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1. Background

We are motivated by the following famous Iyengar inequality (1938), [3].
Theorem 1. Let f be a differentiable function on [a,b] and |f' (z)| < M.

Then

b
1) [ t@de-50-a) @+ £0)

cMO—a)® (f0)-f(a)”

- 4 4M

Here we follow [1] for the basics of generalized Conformable fractional
calculus, see also [4].
We need

Definition 1 ([1]). Let a,b € R. The left conformable fractional deriva-
tive starting from a of a function f : [a,00) — R of order 0 < o < 1 s
defined by

S (trett-0 ) = 1@
2) (T2f) (t) = lim .

e—0 €
If (TSf) (t) exists on (a,b), then

3) (T3f) (a) = lim (T3 f)(t) .

t—a+
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The right conformable fractional derivative of order 0 < a < 1 terminating
at b of f:(—o0,b] — R is defined by

ft+e®=-0"") -1

(4) (57f) () = ~lim -

If BT f) (t) ewists on (a,b), then

(5) (57f) ®) = 1im (577) ).
Note that if f is differentiable then

(6) (Tah) (1) = (t=a) =" f' (1),
and

(7) (Brr) ) =-0-0""r .
Denote by

® EH0= [ -0 @ e
and

(9) ("1ar) () = / "o- 0 f @) d,

these are the left and right conformable fractional integrals of order 0 <
a< 1.

In the higher order case we can generalize things as follows:

Definition 2 ([1]). Let a € (n,n+ 1], and set f = a —n. Then, the left
conformable fractional derivative starting from a of a function f : [a,00) —
R of order o, where ) (t) exists, is defined by

(10) (Taf) (6) = (T3/) @),

The right conformable fractional derivative of order o terminating at b of
f:(—o00,b] = R, where f™ (t) exists, is defined by

(11) (5rr) () = (=0 (BT (@),

Ifa=n+1then =1 andTZHf:f(”H)_

If n is odd, then leTf = — D and if n is even, then fLHTf =
fnt1),

When n = 0 (or a € (0,1]), then f = «, and (10), (11) collapse
{(2)-(5)}, respectively.

<~

o
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Lemma 1 ([1]). Let f : (a,b) — R be continuously differentiable and
0 <a<1. Then, for all t > a we have

(12) LT3 () )= f ()= f(a).
We need

Definition 3 (see also [1]). If @ € (n,n + 1], then the left fractional
integral of order « starting at a is defined by

(13) @A 0 = [ (=2 @0 f (@) da,

Similarly, (author’s definition, see [2]) the right fractional integral of order
a terminating at b is defined by

(14) ("Laf) 0 = ;, / Cw b (b-a) £ (w)da

We need

Proposition 1 ([1]). Let o« € (n,n+ 1] and f : [a,00) — R be (n+ 1)
times continuously differentiable for t > a. Then, for allt > a we have

®) (a) (t - a
(15) 1¢T2 (f) ( Zf klt ) .

We also have

Proposition 2 ([2]). Let o € (n,n+1] and f: (—o00,b] = R be (n+1)
times continuously differentiable for t < b. Then, for all t < b we have

(16) bI bT(f Zf t_b)

Ifn=0o0r0<a<1, then (see also [1])
(17) Lo 5T () () = f(t) = f ().

In conclusion we derive

Theorem 2 ([2]). Let o € (n,n+1] and f € C"* ([a,b]), n € N. Then
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and
2)
"0 (1) (- 1)
19) 7= 3
b
:_% t (b=~ =" (AT (f)) (@) dx, Vi€ o8],
We need

Remark 1 ([2]). We notice the following: let o € (n,n + 1] and f €
C" ([a,b]), n € N. Then (B:=a—n,0< B<1)

(200 (Ta() (@) = (T5£7) (@) = (& — )P y4D) (a),
and

(21) (BT (N) @) = (=0 (5770) (@)
= ()" (D) (b —2)' 7 ) (@)
= (=1)" (b =)' 77 SOtV (a).

