all J-semiopen (resp. d-semiclosed, d-open, regular open and
open) sets by dSO(X) (resp. 0SC(X), 60(X), RO(X) and O(X)). We set
0SO(X,z) ={U |z € U € 6SO(X)}, 60(X,z) ={U |z € U € 60(X)},
ROX,z)={U |2z €U e ROX)}and O(X,z) ={U |z € U € O(X)}.

Lemma 1. The intersection (resp. wunion) of an arbitrary collection
of d-semiclosed (resp. d-semiopen) sets in (X,T) is d-semiclosed (resp.
d-semiopen)

Corollary 1. Let A be a subset of a topological space (X, 7). Then the
following properties hold:

(1) sCls(A) = N{F € 0SC(X,T): AC F}.

(2) sCls(A) is §-semiclosed.

(3) sCls(sCls(A)) = sCls(A).

Lemma 2 ([1]). For subsets A and A; (i € I) of a space (X,T), the
following hold:

(1) A C sCls(A).

(2) If A C B, then sCls(A) C sCls(B).

(3) sCls(N{A; =1 € I}) C N{sCls(A;) :i € I}.

(4) sCls(U{A; :ieI}) =U{sCls(4;) :i € I}.

(5) A is §-semiclosed if and only A = sCls(A).
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Lemma 3 ([19]). For a subset A of a space (X, T), the following hold:
(1) A is a §-semiopen set if and only if A = sInts(A).

(2) X — sInts(A) = sCls(X — A) and sInts(X — A) = X — sCls5(A).
(3) sInts(A)) is a 6-semiopen set.

Definition 1. A function f: X — Y is said to be:

(1) Weakly continuous [11] if for each x € X and each open set V' con-
taining f(x), there exists U € O(X,x) such that f(U) C Cl(V).

(2) d-semi-continuous [18] if for each x € X and each open set V' con-
taining f(z), there exists U € 6SO(X, x) such that f(U) C V.

(3) Rarely quasi continuous [21] (resp. rarely ds-continuous [3]) if for
each x € X and each V € O(Y, f(z)), there exist a rare set Ry with V N
Cl(Ry) = 0 and U € SO(X,z) (resp. U € §SO(X,x)) such that f(U) C
V URy.

(4) Super-continuous [16] if the inverse image of every open set in'Y is
d-open in X.

(5) semi-continuous [12] if for each x € X and each open set V in'Y
containing f(x), there exists U € SO(X, x) such that f(U) C V.

Definition 2. A function f: X — Y is said to be:

(1) Weakly quasicontinuous [22] if for each x € X and for each open set U
containing x and each open set G containing f(x), there exists a nonempty
open set 'V such that V.C U and f(V) C CI(G).

(2) Weakly-0-continuous [5] if for each x € X and each open set V of
Y containing f(x), there exists an open set U of X containing x such that
flnt(CLU))) Cc CUV).

Definition 3. A function f: X — Y is said to be I. ds-continuous [3]
at © € X if for each set V€ O(Y, f(x)), there exists U € §SO(X,x) such
that Int[f(U)] C V. If f has this property at each point x € X, then we say
that f is I. ds-continuous on X.

Remark 1 ([3]). It should be noted that super-continuity implies I.
ds-continuity and I. ds-continuity implies rare ds-continuity. But the con-
verses are not true as shown by the following examples.

Example 1 ([3]). Let X =Y = {a,b,c} and 7 = 0 = {X,0,{a}}. Then
a function f : (X,7) — (Y, 0) defined by f(a) = f(b) = a and f(c) = ¢, is
1. §s-continuous. Since f is not continuous, then it is not super continuous.

Example 2 ([3]). Let (Y, o) be the same spaces as in the above Example.
Then the identity function f : (X,7) — (Y, 0) is rare ds-continuous but it
is not 1. ds-continuous.
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Remark 2. The following diagram [[18], Remark 4.1] holds:

super — continuity —  continuity
1 \
0 — semi — continuity —  semi — continuity

2. Weakly-ds-continuous and some properties

In [3], unaware of the paper of Ekici [6], the notion of weakly-d s-continuous
under the name of almost weakly-ds-continuous was defined. In this paper,
we used the name weakly-ds-continuous functions.