Consequently we get that

Furthermore it is obvious that
(22) (T% (M) (@) = (AT () ) =0,

when 0 < 8 < 1,ie when a€ (n,n+1).
If ) (a) =0, k=1,...,n, then

@) fO-f@= o [ e @0 (T () ) do
Vtela,bl.
If f*) (b)) =0, k =1,...,n, then
1 b B—1 n (b
1) FO- O == [ -2 @0 (T () (@) do
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2. Main Results

We present the following Conformable fractional Iyengar type inequali-
ties:

Theorem 3. Let o € (n,n+1] and f € C"! ([a,b]), n €N; B =a —n.
Then

)
1
(25) / PO =) G
9 [fo (@) (2 = )1+ (=151 ® (8) (b — 2]
0 (8) max {78 (Do AT (Do}
= I'(a+2)
X [(z —a)* 4+ (b - Z)O‘H} ;
vV z € [a,b],

i) at z = %L, the right hand side of (25) is minimized, and we get:

1 (b N a)k—l-l
(k‘ + 1) 9k+1

r(8) max{nTz Dllsesot» 15T DMl oy} (6 — aye
= I'(a+2) 2« 7

[7® (@) + (~DFF® )] ‘

i1) assuming f*) (a) = f®) (b) =0, for k =0,1,...,n, we obtain

T (8) ma { T ()l fosy - 2T (D o
(27) 2 dt’ E T(a+2)
(o—a™
20{

which is a sharp inequality,
iv) more generally, for j =0,1,2,...., N € N, it holds

S ()

[f“f (@ + (D819 ) (N = )]

(28)
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_ T @ max {IT (/).
- F(a+2)

x (%“)aﬂ [+ (N = )™

v) if f%) (a) = fR) (b) =0, k =1,...,n, from (28) we get:

5T () g )

i (U b <N—j>f<b>]\

_ D) m {IT (Dl oy 4T (D)oo}
- F(a+2)
a+1
x (b;v“) ) T =)L =012, N,
7=0,1,2,..,N,
vi) when N =2 and j =1, (29) turns to
(30) nds= (154) (@ + 7 0)
P (8) max {1178 (Dloc o [5T Dll o } (6 — 0o+
= I'(a+2) 20

Proof. By Theorem 2 (18) we get

") (g
(31) ‘f(t)—zf Ly

=
R e A
HT Ot ot oo
e o T 7 ) s
- nl Tmigrn -9
That is
»

K 1T ()lloo T (B) nt 8
S( T'(n+pB+1) >(t_a)+

Vtela,bl.
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By Theorem 2 (19) we get

(33)

That is

Vtea,b.

Call
(35)
and
(36)

Set
(37)

Ft)— Z”: f”“l;(b) (i )

=

< % /t b - @-t)" (E;T (1) (@) da
< L[ o-0 w0 @]

< ’g‘T(‘]Z'H‘”“’] tb (b— 1)’z — )DL gy

laT frz!Hoo,[a,b] 1;((571)11:(;?11)) (b —t)"*7°
b
_ <H 1;53%5@5(5)) (b— 1y

N so oy T (B)

B f(’“;!(b) () <
k=0

TE (Nllse,jap T'(B)
R A PRI I R
16T (N)loo oy T B

Y2 1=

'n+p8+1)

7y = max (71, 72) -

Therefore we have

(38)
and

(39)

lo
( 'n+p8+1)

nem) (g

10 - T <y -0
k=0
n (k)

‘f(t)— Pt <y -0y,
k=0 ’

11
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Vtela,b.
Hence it holds
~ f® (a n
w oY A
~ /¥ (a) k n+8
<f@)< g t—a)y+y(t-a)
k=0 ’
and
(a1) e
k=0 '
" k)
VIO SEA U S
k=0 ’
Vtela,bl.

Let any z € [a,b], then by integration over [a, z] and [z, ], respectively,
we obtain

) (g :
S e e s e < [

< i f(k) (a) (Z - a)k;—‘rl + Y (Z _ a>n+,3+1 :
k

:O(k—i—l)! (n+pB8+1)
and
(43) 7n_1 F®)(b) (z—b)kﬂ —A(b—z)’”ﬂﬂ < /bf(t) dt
k:O(k:+1! (n+p+1) — /).
n—1
F® (b) k1 v nt-8+1
S—kzo(k+1)!(z—b) +7(n+6+1)(b_z)++'

Adding (42) and (43), we obtain

(44) {Z (le [0 (a) (2 = )1 = £ ® (b) (= = )] }
k=0

(n+B8+1) i
< {kz; (i _'1_ D)1 [f(k) (a) (2 a)k+1 _ f(k) (b) (2 — b)k+1} }
gl . i
(n+B+1) [(Z a)" 4 (b~ 2) +5+1],
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V z € [a,b].
Consequently we derive:

1
(45) (k +1)!
% [f(k) (a) ( — a)FF 4 (—1)FFO) () (b — Z)k+1} ‘
/'}/ n n
S e G R Gl i
i a a

CED =™+ 0=,

V z € [a,b].

Let us consider
g(2)=(z—a)* +(b-2)°" Vzelab].
Hence
g () =(a+1[(z—a)* = (b—2)"] =0,

giving (2 — a)® = (b—2)* and z—a = b—z, that is z = %}® the only critical
number here. it
We have g (a) = g (b) = (b—a)*™!, and ¢ () = (b=a)"" which is the

20(
minimum of g over [a, b].

Consequently the right hand side of (45) is minimized when z = %%,
with value ( all) (bigl)laﬂ
Assuming f*) (a) = f) (b) =0, for k =0,1,...,n, then we obtain that
y (b _ a)oc—‘rl
46 t)dt] <
(46) ) ’ ~(a+1) 20 ’

which is a sharp inequality.
When z = ‘%b, then (45) becomes

—a k+1
t)dé - (k + 1) 0 2k+)1 [f(k) (a) + (_1)kf(k) (b)} ‘
v o (b= a)O‘H

<
~ (a+1) 20

Next let N € N, j = 0,1,2,...,N and z; = a—i—j(b_T“), that is zg = a,
21 :a—}—b_T“,...,zN:b.
Hence it holds

(48) =z —a—]( v ) (b—zj):(N—j)<Na>, j=0,1,2,..,N.
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We notice that

b —a O!+1 1
W) (-t o-z = (050) [ er- g,
j=0,1,2,...,N, and (for k=0,1,...,n)

(50)  |F®) (@) (5 — )T+ (<R D (0) (b - 2) ]

k+1
@i (1)

(51) / Fow-3 k+1) (b]‘vafﬂ (1) (@) 7+
()f(’“()( sl
<o (55 broeor-ar)
j=0,1,2,..,N.

If f) (a) = f(k) (b) =0, k=1,...,n, then (51) becomes
nar— (52 6r @+ (V= 0) )

= (a11) (bj_va>a+1 =g

j=0,1,2,...,N.
When N =2 and j = 1, then (52) becomes

(53) nds = (150) (@ + 7 0)

v, b—a a+1: v (b—a)t
2 (a+1) 20

S CES)

The theorem is proved in all cases.

We give (n = 0 case)
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Corollary 1. Let 0 < a <1, f € C' ([a,b]). Then
0)

b
(54) / f () dt—[f (a) (z—a) + £ (b) (b— 2)]

_ {172 (oo 147 ) o}
< a(a+1)
X [(z —a)*™ (b z)aH] . Vzé€la,b],

i) at z = %L, the right hand side of (54) is minimized, and we get:

[ (25 r@+so)

_ 0 {17 Dllegory 8T Dllsogon } 6 — )+
- a(a+1) 20

(55)

Y

iii) assuming f (a) = f (b) =0, we obtain

(56)

)

: s {2 (gt 187 (Do} - e
['r0ra { e KD at o

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

(57) [ 1w () r@iv e

< max {HTC% (f)”oo,[a,b] ’ HZéT (f)Hoo,[a,b}}
- ao+1)

" (b]:/va)aJrl []-aJrl + (N—j)O"H} :

v) when N =2 and j =1, (57) turns to

(58)

[ @i (50) t @ o)

=m0 {172 Dlogoiy |57 Dl o} - )
- ala+1) 207

Proof. As in the proof of Theorem 3; case of n = 0, use of (12) and
(17). |

We continue with L, conformable fractional Iyengar inequalities:
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Theorem 4. Let o € (n,n+1] and f € C" ! ([a,b]), n€N; B=a—n
Let')also p1,P2,p3 > 1: ot ot p%, =1, with 8 > p% + p%). Then

i
(59) L9 @) -
(k:+1)

+ (DR B) (b - 2|
max {18 ()l st 15T )y oy
it D7 (2 (8- 1)+ 1) (ot L+ L)

x [z =)™ orte 4 (b — )™t

vV z€la,bl,
i) at z = “E2 the right hand side of (59) is minimized, and we get
1 (b— a)kH (k) k
1)k (k)
s 0 (@) + (1) v)]
HMX{HTaLﬂH fai BTy oy}

L T
nl (pn+ 1)1 (p2 (8= 1)+ )72 (a+ L+ 1)
oty tas
" (b—a)” "p1 P2

1

)
2% p3

iii) assuming f*) (a) = f®) () =0, for k =0,1,

..,n, we obtain

a b
) dt‘ < s {178 ()l o> 16T ) g0}

L(pin + 1)71 (ps (B — 1) + 1) (a+i+i>
(b—a)a+ﬁ+$

(61)

X

2% hs
which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

- 1 AN
dt_g(ml)!( N)
x [0 (@) 5+ (1RO ) (v — )|

(62)
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ma {8 (Dl gy 15T Dl gy}