Definition 4. A function f : X — Y is called weakly-ds-continuous
[6] if for each x € X and each open set V' containing f(x), there exists
U € 05S0O(X,z) such that f(U) C CI(V).

The following diagram holds:

super C. — weak 0 —C. — weak C.

\: \: \

0 —semi— C. —  weak ds —C. — weak quasi C.
\: \: 1

I.0s—C. — rare ds—C. — rare quasi C.

It should be mentioned that in the above diagram C. means continuity.

Example 3. Let X = {a,b,c}, 7 = {X,{a},{b},{a,b},0} and 0 =
{X,{a},{b,c},0}. Then the identity function f : (X,7) — (Y, o) is §-semi-
continuous but it is not weakly continuous.

Example 4. Let X, 7 and o be the same as in Example 3. Let f :
(X,7) = (Y,0) be defined as f(a) = b, f(b) = c and f(c) = a. Then f is

1. §s-continuous and not weakly quasicontinuous.

Example 5. Let X = {a,b,c} and 7 = 0 = {X,{a},0}. Then the iden-
tity function f : (X, 7) — (Y, o) is continuous and hence weakly #-continuous.
But it is not I. ds-continuous.

Example 6. Let X = {a,b,c}, 7 = {X,{a},0} and 0 = {X,{a}, {c},
{a,c},0}. Define a function f : (X,7) — (Y,0) as follows: f(a) = b,
f(b) = a and f(c¢) = ¢. Then f is weakly quasicontinuous(= weakly
semi-continuous) [[9], Example 2] but it is not rarely ds-continuous.
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Theorem 1. For a function f: X — Y, the following are equivalent:
(1) f s weakly ds-continuous,

(2) sCls(f~1(Int(CUV )))) C f~YCUV)) for every subset V C Y,

(3) sCls(f~ (Int(F))) ~L(F) for every regular closed subset F CY,
(4) sC’lg( L)) c Y l(U)) for every open subset U C Y,

(5) f7YU) c slntg( L)) for every open subset U C Y,

(6) SCZ(;( L)) c f~HCIU)) for each preopen subset U C Y,

(1) fYU) c sIntg( L)) for each preopen subset U CY .

Proof. (1) = (2) : Let V be a subset of Y and z € X\ f~}(CI(V)). Then
f(z) € Y\CI(V). There exists an open set U containing f(x) such that U N
V = 0. We have Cl(U) N Int(CI(V)) = 0. Since f is weakly ds-continuous,
then there exists a d-semiopen set W containing x such that f(W) c CI(U).
Then W N f~1(Int(CL(V))) = 0 and z € X\sCls(f~1(Int(CI(V)))). Hence,
SCL(F 1 (Int(CI(V))) € f-1(CIUV)).

(2) = (3) : Suppose F is any regular closed set in Y. Then sCls(f~!
(Int(F))) = sCLs(f~ (Int(CUInt(F))))) © f~(CUInt(F))) = [ (F).

(3) = (4) : Suppose U is an open subset of Y. Since CIl(U) is regular
closed in Y, then sCls(f~1(U)) C sCls(f~1(Int(CL(U)))) C f~H(CLD)).

(4) = (5) : Suppose U is any open set of Y. Since Y\CI(U) is openin Y,
then X\sInt(;(f’l(Cl(U))) = sClg(ffl(Y\Cl(U))) c f~Ycuy\cuu))) c
X\ 74U, Hence, f~1(U) € sTnts(f~}(CUD))).

(5)=(1): Suppose x € X and U is any open subset of Y’ contalnlng f(x).
Then = € f~1(U) C sInts(f~H(CUU))). Take W = sInts(f~H(CL))).
Thus f(W) C CI(U) and hence f is weakly ds-continuous at x in X.

(1) = (6) : Suppose U is any preopen set of Y and x € X\ f~H(CI(U)).
There exists an open set O containing f(z) such that O N U = (. We
have CI(ONU) = (. Since U is preopen, then U N CI(O) C Int(CI(U)) N
Cl(O) C Cl(Int(Cl(U))NO) C Cl(Int(CL(U)NO)) C Cl(Int(CI(UNO))) C
Cl(UNO) = 0. Since f is weakly ds-continuous and O is an open set
containing f(x), there exists a d-semiopen set W in X containing z such
that f(W) C CI(O). Then f(W)NU = 0 and W N f~1(U) = 0. This
implies that x € X\sCls(f~1(U)) and then sCls(f~*(U)) C f~1(CI(D)).