1 1
nl (i + )7 (p2 (8- 1)+ 17 (a4 &+ 1)

at -+
X (b]_va> ner [f‘*ﬁ*%ﬂzv-y)“*#ﬁ},

v) if f*) (a) = fR) (b)) =0, k =1,...,n, from (62) we get:

(63)

/a”f(t)dt_ (%“) [jf(a)+(N—j)f(b)]‘
maX{HTg (f)Hpg,[a,b} 5T (f)Hpav[a»b]}

1 1
nl (i + 171 (p2 (B— 1) + 1% (ot 4+ L)

at+Lt4+L
X (b;ra> e [j”ﬁ*%ﬂ]\f-j)”ﬁ*%},

forj=0,1,2,..., N,
vi) when N =2 and j =1, (63) turns to

(64)

/abf(;v)dzn— <b;a> (f(a)—{—f(b))‘
max {1 (Nl sy 15T )y oy
ol (pin 4 D) (pa (8- 1) + 1) (O‘JFP%JFI’%)

(b . a)a—i-ﬁ-‘ré

X

1

a_ L
27 p3

Proof. By Theorem 2 (18) we get

" ek (g
(65) %m—ZﬁkPu—M
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1 1
TS Do (=)™ 5 (=)’ 5

n (mn+1ﬁT@ﬂﬁ—1y+U%
_ HTZ (f)”pg,[a,b} (t — a)nﬁH*%
w17 (pa (8- 1) + 1)72

Notice that p2 (8 —1)+1 >0, iff g > p%'f'p%'
We have proved that

ne) (g
S( I (0l 1>@_@M5%’
nl(pin+1)7 (p2 (B —1) +1)r2
Vtela,bl.
Similarly, from Theorem 2 (19) we obtain
" f(k)
(67) Pm—}jfm@u—wk
k=0
b
<o [ o= @ (a1 ) @) da

1
’ p2(6-1) P2 0
X t (b—x) dx T (f) o]
5T (f)
_ | 1‘b“”4 (b=t () s
n!(pin+1)71 (p2 (B —1) + 1)»2
b

T T
nl(pin+1)71 (p2 (B8 — 1) + 1)
We have proved that
nf
0

Hb )Hp3,[(l,b] n+ﬁ*i
1 (b - t) Ps

nl (pin+ 1)1 (p2 (8 — 1) +1)72

t—b

(68)

Vtela,bl.
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S1nce5>— thenﬁ——>0 and m —a—p—g—n—l—ﬁ—f>n€N
Call

TG (Pl ps, a0

(69) p1 = T i
n!(pin+1)71 (p2 (B8 —1) +1)r
and
b
(70) pg = H ’I;(f)Hpg,,[a,b] -
nl(pin+1)71 (p2 (B —1) + 1)z
Set
(71) p :=max (p1, p2) -
We have
") (g
(72) ‘f@)—Zf k:!( - af|<ptt-a,
k=0
and
n o r(k)
(73) |f (t) — ! k!(b) (=0 <pb-1)
k=0
Vtela,b.

As in the proof of Theorem 3 (45) we derive

1
(74)
(k: +1)!
x [£9) @) (2 = @)+ (=1 @ (b) (0 2|
P m+41 m—+1

< — _

o v LR

=L o - T

(a + -+ )
vV z € [a,b].
The rest of the proof is similar to the proof of Theorem 3. |

We give (n = 0 case)
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Corollary 2. Let0 < a <1 and f € C' ([a,b]). Let p,q > 1: +
with o > %. Then

b
(t)dt = 1f (a) (= = @) + f (b) (b— 2)]
max {72 ()l s
<

(75)

9

f)Hq,[a,b]} el et
(p(a—1)+1)7 (a+%) [(Z )5+ (- 2)

vV z € [a,b],

it) at z = “TH], the right hand side of (75) is minimized, and we get:

(76) b (t)dt_<b;a> [f(a)—i-f(b)]’
max {178 (Dl o 157 Doy} (6 — 0y
IECCSRERU D) 9y
i) assuming f (a) = f (b) = 0, we obtain
(77) dt‘ maX{HT Dl TNl ab]} s
(p(a—1)+1)r ( %) P

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

- (S0 s @+ i) s o)

max {178 (Nl asy 157 )Ly oy }
(p(a—1)+1) (a+12)

« (bJ‘V“>a+” 575 4 (v - ]

v) when N =2 and j =1, (78) turns to

nas- (154) @+ 1 0)

<maX{HT M at] o (f )H ab]}
< (p(a—1)+ 1) ( %) 2“‘5

(78)

(79)
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Proof. As in the proof of Theorem 4, case of n = 0, use of (12)
and (17). [ |
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