(6) = (7) : Suppose U is any preopen set of Y. Since Y\CI(U) is open
in Y, then X \ sInts(f~1(CIL(U))) = sCls(f~H(Y \ CL(U))) C f~HCUY \
ClL(U))) € X\ f~Y(U). This shows that f~1(U) C sInts(f~*(CIL(U))).

(7) = (1) : Suppose z € X and U is any open set of Y containing f(x).
We have x € f~Y(U) C sInts(f~H(CIL(U))). Take W = sInts(f~1(CL(U))).
Then f(W) C CI(U). This means that f is weakly ds-continuous at z in X. H

Theorem 2. If f: X — Y is a weakly ds-continuous function and Y is
Hausdorff, then f has §-semiclosed point inverses.
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Proof. Let y € Y and z € {z € X : f(x) # y}. Since f(x) # y and
Y is Hausdorff, there exist disjoint open sets G, Gy such that f(z) € G;
and y € Gy. Since G1 N Gy = (), then CI(G1) NGy = (. we have y ¢
CIl(Gy). Since f is weakly ds-continuous, there exists a d-semiopen set U
containing x such that f(U) C CI(Gy). Assume that U is not contained
in {z € X : f(x) # y}. There exists a point v € U such that f(u) = y.
Since f(U) C CIl(Gy), we have y = f(u) € Cl(Gy). This is a contradiction.
Hence, U C {x € X : f(z) # y} and {x € X : f(z) # y} is J-semiopen in
X. This shows that {z € X : f(x) # y} is d-semiopen in X, equivalently
fHy) ={z € X : f(x) =y} is 5-semiclosed in X.

Recall that a point = € X is said to be in the #-closure [17] of a subset
A of X, denoted by Cly(G), if CI(G) N A # () for each open set G of X
containing x. A is called #-closed if A = Cly(A). The complement of a
f-closed set is called #-open. |

Theorem 3. For a function f: X — Y, the following are equivalent:
(1) f is weakly ds-continuous,

(2) f(sCls(V)) C Clg(f(V)) for each subset V C X,
(3) sCls(f~1(Q)) C f~HCle(Q)) for each subset G C Y,
(4) sCls(f~1(Int(Cly(@)))) C f~HClo(Q)) for every subset G C Y.

Proof. (1) = (2) : Let V C X, z € sCls(V) and U be any open set
of Y containing f(z). There exists a d-semiopen set W containing x such
that f(W) c CI(U). Since x € sCls(V), then W NV # (. This implies
that @ # f(W) N f(V) c CL(U)N f(V) and f(z) € Clg(f(V)). Hence,
f(sCls(V)) C Clp(f(V))-

(2) = (3) : Let G C Y. Then f(sCls(f~1(G))) C Cly(G) and hence
sCls(f71(G)) C f7H(Cle(G)).

(3)=(4): Let G C Y. Since Cly(G) is closed in Y, then sCls(f~!(Int
(Clo(G))) € F(Cly(Int(Cly(G))))) = FM(CUINE(Cl(G)))) © £ (Cly
(@)).

(4) = (1) : Let U be any open set of Y. We have U C Int(C’l( ) =
Int(Cly(U)). Thus, sCls(f~1(U)) € sCls(f~ (Int(Clp(V)))) £~ (Cla(U))
= f7Y(CI(U)). This implies from Theorem 1 that f is weakly ds-conti-
nuous. |

Theorem 4. If f~1(Cly(V)) is §-semiclosed in X for every subset
V C Y, then f is weakly §s-continuous.

Proof. Let V C Y. Since f~! (C’lg(V)) is d-semiclosed in X, then
sCls(f~Y(V)) c sCls(f~1(Cly(V))) = f~YClp(V)). This implies from
Theorem 3 that f is weakly ds-continuous. |
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Theorem 5. Let f : X — Y be a function. If f is weakly ds-continuous,
then f=Y(V) is §-semiclosed in X for every 0-closed subset V CY.

Proof. It follows from Theorem 3. |

Corollary 2. Let f : X — Y be a function. If f is weakly ds-continuous,
then f=Y(V) is §-semiopen in X for every 0-open subset V CY.

Definition 5. A function f: X — Y is said to be

(1) (6, 8)-open if f(A) is semiopen for every d-semiopen subset A C X.

(2) neatly weak ds-continuous if for each x € X and each open set V of
X containing f(x), there exists a §-semiopen set U containing = such that

Int(f(U)) C CU(V).

Theorem 6. If a function f: X — Y is neatly weak ds-continuous and
(0, s)-open, then f is weakly ds-continuous.

Proof. Let x € X and V be an open subset of Y containing f(x).
Since f is neatly weak §s-continuous, there exists a d-semiopen set U of X
containing z such that Int(f(U)) C CI(V). Since f is (0, s)-open, then f(U)
is semiopen in Y. Then f(U) C Cl(Int(f(U))) C CI(V). Thus, f is weakly
ds-continuous. ]

Theorem 7. If f : X — Y is weakly ds-continuous and Y is Hausdorff,
then for each (x,y) ¢ G(f), there exist a §-semiopen set V- C X and an open
set U C'Y containing x and y, respectively, such that f(V)NInt(CIL(U)) = 0.

Proof. Let (z,y) ¢ G(f). We have y # f(z). Since Y is Hausdorff,
there exist disjoint open sets U and V containing y and f(x), respectively.
We have Int(Cl(U)) NCL(V) = (. Since f is weakly ds-continuous, there
exists an d-semiopen set G containing x such that f(G) C CI(V). Hence,
F(G) N Int(CLU)) = 0. [ |

Definition 6. A function f: X — Y is said to be faintly ds-continuous
if for each x € X and each 0-open set V' of Y containing f(x), there exists
a d-semiopen set U containing x such that f(U) C V.

Theorem 8. Let f : X — Y be a function. The following are equivalent:
(1) f is faintly ds-continuous,

(2) f~H(V) is 6-semiopen in X for every 0-open subset V C Y,

(3) f~Y(V) is 6-semiclosed in X for every -closed subset V C Y.

Proof. Obvious. |
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Theorem 9. Let f : X — Y be a function, where Y 1is reqular. The
following are equivalent:
(1) f is 0-semicontinuous,
(2) f7H(Cly(V)) is §-semiclosed in X for every subset V CY,
(3) f is weakly ds-continuous,
(4) f is faintly 0s-continuous.

Proof. (1) = (2) : Let V C Y. Since Clyg(V) is closed, then f~(Clp(V))
is d-semiclosed in X.

(2) = (3) : It follows from Theorem 4.

(3) = (4) : Let V be a 6-closed subset of Y. By Theorem 3, we
have sCls(f~1(V)) C f~Y(Cly(V)) = f~1(V). This shows that f~1(V)
is d-semiclosed and hence f is faintly ds-continuous.

(4) = (1) : Let V be an open subset of Y. Since Y is regular, V' is -open
in Y. Since f is faintly §s-continuous, then f~1(V) is d-semiopen in X.
Thus, f is d-semicontinuous. |

Definition 7. A space (X, T) is said to be 6-semi Ty (see [1]) if for each
pair of distinct points x and y in X, there exist U € 6SO(X,z) and V €
dSO(X,y) such that U NV = .

Theorem 10. Let f : (X, 7) — (Y, 0) be a weakly §s-continuous injective
function. If (Y, o) is Urysohn, then (X, 1) is 6-semi Ty.

Proof. Let 1 and xo be any two distinct points of X. Since f is
injective, f(z1) # f(z2). Since (Y, o) is Urysohn, there exist disjoint Vi, V3
€ o such that f(x1) € V1, f(x2) € Vo and CI(Vy) N Cl(V,) = 0. Since f is
weakly ds-continuous at x;, then there exists §-semiopen sets U; for i = 1,2
containing x; such that f(U;) C Cl(V;). This indicates that (X, 7) is d-semi
Ts. |

Theorem 11. If f : X — Y is weakly ds-continuous and g : Y — Z is
continuous, then the composition gof : X — Z is weakly ds-continuous.

Proof. Let z € X and A be an open set of Z containing g(f(x)). We have
g 1(A) is an open set of Y containing f(z). Then there exists a §-semiopen
set B containing z such that f(B) C Cl(g~!(A)). Since g is continuous, then
(gof)(B) C g(Cl(g~1(A))) C CI(A). Thus, gof is weakly ds-continuous. B

Definition 8. We say that the product space X = X1 X ... X X;, has
property Pss [3] if A; is a d-semiopen set in a topological space X;, for
1 =1,2,...n, then A1 X ... X A, is also d-semiopen in the product space
X=X; x...xX,.
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Theorem 12. If f; : X; — Y; is weakly ds-continuous for each i € I =
{1,2,3,...,n} and [[ X; has property Pjs, then the function f : [[X; —
[1Y: which is defined by f((x;)) = (fi(x;)) is weakly ds-continuous.

Proof. Let z = (z;) € [[ X; and V be an open set containing f(x). There
exists an open set [[U; such that f(z) € [[;}_ Ui x [],,; ¥; C V, where U;
is open in Y;. Since f; is weakly ds-continuous, there exists d-semiopen sets
G; in X; containing x; such that f;(G;) C CIl(U;) for each i = 1,2,...,n.
Take G = [[;_; G;i x [[,; X;. Then G is d-semiopen in [[ X; containing =
and f(G) C [[}1 fi(Gi) x [1,; Ys C ITi2, CUU;) x [14; Y5 € CU(V). This
shows that f is weakly ds-continuous. |

Theorem 13. Let f,g: X — Y be weakly §s-continuous functions and
Y be Urysohn. If 6SO(X) is closed under the finite intersections, then the
set {x € X : f(z) = g(x)} is 0-semiclosed in X.

Proof. Let z € X\{z € X : f(z) = g(x)}. We have f(x) # g(x). Since
Y is Urysohn, then there exist open sets A and B of Y such that f(x) € A,
g(z) € B and CI(A) N CIl(B) = 0. Since f is weakly ds-continuous, there
exists d-semiopen set G in X containing x such that f(G) C CI(A). Since
g is weakly ds-continuous, there exists a d-semiopen set K of X containing
x such that g(K) C CIl(B). Take W = GN K. Then W is d-semiopen
containing x and f(W) N g(W) C CI(A) N CIl(B) = (. This implies that
Wn{z e X : f(z) = g(x)} = 0 and hence {x € X : f(z) = g(x)} is
d-semiclosed in X. [ |

Definition 9. A subset U of a topological space X is called N-closed
if there exists a finite number of points x1,xa,...,x, in U such that U C
U Int(CL(V (x;))), where the family {V(z) | x € U} is a cover of U by
open sets of X.

Theorem 14. Let f : X — Y be a function, where 6SO(X) is semi-
closed under the finite intersections. If for each (x,y) ¢ G(f), there exist
a §-semiopen set U C X and an open set V. C Y containing x and vy,
respectively, such that f(U) N Int(Cl(V)) = 0, then inverse image of each
N-closed set of Y is d-semiclosed in X.

Proof. Suppose that there exists a N-closed set W C Y such that
f~1(W) is not d-semiclosed in X. We have a point = € sCls(f~1(W))\ f~H(W).
Since z ¢ f~1(W), then (z,y) ¢ G(f) for each y € W. There exist
d-semiopen sets Uy(z) C X and an open set V(y) C Y containing x and v,
respectively, such that f(Uy(z))NInt(Cl(V (y))) = 0. The family {V(y) : y €
W} is a cover of W by open sets of Y. Since W is N-closed, there exist a fi-
nite number of points y1, y2, . .., Yn in W such that W C Ul Int(ClL(V (v;))).
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Take U = NI Uy, (z). We have f(U)NW = . Since z € Cls(f~1(W)),
then f(U)NW # (). This is a contradiction. [

For a function f : X — Y, the graph function g : X — X XY of f is
defined by g(x) = (z, f(x)) for each = € X.

Theorem 15. If the graph function g of a function f : X — Y is weakly
ds-continuous, then f is weakly §s-continuous.

Proof. Let g be weakly ds-continuous and z € X and U be an open set of
X containing f(x). Then X x U is an open set containing g(x). There exists
a d-semiopen set V' containing x such that g(V) C Cl(X xU) = X x Cl(U).
This implies that f(V) C CI(U) and hence f is weakly ds-continuous. W
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